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Let E be a quadratic imaginary field and let p be a prime which is inert in F.
This paper is concerned with the detailed study of three types of Picard modular
surfaces in positive characteristic p and the morphisms between them. Deferring
precise definitions to the body of the paper, the first Picard surface, denoted S,
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parametrizes triples (A4, ¢,¢) comprised of a certain abelian threefold A with an
action ¢ of the ring of integers O, and a principal polarization ¢. Unlike the other
two, S is smooth. The second surface, Sy(p), parametrizes, in addition, a suitably
restricted choice of a subgroup H C A[p] of rank p?. The third Picard surface,
g, parametrizes triples (A, 1, ¢) similar to those parametrized by S, but where 1
is a polarization of degree p?. There are natural morphisms providing us with a

diagram
So(p)
S S.

From another perspective, there are three Shimura varieties associated with the
unitary group of F of signature (2,1), having parahoric level structure at p. The
above mentioned moduli spaces are the special fibers at p of the integral models of
these Shimura varieties, studied by Rapoport and Zink in [Ra-Zi].

Before describing the main results of this article, we provide some background,
context and motivation. Picard modular surfaces appear in many places in the
literature; the book by Langlands and Ramakrishnan [La-Ra] provides a strong
motivation for their study as a test case for the Langlands conjectures on modularity
of L-functions, as well as a guide to the literature at the time. The local structure at
p of Sp(p) and related moduli spaces was studied in Bellaiche’s thesis [Bel], and later
in the work of Biiltel-Wedhorn [Bu-We| and Koskivirta [Kos|, where the authors
applied it to lifting problems of Picard modular forms, Galois representations, and
congruence relations for Hecke operators. However, the global structure of Sy(p)
and of the map Sy(p) — S remained opaque. Thus, one of our original motivations
was to make this global structure precise.

Unlike Sy(p), there is little information in the literature on S, or in general
on moduli spaces of abelian varieties with non-separable polarizations. The main
examples we are aware of are [Cri, dJ1, Nor, N-O], and they tend to exhibit rather
pathological phenomena. It is desirable to have additional examples available, and
indeed S , in contrast to loc. cit., has proven to be extremely well-behaved.

Our main reason for studying the three Picard modular surfaces, was however
different. Motivated by questions on the canonical subgroup, or by the search for
a geometric proof of the congruence relation (as in [Bu-We, Kos]), it is desirable to
have a surface parametrizing tuples (A, ¢, ¢, H), where H is a finite flat subgroup
scheme which may reduce mod p to the kernel of Frobenius. As this kernel has rank
p? and in characteristic 0 the rank of a p-primary Og-subgroup must be an even
power of p, such a surface does not exist. To remedy the situation, one is forced to
consider a moduli space as above, but where H is now of rank p®. In the context of
modular curves this is akin to passing from X,(p) to Xo(p?); a process which is, of
course, unnecessary for modular curves, but would be required for many Shimura
varieties.

It turns out that it is beneficial to modify the moduli problem somewhat and
following [dJ2] to consider a filtration of H as part of the datum. That is, (roughly)
the following data: (A, ¢,t, Hy C H), where (A, ¢, t, Hp) is an object parametrized
by So(p) and H is a suitable rank p® finite flat subgroup scheme. We call this
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moduli problem 7, and one of our initial observations is that
T = So(p) x5 So(p)-

In characteristic 0, this surface is finite flat of degree (p + 1)(p® + 1) over S, and
represents the Hecke operator T'(p). This, therefore, motivated both the introduc-
tion of S and the study of the morphism 7. The study of the moduli space 7 will
be carried out in a subsequent paper. Nonetheless, the foundations are laid down
here. B

While studying the three moduli spaces S, So(p) and S, we discovered a new
interesting phenomenon. The generic stratum of S in characteristic p parametrizes
p-ordinary abelian threefolds. Although their p-divisible groups are all isomorphic,
studying their cotangent spaces we were able to distinguish in the tangent space of
S a certain “foliation”, amounting in this very simple example to a line sub-bundle
closed under the operation of raising to power p (see §2.2). The link between the
cotangent space of the universal abelian variety and that of .S is supplied by the
Kodaira-Spencer map. This foliation extends to the general supersingular locus
of S, but fails to extend, in a way made precise, to the superspecial points there.
Moreover, we found two other ways to characterize it: the first, as the foliation of
“unramified directions” (in the sense of [Ru-Sh]) for a map 7 : Sy (p)®) — S derived
from the map 7 (Theorem 4.4). The second, in terms of Moonen’s generalized Serre-
Tate coordinates [Mo] (Proposition 2.4). Shimura curves embedded in S, as well as
the supersingular curves in S, are integral curves of this foliation (Theorem 2.3).
Does it have any other global integral curves? We expect this new phenomenon
to generalize to other Shimura varieties of PEL type whose generic stratum is p-
ordinary but not ordinary.

A summary of the results. We now describe briefly the content of this paper.
Chapter 1 reviews the three Shimura varieties and their integral models. We explain
the precise relation between the moduli problem with parahoric level structure as in
[Ra-Zi] and the Raynaud condition appearing in [Bel]. The last section reviews the
embeddings of modular curves and Shimura curves in the Picard modular surface.

Chapter 2 deals with the Picard modular surface S, where the level at p is a hy-
perspecial maximal compact. The mod p fiber is smooth, and its stratification was
studied by Vollaard in [Vo]. It consists of three strata. The dense open stratum S,
parametrizes p-ordinary abelian threefolds. Its complement Sg, parametrizes su-
persingular ones, and consists (at least when the tame level N is large, depending
on p) of Fermat curves of degree p + 1, intersecting transversally at their Fp.-
rational points. These intersection points support superspecial abelian threefolds
(isomorphic, not only isogenous, to a product of supersingular elliptic curves), and
constitute the third stratum Sj,,. The non-singular locus of the curve S, supports
supersingular, but not superspecial, abelian threefolds, and is denoted Sgs,. This
is the intermediate stratum. The number of its irreducible components was deter-
mined in [dS-G1] using intersection theory on S and a secondary Hasse invariant
constructed there. It turns out to be related to the second Chern number of .S, and
via a result of Holzapfel, expressible as an L-value. Our contribution to the study
of S in the present paper is: (a) We introduce the foliation T'S™ in the tangent
bundle of S, outside Sssp, and prove the results to which we alluded above; (b)
We introduce the blow-up S# of S at Sssp and give it a modular interpretation.
It has the advantage that the irreducible components of Sgs become, after blowing
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up, disjoint non-singular Fermat curves (even when N is small), i.e. all their inter-
sections, including self-intersections, are resolved. The exceptional divisor at every
blown-up point z is a projective line F, defined over Fj2. The components of Sy
intersect E, at points ¢ satisfying (?*! = —1. Embedded Shimura curves, on the
other hand, intersect E, at F,2-rational points satisfying (?** £ —1. The proofs of
these results will have to wait until Theorem 4.11 and §4.3.3.

Chapter 3 is based on chapter III of Bellaiche’s thesis [Bel] and describes the
local models for the completed local rings of the three Shimura varieties, at any
point of the special fiber. We are nevertheless interested not only in the completed
local rings per se, but in the maps between them. The theory of local models yields
these maps only modulo pth powers of the maximal ideal. This is evident already
in the case of the germ of the map Xo(p) — X between two modular curves, with
and without T (p)-level structure, at a supersingular point. In this “baby case” the
map between the local models is

kllz] = Ellz, y]]/(zy),

which is not even flat. The correct map, however, is known ever since Kronecker
to be

kllz]] = Ellz, y]) /(2" = y)(z = ")),

which is finite flat of degree p + 1. Similar but more serious problems arise when
we study the maps between the completed local rings of our three Picard surfaces.
Luckily, a general theorem of Rudakov and Shafarevich [Ru-Sh] on the local struc-
ture of inseparable maps between smooth surfaces, allows us to give a partial answer
to our question. In essence, it allows us to determine the maps between the com-
pleted local rings of the analytic branches through any given point. Once again,
results of this type have to await the study of Sp(p) and S in subsequent chapters,
where we relate them also to the foliation 7°S™ mentioned above.

Chapter 4 is the longest, and deals with the Picard surface So(p) of Iwahori
level structure, and the map 7 from Sp(p) to S. We caution that 7 is neither finite
nor flat. The special fiber of Sy(p) consists of vertical and horizontal components
intersecting transversally. There are two horizontal components, multiplicative and
étale. The multiplicative component maps under 7 isomorphically onto S#. The
map from the étale component is purely inseparable of degree p and factors through
Frobenius. The factored map 7.; is inseparable of degree p, and we show that its
“field of unramified directions” is just the foliation T'S™, which was defined before
intrinsically on S. The vertical components of  are P!-bundles over Fermat curves,
which we call the “supersingular screens”. Above each superspecial point x € Ssp
lies in Sy(p) a “comb”, whose base F;, is a P! along which the two horizontal sheets
of Sy(p) meet, and whose “teeth” G[(] belong to the supersingular screens. For a
more precise description we refer to Theorems 4.1, 4.5 and 4.11 and their corollaries.

Chapter 5 deals with S and the map 7. Unlike 7, this map is finite flat of
degree p + 1. Here again there are horizontal and vertical components. This time
7 is an isomorphism on the étale component of Sy(p) and purely inseparable of
degree p on the multiplicative component. The maps m and 7 allow us to go back
and forth between S and S and produce maps that we are able to analyze easily
in light of the modular interpretation. On the vertical components of Sy(p) (the
supersingular screens) the map 7 is pretty intricate. We collect some results on it
in the last section of Chapter 5, but leave some other questions unanswered.
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The appendix contains some ugly but unavoidable computations with Dieudonné
modules, that would have interrupted the presentation, had they been left where
needed.

Deformation theory of p-divisible groups clearly is a central tool in this work. Un-
fortunately, there are at least three traditional approaches to it: Grothendieck’s the-
ory of crystals, contravariant Dieudonné theory, and covariant Dieudonné-Cartier
theory (not counting displays, p-typical curves etc.). We made every effort to re-
main faithful to the language and notation used by the various references cited by
us. This resulted, however, in a mixture of the three approaches. A very useful

guide, and a dictionary between the various languages, can be found in the appendix
to [C-C-O].

Notation

o If A is an abelian scheme over a base S, A? denotes its dual abelian scheme.

e If H is a finite flat group scheme over a base S, H” denotes its Cartier
dual.

e If S is a scheme over F,, we denote by ®g : .S — S the absolute Frobenius
morphism of S. If X — S is any scheme, we denote by X (#)/5
by X®) | if no confusion may arise, the fiber product

, or simply

X(p) =5 ><<I>575X
and by Frx,s: X — X (P) the unique morphism over S such that
(‘I)S X 1) OFTX/S =dx.

e If Ais an abelian scheme over S then Fr = Fry/q: A — A®) ig an isogeny
(the Frobenius of A). The Verschiebung Ver : A®?) — A is the isogeny dual
to the Frobenius of At.

o If \: A — A'is a polarization of an abelian scheme A and K = ker A\, we
denote by ey : K x K — G,, the Mumford pairing on K. If A = n¢ where
¢ is a principal polarization, then ey is Weil’s e, -pairing associated with ¢.

e F is a quadratic imaginary field, O its ring of integers, p a prime that
remains inert in F, k = Og/pOg and Oy, is the completion of O at p. We
write o for the non-trivial automorphism of F, extended to O,.

o If R is an O,-algebra we denote by ¥ the given homomorphism O, — R
and X =Y oo.

e If (G is a commutative group scheme over a base S we denote by Op ® G
the S-group scheme representing the functor S’ — O ®7z G(S’). It has an
obvious O action.

e If X is a non-singular algebraic variety over a field k£ we denote its tangent
bundle by TX. The fiber of TX at € X (k) (the tangent space at ) will
be denoted by T, X = TX|,.

e If X is any scheme we denote by X"¢? the same underlying space, equipped
with the reduced induced subscheme structure.
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1. THREE INTEGRAL MODELS WITH PARAHORIC LEVEL STRUCTURE

1.1. Shimura varieties. Let E be a quadratic imaginary field. Let A = O3,
equipped with the hermitian form

(u,v) = *a 1 v,

which is of signature (2, 1) over R. We denote by eg, e1, e2 the three standard basis
vectors. Let G be the group of unitary similtudes GU(A, (,)), regarded as a linear
algebraic group over Z. The Shimura varieties in the title will be associated with
G. More precisely, G, = G(R) acts by projective linear transformations on P?(C).
The bounded symmetric domain

9 ={(z0: 21 : 22)| Zoza +Z121 + Z220 < 0},

biholomorphic to the unit ball in C2, is preserved by G, which acts on it transi-
tively. Denote by K, the stabilizer of the “center” (—1: 0 : 1). For any compact
open subgroup Ky C G(Ay) we put K = KoKy C G(A).

The Shimura variety Sk is a quasi-projective variety over E whose complex

points are identified, as a complex manifold, with
Sk(C) ~GQ)\G(A)/K ~G(Q)\ [Z x G(Af)/Ky].

Fix an odd prime p which is inert in E, and let N > 3 be an integer such that
pt1 N. Let kK = Og/pOg and denote by O, the ring of integers in the completion
E,. Assume that K; = K, K? where K? C G(A?") is the principal level subgroup
of level N, and K, C G, = G(Qy).

In this paper we are interested in three choices of K. As p is inert in E, G, is
non-split, and its semi-simple rank is 1. Its Bruhat-Tits building is a biregular tree
of bi-degree (p>+1, p+1). The vertices of degree p>+1 are stabilized by hyperspecial
maximal compact subgroups of G, which are all conjugate to Kg = G(Z,). This
subgroup is the stabilizer of the standard self-dual lattice

(11) A():A@Zp: <60,61,62>Op.
The vertices of degree p+1 are stabilized by special, but not hyperspecial, maximal
compact subgroups, which are all conjugate to the stabilizer KS of the lattice
A = <p€0,€1762>@p .
Note that this is also the stabilizer of p~'Ag, the dual lattice with respect to the
hermitian pairing, where
Ay = (peo,p€1,82>op .
We call the vertices of degree p3 + 1 vertices of type (hs) and the ones of degree
p+ 1 of type (s). The vertices vo and Ty corresponding to K and K are called
the standard vertices of the respective types. The oriented edge (vo,Up) is then
stabilized by the standard Iwahori subgroup
1 _ 370 ~ 50
K,=K,NK,.

We denote by S (resp. g, resp. Sp(p)) the Shimura variety over E of level
Ky = K,K?, where K” is as above (of full tame level N) and K, = K (resp. K},
resp. K;). The following result is well-known.
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Proposition 1.1. The Shimura varieties S, S and So(p) are non-singular quasi-
projective surfaces over E and the natural maps

7:8(p) = S, 7:So(p) = S
are finite étale of degrees p> + 1 and p + 1 respectively.

We denote by . (resp. .7, resp. #(p)) the integral models of these varieties
over O, constructed in chapter 6 of [Ra-Zi]. They are of relative dimension 2, . is
smooth over O,, but the other two are not. The relative surface . is the integral
model of the Picard modular surface which has been studied in detail by Vollaard
[Vo] §84-6. See [dS-G1] for related results. The surface .#5(p) has been studied to
some extent in Bellaiche’s thesis [Bel]. Previous to this paper, little was known
about ., apart from the general facts that follow from [Ra-Zi]. We review these
three integral models in the next section.

From a general theorem of Gortz [Gd], or from the computations of the local
models cited in §3.2, it follows that all three integral models are flat over O,, and
their special fibers are reduced. As we shall later show, they are also regular.

1.2. The moduli problems.

1.2.1. The Raynaud condition. Let R be a commutative Op-algebra and H a finite
flat group scheme over R of rank p?. Assume that we are given a ring homomorphism
t: Og — Endg(H), and that H is killed by p, or, equivalently, ¢ factors through
the field k = Op/pOg. Locally on Spec(R), O(H) = A is free of rank p? over R,
and the zero section of H is given by an R-homomorphism € : A — R whose kernel
I, the augmentation ideal, is free of rank p? — 1. Letting a € x* act on A via t(a)*,
this becomes a group action, which preserves I. Let w : k* — O) — R* be the
Teichmiiller character, and for 1 < i < p? — 1 let
IO = {f e I|Va € &%, 1(a)*(f) = w'(a)f}.

Thanks to the fact that p? — 1 is invertible in R, these are distinct R-submodules,
and I is their direct sum. Following [Bel, Ray], we call H Raynaud if each I is
free of rank 1 over R. The following facts are easily checked.

e Let R — R’ be any base change. Then if H is Raynaud, so is H X gpec(r)

Spec(R').
e The converse holds if Spec(R) is connected. In particular, it is enough to
check then the Raynaud condition at one geometric point.

e The constant group scheme O ® Z/pZ and its dual O ® i, are Raynaud.
It follows from the three properties that étale and multiplicative (dual to étale)
group schemes are automatically Raynaud.

Assume now that R = k is a perfect field containing . Let M = M (H) be the

covariant Dieudonné module! of H. Since H is killed by p, M is a 2-dimensional
vector space over k, equipped with linear maps

F:M® — M, V:M— M®,

where M) = k®, M and o(x) = 2 is the Frobenius on k. The action of x on H
induces an action of x on M; we let M (X) be the subspace on which x acts through

IWe adhere to the conventions of [C-C-O], Appendix B.3. Our M (H) is denoted there M, (H).
F and V can be regarded also as o or o~ !-linear maps on M. Recall that V is induced by
Fr: H — H® and F is induced by Ver : H®) — H.
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the natural embedding ¥ : k < k, and M () the subspace on which it acts via
¥ =0 oX. Then M = M(X)® M(E). Note that (M®)(X) = (M(X))® and vice

versa. We call M balanced if both M (X) and M (X)) are 1-dimensional.
Lemma 1.2. H is Raynaud if and only if M(H) is balanced.

Proof. We may assume that k is algebraically closed, as both conditions are invari-
ant under passage to an algebraic closure. If H is étale, it is constant, and must
then be isomorphic, with the O action, to O ® Z/pZ, whose Dieudonné module
is evidently balanced. Similarly, if H is multiplicative.

There remains the local-local case. As a scheme, stripped of the group structure,
H is then either (i) Spec(k[X]/(X?")) or (ii) Spec(k[X,Y]/(XP,Y?)), where the
second case occurs if and only if H is killed by the Frobenius morphism Fr: H —
H®)_ Since I is of codimension 1 and, in the local case, also nilpotent, it coincides
with the maximal ideal of A = O(H). The cotangent space at the origin, I/I?, is
then kX in case (i) and kX @ kY in case (ii).

In case (i) k may act on the one-dimesional I/I? by ¥ or 3, and so does the
group k% act. Either way, x* acts on I*/I't! (1 < i < p® —1) via ¥ (or &),
so every character w’ : KX — kX must occur in I with multiplicity 1, and H is
automatically Raynaud. But in case (i) we also have an exact sequence of finite flat
Og-group schemes

0= H —»HS3 HP 0.

Here H; = ker(Fr: H — H(p)) is a subgroup scheme of rank p, and Hl(p) is its
image. It follows that in case (i) M(H) is an extension of M (H;)®) by M(H,), so
is automatically balanced.

Case (ii) is the only case where the “balanced” condition may fail. In this case
Fr annihilates H so V =0 on M = M(H) and

Lie(H) = M[V] = M

(see [C-C-O], B.3.5.6-3.5.7). We find that M is balanced if and only if Lie(H),
equivalently its dual I/I?, is balanced. If this is the case, i.e. both ¥ and X occur
in I/I%, we may choose the variables X and Y so that x* acts on X via w and on Y’
via wP, s0o on X'Y7 (i,j < p, not both 0) it acts via w*™/P and every character occurs
with multiplicity 1in I. Thus H is Raynaud in this case. If, on the contrary, I/I? is
k> -isotypical, we can not have dim I(Y) = 1 for every i, and H is not Raynaud. O

Let HP denote the Cartier dual of H, which is also finite flat of rank p?, and
endow it by an Og-action (1 : Op — Endg(HP) via the formula

P (a) = ua),
i.e. for any R-algebra R’ and any z € H(R'), y € HP (R'),
(2, P(a)y) = ((a)z,y) € (R')*.
Corollary 1.3. H is Raynaud if and only if H” is Raynaud.

Proof. M(HP) (identified with the contravariant Dieudonné module of H) is the
k-linear dual of M(H), so one is balanced if and only if the other is. O
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1.2.2. The moduli problem (S). We now define the three integral models for the
Shimura varieties with parahoric level structure at p as moduli schemes for moduli
problems of PEL type. It is well known and easy to check that in the generic fiber
these moduli problems yield the given Shimura varieties. For the relation with
the models defined by Rapoport and Zink, and the representability of the moduli
problems, see 1.3 below.

The Picard modular surface S has a smooth integral model . over O,. It is
a fine moduli scheme for the moduli problem which assigns to each O,-algebra R
isomorphism classes of tuples A = (4, ¢,¢,7n), where

e Ais an abelian 3-fold over R.
e ¢: A5 At is a principal polarization.
e 1: Op — Endg(A) is a ring homomorphism, such that the Rosati involution
induced by ¢ on Endgr(A) preserves its image, and is given on it by ¢(a) —
1(@). We furthermore require that Lie(A) becomes an Og-module of type
(2,1) in the sense that it is the direct sum of a locally free R-module of
rank 2 on which ¢(a). acts like the image of a in R, and a locally free rank
1 module on which it acts like a.
e :A/NA ~ A[N] is a full level-N Og-structure (recall p{ N > 3).
Our reference to moduli problems and representability is the comprehensive volume
by Lan. In particular, we refer the reader to the precise definition of level structure
given there ([Lan] 1.3.6.2), and to the condition of étale liftability. In addition to
being compatible with the Og-action, 1 should carry the polarization pairing

(,Y:A/NA x A/NA — Z/NZ

derived from (,) to the Weil ey-pairing induced by ¢ on A[N] x A[N]. Part of
the data involved in 7 is an isomorphism between the (étale) target groups of the
two pairings: vy : Z/NZ ~ py, making the last condition meaningful. These
isomorphisms form a torsor Isom(Z/NZ, uy) under (Z/NZ)*, and in this way vy
becomes a morphism form . to Isom(Z/NZ, uy), regarded as a scheme over O,
of relative dimension 0. We call vy the multiplier morphism.

1.2.3. The moduli problem (§) The Shimura variety S has an integral model 2
over O,. It is a fine moduli scheme for the moduli problem which assigns to each
O,-algebra R isomorphism classes of tuples A" = (A’,4,./,n), where

e A’ is an abelian 3-fold over R.

o : A — A’ is a polarization of degree p2.

e //: Op — Endgr(A4’) is a ring homomorphism, satisfying the same require-
ments as for (S). In addition, we require that ker(¢)) is preserved by «/(Op)
and is Raynaud.

e 7/ is a full level-N Opg-structure.

1.2.4. The moduli problem (So(p)). The Shimura variety So(p) has an integral
model #(p) over O,. It is a fine moduli scheme for the moduli problem which
assigns to each Op-algebra R isomorphism classes of tuples (4, H) = (A, ¢,¢,n, H),
where
e Aisasin (5)
e H C Alp] is a Raynaud Og-subgroup scheme of rank p?, which is isotropic
for the Weil pairing e, (the Mumford pairing e, attached to the polariza-

tion pg).



ON THE BAD REDUCTION OF CERTAIN U(2,1) SHIMURA VARIETIES 10

1.2.5. The maps between the integral models. There are projection maps
7w Sp) =S, T S(Dp) -7

extending the maps of Proposition 1.1. The map 7 is neither finite, nor flat anymore.
On the moduli problem, it is simply “forget H”.

The second map 7 is defined as follows. Pick (4, H) € % (p)(R). Let A’ = A/H.
Since H is isotropic for e,q, its annihilator in this pairing is a finite flat subgroup
scheme H C H+ C A[p] and Alp]/H*+ ~ HP. We claim that H*/H is Raynaud.
We may assume that R = k is an algebraically closed field of characteristic p. As
both H and HP are Raynaud, M (H) and M (A[p]/H") are balanced. It follows that
M(H*/H) is also balanced, so H'/H is Raynaud. The polarization pg descends
canonically to a polarization v : A’ — (A’)! whose kernel is ker(¢y)) = H+/H. Tts
degree is p?. Finally Li/ and 7’ are defined naturally from ¢ and 7. To check that we
obtained a point of .#, we need only check one non-trivial® point, that Lie(A’) is
indeed of type (2,1). This can be seen, using the Raynaud condition, as follows.
We may assume again that R = k is an algebraically closed field containing . The
exact sequence

0—-H—-A—-A =0

yields, in covariant Dieudonné theory, exact sequences® and a commutative diagram
0 - MA - MA) —- MH — 0
IV IV %
0 — MA® - MAHNPD - MH)P — 0

where we have abbreviated M (A) = M (A[p>°]) etc. The snake lemma yields

0 — MH)V] — MAWP/VMA) —

| |
0 — Lie(H) — Lie(A) —

— MAYP/VM(A) — MH)P)/VMH) — 0
| |
— Lie(A’) - MH)®/VMH) — 0
Thus the type of Lie(A’) is also (2, 1) if and only if M (H)[V] and M (H)®) /V M (H)
have the same type. But from the exact sequence

0— M(H)[V] = M(H) % M(H)® — M(H)® JVM(H) — 0

we see that this is the case if and only if M (H) is balanced. We conclude that H
being Raynaud is in fact a necessary and sufficient condition for A’ = A/H to be
of type (2,1) as well.
We shall see later that in contrast to m, the map 7 is finite flat of degree p + 1.
If we denote by f : A — A’ the canonical homomorphism with kernel H, and
identify A’ with A/H*, then f'*: A’ — A* has kernel A[p]/H* and

pop = frogof.

21n characteristic 0, or if H is étale, this is obvious, because the Lie algebra is not changed,
but in characteristic p the type of the Lie algebra may well change under an isogeny.

34 guide for the perplezed: the covariant Dieudonné modules of a finite flat group scheme
(resp. p-divisible group) is defined as the contravariant Dieudonné module of its Cartier (resp.
Serre) dual. From the exact sequence 0 — HP — A — A' — 0 we get the top row of the
diagram.
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1.2.6. The moduli problem (§0(p)). There is a fourth moduli problem that one can
define. It turns out to be equivalent to (Sp(p)), yet useful for later calculations and
for the study of the moduli problem .7 mentioned in the introduction.
The moduli problem (Sy(p)) assigns to every O,-algebra R isomorphism classes
of tuples (A’, J) where
o A'is as in (5)
e J C A'lp] is a finite flat Og-subgroup scheme of rank p*, containing ker()),
such that J/ker(¢)) is Raynaud, and which is maximal isotropic for the
Mumford pairing epy.

Note that deg(py) = p®.

Proposition 1.4. The moduli problems (So(p)) and (So(p)) are equivalent, hence
(So(p)) is also represented by Fp(p).

Proof. To pass from (A, H) to (4’,J) define
A'=A/H, J= A]p]/H,

and observe that .J/ker(¢)) = A[p]/H~ is Raynaud, and that J is isotropic (hence,
from degree considerations, maximal isotropic) for e,,;. To pass from (4’,J) to
(A, H) define A = A’/J, descend pi to obtain a principal polarization ¢ on A, and
let H = A’[p]/J. We leave to the reader the verification that we obtain a point of
(§0 (p)), as well as that these two constructions are inverse to each other. O

In terms of this new interpretation of #(p) the map 7 is simply “forget J”.

Proposition 1.5. The schemes ., % (p) and 7 are reqular. They are flat over
O, and their special fibers are reduced. The maps ™ and T are surjective and proper.

Proof. The “flat” and “reduced” assertions follow from the Main Result of [Gd], and
from the fact that locally for the étale topology, a neighborhood of a point in the
special fiber of #(p) or . is isomorphic to an open neighborhood in the local
model. Similarly, regularity follows from the determination of the completed local
rings of the three schemes in [Bel] II1.3.4.8. Although Bellaiche does not use the
formalism of [Ra-Zi|, he builds upon the earlier work of de Jong [dJ2], which except
for the notation, yields identical results for the completed local rings as what one
would get from the more general theory developed by Rapoport and Zink.
Properness and surjectivity of © and 7 are usually proved along with the proof
of the representability of .#(p). For the map 7 it is done in [Bel] II1.3.2.3. For the
map 7 the proof is similar, and we only sketch it. It is best described with the new
interpretation of .%(p) as representing the moduli problem (So(p)). Consider first
a larger moduli problem (Sy(p)’) obtained from (Sy(p)) by relazing the Raynaud
condition on J/ker(i). One proves, following de Jong, that this modified moduli
problem is proper and surjective over (§) Properness follows from the valuative
criterion. The Raynaud condition is a closed condition, a fact which secures the
properness of 7. Surjectivity clearly holds in the generic fiber. By [?], the generic
fiber of .7 is dense. Since 7 is already known to be proper, its image must be
closed, hence is everything. [
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1.2.7. Diamond operators. If a € (Og/NOg)* we denote by (a) the automorphism
of .7, defined on the moduli problem by

(a) (A, ¢,0,m) = (A, b,1,m0a) = (A, ¢,¢,(a) on).
The same notation will be applied to the other moduli schemes.

1.3. Translation into the language of Rapoport and Zink. The moduli prob-
lems that we defined in the preceding sections are examples of the moduli problems
defined in chapter 6 of [Ra-Zi], although the Raynaud condition is implicit there,
as we shall now explain. It follows (from general results of Kottwitz) that, as has
been claimed above, they are indeed representable by fine moduli schemes when
N > 3. We remark that [Bel] gives an independent proof of the representability of
(So(p)) by proving that it is relatively representable over (.S).

Using the notation of [Ra-Zi|] we take B = E, O = O, V = E* as before and
b* = b. Let £, £ and Lo(p) be the following self-dual lattice chains in Vp (see (1.1)):

L={ CphgCAyCp'AgC -},
L={--CphCAyCA CptAycC--},

Co(p):{ CpA()CAQ CA1 CAO Cp_lAQ C }
View the three lattice chains as categories, inclusions as morphisms. The moduli
problem of type (L), as defined in [Ra-Zi] Definition 6.9, is clearly our (.5); just set
A=Ay,

The moduli problem of type (EN) is our (g) Recall the definition of a “principally
polarized L-set of abelian varieties of type (2,1)” over a base ring R as above
(IRa-Zi], Definition 6.6). First, one is given the L-set of abelian schemes A, of
type (2,1). Then one gives the “principal polarization”® \ :A,, ~ AVA.. Note

that the L-set EA. is of type (1,2) because A induces the Rosati involution on the
endomorphism ring, hence switches types. We set

A= AA27 Alt = ARQ = A;71A2 = EA17 ’(/J = Ao PA1,Az-

Then 1) is a polarization in the ordinary sense, of degree p*> = [A1 : Ap]. If R =k
is an algebraically closed field in characteristic p,

M(ker(y)) = M(Ax,)/M(Ar,) = M /A2 ® k

(|[Ra-Zi] 6.10) is balanced, so ker(z)) is Raynaud. Conversely, if we are given data as
in (5), thanks to the fact that ker(¢) is Raynaud the signature of A” = A’/ ker(¢))
(with Og-action induced by ¢/) is (2,1) (as explained at the end of 1.2.4), so we
can define

Ap, = A", Apx, = A", pa,.a, = the canonical homomorphism,

and “polarize” the resulting L-set by letting A be the unique type-reversing isomor-
phism of L-sets satisfying 1 = X o pa, A,-

The proof that the moduli problem of type (Lo(p)) is our (Sp(p)) is in principle
identical, and we only sketch it. Once again, given the data (So(p)) we construct an

e apologize for the unintentional double meaning attributed to tilde. We chose to denote

the moduli problem (S) with a tilde, hence it made sense to denote the corresponding lattice chain
also £. In [Ra-Zi|, passing to the dual L-set is also denoted by a tilde, hence the tilde on Ay, .
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Lo(p)-set of abelian varieties by interlacing the previous two constructions. First,
letting A = Ap, ~ Apa, we use the Raynaud condition on H to ensure that
A= A/H = Ay, is of type (2,1). Then we continue and define Ay, = A/H~+ and
the polarization A\ as before.

1.4. Modular curves on the Picard modular surface.

1.4.1. Embedding the modular curve. Maps between Shimura data induce maps
between Shimura varieties. Here we have unitary groups of signature (1,1) at
infinity mapping (in many ways) to our G. These group homomorphisms give rise
to morphisms of modular curves and Shimura curves to our Picard modular surface.
Rather than go through the familiar yoga of Shimura data, we jump straight ahead
to the moduli interpretation, thereby giving the morphism on the level of integral
structures. We give only one example, which will be explored in connection with
the geometry of the special fiber at p later on.

Let By be a fixed elliptic curve defined over O, with complex multiplication
by O and CM type X. Such a curve exists because (p) splits completely in the
Hilbert class field H of E, and if 98 is a prime divisor of (p) in H, By may be defined
over Og g = O,p. The reduction of By modulo p is a supersingular elliptic curve
defined over k. Let ¢g : By ~ Bf be the canonical principal polarization of By, and
Lo : Op ~ End(By).

Recall that pt N > 3. Let —D be the discriminant of E and § = v/—D a fixed
square root of it in E. Assume for simplicity that D is odd and (N, D) = 1 (oth-
erwise the construction below has to be modified slightly). Let 2 be the scheme
parametrizing Opg-isomorphisms 1y : Og/NOpg ~ By[N]. It is étale of relative di-
mension 0 over O, and comes with a “multiplier morphism” vy to Isom(Z/NZ, un).
Write

By = (Bo, ¢0,t0,1m0) € Zo(R)

for an R-valued point of 2.

Let 2" = Xo(D; N) be the modular curve parametrizing elliptic curves B with
a full level N structure v : (Z/NZ)? ~ B[N] and a cyclic subgroup scheme M of
order D. We view 2~ as a scheme over O,. It too comes equipped with a “multiplier
morpism” vy to Isom(Z/NZ, py). If we identify det(B[N]) with uy via the Weil
pairing, then vy = detv. We remark that 2 is neither complete (the cusps are
missing) nor connected (det v is not fixed), and that every subgroup scheme M as
above is étale, since D is invertible.

Let R be an Op-algebra and B = (B,v, M) € Z (R). Let A;(B) be the abelian
surface O ® B/6 @ M. As D is odd, hence square-free, every class in Og/dOg is
represented by a rational integer. As ¢ kills § ® M, this subgroup is Og-stable. It
is also maximal isotropic for the Mumford pairing induced by the canonical degree
D? polarization

¢ 0Op®B =6 '0p®B= (0 B).

The identification 6 " *Or® B = (Op® B)! is such that the resulting Weil e,,-pairing
between O ® Bln] and 6 *Op ® Bln] is

en(@®@u,Bv) = el (u, U)TTE/@(O@7

where eZ is Weil’s e,-pairing on B[n]. We may therefore descend ¢} to obtain
a principal polarization ¢, of A;(B). We let ¢; be the natural action of O as
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endomorphisms of A;(B). It is of type (X, X%). Let
m=id®v:(Og/NOg)?* ~ A[N],

a full level-N Og-structure.
Let By € Z)(R) and B € 2 (R) be such that vy(B,) = vy(B). Define

A(E(NE)ZBOXAD ¢:¢OX¢17 L=1lg Xy, M="o XN1.

The structure A(B,, B) = (4, ¢,t,n) € (R). Indeed, the assumption vy (B,) =
vy (B) allows us to define a multiplier for # so that it becomes compatible with ¢,
and the rest is obvious. This construction depends functorially on the input. In
this way we have defined a morphism

20 Xsom(z/Nzun) X —
A minor modification of this construction yields a morphism

2 XIsom(Z/NZ,un) Zo(p) — Zo(p),

when we add a cyclic subgroup of order p to the level.

1.4.2. Endomorphism rings of F,, points of .. Let D be an indefinite quaternion
algebra over Q equipped with a positive involution { and assume that £ embeds in
D as a f-stable subfield. Then

D=FE®aE¢

where €2 > 0 is rational, £aé ' =@ for a € F, a' =@ and ¢ = £. Furthermore F is
the unique quadratic imaginary f-stable subfield of D. Let Op be a maximal order
in D such that Op N E = Og. In this situation we may define the Shimura curve
Zp parametrizing abelian surfaces A; with endomorphisms by Op, a principal
polarization inducing 1 as the Rosati involution on D, and a full level N structure.
Precisely as for the modular curve, we get a morphism from 24 Xisom(z/Nz,un) 2D
to .. Its image in . is called an embedded Shimura curve.

The points of .(F,) lying on the embedded Shimura curves all represent non-
simple abelian varieties. There are, however, points A € .%(F,) for which A is
simple. We use the Honda-Tate theorem to construct them. More precisely, we
construct A’s with End®(A) = M a CM field of degree 6.

Let L be a totally real non-Galois cubic field, in which p decomposes as pq,
where f(p/p) = 2 and f(q/p) = 1. Then M = LE is a degree 6 CM field and
p = PP splits in M, while ¢ = @ remains inert. Let 7 be an element of M such
that (1) = P?"Q", where h kills the class of P2Q in the class group of M. Then
77 = ep®? for a unit € of L. Replacing 7 with e '7? and h with 2h we may assume
that e = 1.

Let ¢ = p?*. Then 7 is a Weil g-number, and the Honda-Tate theorem implies
that there exists a simple 3-dimensional abelian variety over F, with End(A) equal
to an order of M, and whose Frobenius of degree ¢ is 7. It is easily seen that A
is absolutely simple. Changing A by an isogeny if necessary we may assume that
End(A4)D O, and that A carries a principal polarization. Of course, End’(A) =
M.

Since End’(A), for any A € .(F,), must contain a 6-dimensional semi-simple
Q-algebra, we see that the “most general” F,-point of . carries an abelian variety
with CM by a field of degree 6. Generic points of the special fiber of .7, by contrast,
have no endomorphisms except for ¢(Og).

SHN
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2. THE STRUCTURE OF THE SPECIAL FIBER OF .

2.1. Stratification. Let k be a fixed algebraic closure of . Since we shall have no
use for the generic fibers of our integral models any more, we denote from now on
by S, S and So(p) their geometric special fibers, which are schemes defined over k.
We denote by A the universal abelian scheme over ., and by A, its fiber over a
geometric point z € S(k).

Let ® be the unique (up to isomorphism) connected 1-dimensional p-divisible
group over k of height 2. It is self-dual of slope 1/2, and isomorphic to the p-
divisible group of any supersingular elliptic curve over k. Fix an embedding X :
O, — Endy(®) in which ¢ € O, acts on Lie(®) via the natural homomorphism
¥ : 0, - k= k, and denote the pair (&, ) by &x. Let &5 be the same p-divisible
group with the embedding A o o, under which the action of a € O, on Lie(®) is via
Y=Yoo.

The following theorem is due to Vollaard [Vo], in particular §6. See also [dS-G1]
Theorem 2.1.

Theorem 2.1. (i) The special fiber S of .7 is the union of 8 locally closed strata
defined over k. The p-ordinary stratum S, is open and dense, and x € S, (k) if
and only if

A[p™] = (OF @ pp=) x 8 x (Op ® Qp/Zy)

as p-divisible groups with Og-action. Its complement, S — S, = Sss is called the
supersingular locus. It is a reduced (but reducible) complete curve, and if v € Sgs(k)
then A, [p>] is supersingular, i.e. its Newton polygon is of constant slope 1/2. The
superspecial locus S, C Sss is 0-dimensional and a point © € Sgsp(k) if and only

if
A, [p™] ~ 8% x &5

as p-divisible groups with Og-action. We let Syss = Sos — Sssp and call it the
general supersingular locus.
Oort’s a-number

a(Ay) = dimyg Hom(ay, A, [p)

is1ifx € Su(k) or x € Syss(k) and 3 if x € Seep(k). Let ap(Ay) be the mazimal
ap-subgroup of Ay[p]. The action of k on Lie(a,(Ay)) has signature ¥ in the first
two cases, and (3,%,3) in the third case.

(i1) If S" is a connected component of S then S’ N Sss is a connected component
of Sss. The non-singular locus of Sgs is precisely Syss. The irreducible components
of Sss are Fermat curves, whose normalizations are isomorphic to the curve

€ Pt 4Pt ptl =,

(i) If N > Ny(p) (an integer depending on p) the following also holds. The
irreducible components of Sss are already non-singular, and isomorphic to €. Any
two of them intersect at most at one point, and if they intersect, this point belongs
to Sssp(k) and the intersection is transversal. There are p> + 1 superspecial points
on each irreducible component of Sz, and there are p + 1 irreducible components
of Sss intersecting transversally at each x € Sgsp (k).
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Let X be the geometric special fiber of the modular curve 2~ which was con-
structed® in §1.4. It is a non-singular curve in S. The following corollary is clear
from the description of the strata of S.

Corollary 2.2. The curve X does not intersect Syss. If B € X(k) is such that
A(B) € Sssp(k) then B is supersingular, and vice versa.

2.2. The tangent bundle of S.

2.2.1. The special line sub-bundle TS™. Outside Sssp, one may define a natural line
sub-bundle T'ST of the tangent bundle T'S of S. For this recall the following facts
from [dS-G1]. Let € 4,5 be the sheaf of relative differentials of the universal abelian
variety A, and wy = f«Q4,s where f : A — S is the structure morphism. Then
w4 is a rank 3 vector bundle on S, can be identified with the cotangent space of A
at the origin, and admits a decomposition

wa=PaL
into a plane bundle P on which Op acts via ¥ and a line bundle £ on which it
acts via 2. Let ®: S — S be the absolute Frobenius morphism of degree p, and
AP) = g X5 A the base change of A. Similar notation will be employed for

the base change of the vector bundles P or £. The Verschiebung homomorphism
Ver 4/5: A® — A induces maps

Vp: P = LV Ve £ — PP,

which, outside Sy, are both of rank 1. At the superspecial points these maps
vanish. Let

Py = ker(Vp).
Outside the superspecial points, Py is a line sub-bundle of P. Outside S, the lines
P(()p ) and V(L) are distinct, but along Sy, they coincide. In fact,

V’ép) o V[,

(a global section of £°~1) is the Hasse invariant, and V,,gp )0V, = 0 is the equation
defining S, as a subscheme of S.
The Kodaira-Spencer isomorphism is an isomorphism

KS:P®L~ g =T5".

Definition. Outside S, we define T'S™ to be the annihilator of the line bundle
KS(Py ® L). We call TS the special sub-bundle of T'S. By an integral curve of
TST we mean a nonsingular curve C' C S — Ss,, for which TS*|c = TC, i.e. TS™
is tangent to C.

Theorem 2.3. (i) Sy, is an integral curve of TS™.
(ii) The modular curve X,.q = X NS, is an integral curve of TS™.

Proof. Part (i), although not stated there in this form, was proved in [dS-G2]
Proposition 3.11. For (ii) observe that if # € X,,q(k) C S, (k) then we have the
decomposition A, = By x A; , where A, is the abelian surface constructed along
X from the universal elliptic curve B (and the universal cyclic subgroup of rank D)
as in §1.4. For the cotangent space we have accordingly

walz =wa, =wp, Dwa, ,,

5We abuse notation and call the curve %5 XIsom(Z/NZ,upy) £ Simply 2.
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where the first summand is of type ¥ and the second of type (X, %). Thus
Ple = wp, ®wa, ,(X).
As A, is ordinary, V' is injective on w4, , (¥) and
Polz = ker(V : Pl — ,C(p)\x) = wp,.

As By is constant along X, KS(Py® L|,) C Qg/x|, annihilates the line T, X C T,.S.
This proves that T, X = T'ST|, as claimed. (Il

There are many modular curves and Shimura curves like X on S, and by sim-
ilar arguments they are all integral curves of the special sub-bundle. It would be
interesting to know if these are the only integral curves of 'St in S,,. This is an
“André-Oort type” question. It would imply, in particular, that there are no in-
tegral curves passing through the CM points constructed in §1.4.2. Note that in
characteristic p there could be many integral curves tangent to a perfectly nice
vector field. The curves x — ¢+ Ay? = 0, for varying c and A, are all tangent to the
vector field 9/dy in A2, and infinitely many of them pass through any given point.
The correct formulation of the problem should probably ask for curves annihilated
by a larger class of differential operators. Such a class should contain, besides the
differential operators generated by T'S™T, also “divided powers”.

2.2.2. A characterization in terms of generalized Serre-Tate coordinates. We shall
now give a second characterization of T'ST, which relates it to Moonen’s work on
generalized Serre-Tate coordinates in S,,. For the following proposition see [Mo],
Example 3.3.2 and 3.3.3(d) (case AU, r =3, m =1).

Proposition 2.4. Letx € S,,. Let ® be the formal group over k associated with the
p-divisible group & and let @m be the formal multiplicative group over k. Then the
formal neighborhood Spf(@s,w) of x has a natural structure of a @m—torsor over
&. In particular, it contains a canonical copy of @m sitting over the origin of ®.

Theorem 2.5. Let x € S,. Then the line T'S™|, is tangent to the canonical copy
of Gy, in Spf(OS,x)'

At a point z lying on a modular curve X as above, the canonical copy of Gy is
identified with the classical Serre-Tate coordinate on X, i.e. the formal completion
of X at z coincides with i(G,,) as a closed formal subscheme of Spf (653;) In this
case the theorem is a consequence of Theorem 2.3(ii). Our claim can therefore be
viewed as an extension of Theorem 2.3(ii) to a general p-ordinary point, at which

-~

the formal curve i(G,,) may no longer be “integrated”.

Proof. Write G,, = Spf(k[[T — 1]]) with comultiplication T — T ® T, and let
i: Gy — Spf(Og, ) be the embedding of formal schemes given by Proposition 2.4.
It sends the closed point 1 of G,, to x. Let i, be the induced map on tangent spaces

iy : TGy < TS|o.

We have to show that 4,(9/0T) annihilates KS(Py ® L)|,. This is equivalent to
saying that when we consider the pull back i*.A of the universal abelian scheme
to @m, its Kodaira-Spencer map kills Py ® L|;. For this recall the definition of
KS = KS(X) from [dS-G1], §1.4.2.
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Let & = @m and write for simplicity A for i*.4. We then have the following
commutative diagram
P =was(®) = Hip(A/6)(%)
(2.1) JKS Y
LY @0 2 wh)s(B) @ Qs «— Hip(A/6)(2) ® Qg

in which we identified H'(A, O) with H°(A!, Q)Y and used the polarization to
identify the latter with wx /&9 reversing types. Here V is the Gauss-Manin connec-
tion, and the tensor product is over Og = k[T — 1]]. Although V is a derivation,
KS is a homomorphism of vector bundles over Og. We shall show that KS(Py) = 0,
where Py = ker(V : wq/e — wff/)e) nPp.

At this point recall the filtration

0 C Fil? = A[p™®|™ c Fil' = A[p™]° c Fil°® = A[p™]

of the p-divisible group of A over &. The graded pieces are of height 2 and Op-
stable. They are rigid (do not admit non-trivial deformations as p-divisible groups
with Og action) and given by

gr’ = Op @ pip, gr' =6, gr’ = 0p @ Q,/Z,.

For any p-divisible group G over & denote by D(G) the Dieudonné crystal asso-
ciated to G, and let D(G) = D(Q)e, ¢f. [Gro]. The Og-module D(G) is endowed
with an integrable connection V and the pair (D(G), V) determines D(G).

In our case, we can identify D(A[p>]) with H},(A/&), and the connection
with the Gauss-Manin connection. The above filtration on A[p*°] induces therefore
a filtration Fil® on H}p(A/&) which is preserved by V. Since the functor D is
contravariant, we write the filtration as

0C Fil'Hjr(A/G) C Fil’Hj(A/6) C Fil® = Hjp(A/&)
where
Fil'Hyp(A/6) = D(A[p™]/Fil' A[p™]).
For example, Fil' H},(A/S) is sometimes referred to as the “unit root subspace”.
As Fil?A[p™] is of multiplicative type, ker(V : Hip(A/S) — Hip(A/&)P)) is
contained in Fil?H};(A/S). In particular,
Po C Fil’H}p(A/S).

Let G = A[p>=]/A[p>=]™, so that Fil?H}p(A/&) = D(G). It follows that in com-
puting KS on Py we may use the following diagram instead of (2.1):

Po — D(G)(%)
(2.2) 1KS v
LY QL +— D(G)(D) ek

Finally, we have to use the description of the formal neighborhood of = as given
in [Mo]. Since we are considering the pull-back of A to & only, and not the full
deformation over Spf (@5@), the p-divisible groups Fil' A[p>°], and dually G =
A[p>]/Fil?, are constant over &. Thus over &

G>6x(0g®Q,/Z,),
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and V maps D(&) to D(&) ® Q. Since
Po =we = D(8)(X)
as subspaces of H},(A/S),
V(Py) CPo® 916

The bottom arrow in (2.2) comes from the homomorphism

D(G)(S) — Hin(A/S)() B H'(A,0)(8) £ H' (A, 0)(T) = L.
But the projection pr kills Py C w4,e- This concludes the proof. O

We shall later show that the line sub-bundle 7'S™ has a third characterization, in
connection with the ramification in the covering 7: So(p) — S. The definitions and
the discussion of this section have obvious generalizations to higher dimensional
unitary Shimura varieties. We intend to address them in a future work.

2.3. The blow up of S at the superspecial points. We denote by S# the
surface over k which is obtained by blowing up the superspecial points on S. The
fiber of S# — S above a superspecial point z is a projective line which we denote
by E,. It is canonically identified with P(T,S).

Since S has a canonical model over x and the stratum S, is defined over &, S#
too has a canonical model over k. In fact, it is the fine moduli space of a moduli
problem (S#) which is unique to characteristic p. For any k-algebra R, S#(R)
classifies isomorphism classes of pairs (A, Py) where

e Ac S(R)
o Py C ker(V :wy/r(X) — wff/)R(Z)) is a line sub-bundle of P = w4/ r(%)
which is annihilated by V.

If no geometric fiber of A/R is superspecial then Py is unique. At superspecial
points, however, V kills P, so the additional data amounts to a choice of a line in
the plane P.

If N =1 then S is a stack defined over x and the superspecial points are -
rational. It follows that P is defined over x too and we can equip each

By ~P(P|,) = P(P ® L|,) ~ P(T,5)

with a canonical k-rational structure. If N > 1 then level structure at N forces
superspecial points to be defined over larger finite fields, but since P is independent
of this extra level structure, the tangent space and the exceptional divisor F, still
carry a canonical k structure.

In practice we use a coordinate ( on E, which is derived from a particular choice
of a basis for the Dieudonné module of A, at x € S,,p. This will be explained in
Theorem 4.11 below.

3. LOCAL STRUCTURE OF THE THREE INTEGRAL MODELS

3.1. Raynaud’s classification. Recall that & is our fixed algebraically closed field
containing . In [Ray|] Raynaud classifies the finite flat group schemes of rank p?
over k, which admit an action of x and satisfy the Raynaud condition discussed in
1.2.1. See also [Bel], II1.2.3. They are given in the following table.
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H (ao,bo;a1,b1) | Lie(H) | Lie(ay,(H)) | | B| v | strata
Kk QZL/pZ (0,1;0,1) ) 0 02| 1 1
K@ [y (1,0;1,0) )Y 0 210 1 U
KQoy, (0,0;0,0) pDY) )] 212(1,2 Ssp
&ps (0,1;1,0) b b)) 11| 1 |gss/ssp
Spls (1,0;0,1) by by 111 - -
Qape s (0,1;0,0) b z 1121 2 gss
X2 5 (0,0;0,1) b ) 112 - -
s s, (0,0;1,0) D)) ) 211 2 gss
a;QE (1,0;0,0) 3, b)) 211 - -
Explanations

e Each group scheme is designated by a vector (ag,bo;a1,b;) with entries
from {0,1} where agbg = a;b; = 0. There are 9 possibilities. As a scheme
H = Spec(A) where A = k[X,Y]/(XP—byY,YP—b; X). The group structure
(Hopf algebra structure on A) involves the a;. It is completely determined
by the condition that the Cartier dual H” is obtained by interchanging ag
with by, a1 with b;. The twist k ®, , H of H is obtained by interchanging
ag with a1, and likewise by with b;.

e The column Lie(H) gives the signature of x on Lie(H ), with multiplicities.

e The column Lie(a,(H)) gives the signature of x, with multiplicities, on the
Lie algebra of the maximal cy,-subgroup of H (whose dimension is Oort’s
a-number).

e The invariants «, 8 are defined by

o = dimy, Lie(H), B = dimy Lie(HP).
They satisfy
a:2—b0—b1, BZQ—Clo—al.

The third invariant, -y, is not an intrinsic invariant of H, but rather of the
way it sits as an isotropic subgroup of A[p]. Recall that if (A, H) is a point
of So(p)(k), we have a filtration

0C HcCH* c Alp]

with graded pieces A[p]/H+ ~ HP and HY/H ~ ker (see §1.2.5). We
then set v = dimy, Lie(H+/H).

e Finally, the last column indicates over which of the strata of S such points
(A, H) lie. A hyphen indicates that an H of the given type does not occur
as an isotropic subgroup of A[p] for A as in (S). This is the contents of the
next lemma.

Lemma 3.1. The subgroups &[pls;, a5 and a;2 5 do not occur as isotropic sub-
groups of Alp| for any A as in (S).

Proof. We do the first example first. Let M = M (A[p]) be the covariant Dieudonné
module of A[p]. It is a 6-dimensional vector space over k, with a s action of signature
(3,3), and maps F : M®) — M and V : M — M®). The principal polarization
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¢ induces a non-degenerate alternating bilinear pairing (,) = (,),, : M x M — k
satisfying, for a € k, v € M®) | y u,v € M

{(a)u, v) = (u,(@)v)

<Fx,y>M = <337 Vy>M<p> .

By (,)ym we denote the base change of (,),, to MP) = k ®,; M. The first
property shows that My and M;, the - and X-eigenspaces of x, are maximal
isotropic spaces for the pairing. The second property shows that

Lie(A) = Lie(A[p]) = M[V] = F(M®)

is another maximal isotropic subspace, which, according to our assumption on the
signature of A, intersects My in a 2-dimensional space, and M; in a line.

Now let N = M(H) C M where H is assumed to be of type &[plss and isotropic.
Decompose N = Ny @ N; according to x-type. Then Lie(H) = Nj is orthogonal
to No (because N is isotropic) but also to Lie(A)y = My[V] (because Lie(H) C
Lie(A) and Lie(A) is isotropic). Since N is a line lying outside the two-dimensional
Lie(A)p, we deduce that N; is orthogonal to all of My, contradicting the non-
degeneracy of the pairing.

The argument for H ~ o is the same. To rule out H ~ S
another argument, on the cy,-subgroup. Lie(H) alone does not distinguish it from
a;2727 which, as we shall see later, does occur as a possible isotropic subgroup. If
A is either p-ordinary or general supersingular, then the a,-subgroup of A is of
rank p and type X, while the «,-subgroup of a;‘;Q 5 is of rank p and type ¥. Hence,

we need

o is not isomorphic to a subgroup scheme of 7A[p]. If A is superspecial, then its

p%.3
p-divisible group is &3, and does not admit a subgroup scheme of type o, at all,
because the kernels of Verschiebung and Frobenius on A®) coincide, while o s

killed by Frobenius but not by Verschiebung. O

3.2. The completed local rings.

3.2.1. Generalities on local models. The method of “local models” was introduced
by de Jong [dJ2] and developed further by Rapoport and Zink in [Ra-Zi]. For a
point z in the special fiber of a given Shimura variety these authors construct a
generalized flag variety, and a point 2’ on it, so that suitable étale neighborhoods of
z and 7’ become isomorphic. This allows them to compute the isomorphism type of
the completed local rings of the original Shimura variety in terms of linear-algebra
data. For the arithmetic schemes .7, .%(p) and . these computations were done
in [Bel] IIL.4.3, and in this section we shall quote results from there, adhering as
much as possible to the notation used by Bellaiche.

The method of local models is flawed when it comes to functoriality with respect
to change of level at p. This is because Grothendieck’s theory of the Dieudonné
crystal, on which it is based, is functorial in divided power neighborhoods, but not
beyond. This flaw appears already in the case of the modular curve X, (p) mapping
to the j-line X. At a supersingular point y € Xo(p)(k) mapping to z € X (k) we
get, for the relation between local models in characteristic p

kl[u]] = k[[u, v]]/(w0),
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while the correct model for the pair @x — @y is known to be, ever since Kronecker,
kl[u]] = Elu, o]}/ (@ — 0) (v — u)).

Observe that modulo pth powers of the maximal ideal (where there is a canonical
divided power structure) the two models are isomorphic, but over the whole formal
neighborhood they are not. The second homomorphism is finite flat of degree p+ 1
while the first is neither finite nor flat.

Despite this flaw, relations between local models of Shimura varieties of PEL
type with parahoric level structure suffice to tell us the relations between cotangent
spaces, as well as the relations between the infinitesimal deformation theories when
we vary the level.

3.2.2. The standard model. Fix y = [A, H] € S (p)(k). Let x = 7(y) € (k) and
T =7(y) € .(k). Then x is represented by the tuple A = (A, ¢,¢,n) and T by
A = (A", n) where A’ = A/H and v is descended from po, i.e. if h: A — A’
is the canonical isogeny with ker(h) = H then
pd =h'ogoh.
Similarly
/(a)oh="houw(a), n =hon.

Associated with the data (A, ¢, ¢, A’,1,/, h) is the following linear-algebra data.

Let

My = D(A)w ), My=D(A")ww
be the crystalline Dieudonné modules of the two abelian varieties. Here D(A) is
the (contravariant) Dieudonné crystal associated to A, cf. [Gro]. In this section we
use crystalline deformation theory as in [Bel]. The translation to covariant Cartier-
Dieudonné theory, which will be employed in later sections, is standard (if painful),
see the appendix to [C-C-O].

The modules M; are free W (k)-modules of rank 6, and decompose under the
action of O as a direct sum of two rank-3 submodules, denoted M;(X) and M;(X).
The isogeny h induces an injective homomorphism

D(h) : M2 — M1

respecting the Og-action, whose cokernel is a two-dimensional vector space over k
of type (1,1), as H is Raynaud. The polarizations result in type-reversing homo-
morphism

B: M ~M,, B :Mj;— M,
where we have used the canonical identifications of M} = Hom(M;, W (k)) with the
crystalline Dieudonné modules of the dual abelian varieties. Clearly

D(h) o B'o D(h)* = pB.

Denote by M the coherent sheaf on . which associates to a Zariski open U
the module

My (U) =D(A)y

(A being the universal abelian variety over .) and define My similarly on ..
Denote by the same letters their pull-backs to .#,(p). Then the same sort of linear-
algebra structure is induced on the sheaves M;, the map D(h) resulting from the
canonical isogeny

h:A— A/H
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where A is the universal subgroup scheme of A over .#(p). The following is
Théoréme I11.4.2.5.3 of [Bell.

Theorem 3.2. (i) There exist W (k)-bases {e1,...,es} of My and {f1,..., fe} of
My such that, if we denote by {ef} and {f}} the dual bases, the following properties
hold.

(a) M1 (X) is spanned by {e1, e, ez}, M1(X) is spanned by {e4,e5, e}, and sim-
ilarly for Ms.

(b) The matrices of the homomorphisms B, B’ in these bases are given by

1 D

i.e. B(e}) = —eg, B'(ff) = —pfs etc.
(¢) The matriz of D(h) is given by

1

i.e. D(h)(f1) =e1, D(h)(f2) = pea ete.
(ii) The structure (M, Mo, B, B', D(h)) is locally Zariski isomorphic to

(M17 M25 Ba B/’ D(h‘)) ®W(k) 0.

3.2.3. The Hodge filtration. Fix y = [A, H] € “(p)(k) as above. The canonical
isomorphism
My @w ey k = D(A)x ~ Hip(A/k)
defines a 3-dimensional subspace
wo C My @w (k) k

which maps isomorphically to w4, and similarly a 3-dimensional subspace wy C
M5 @y (1) k which maps to w4/ /. These subspaces are Og-invariant of type (2,1).
Furthermore, they are isotropic in the sense that if we denote by wg the annihilator
of wo in M{ @y i) k, and similarly for wy, then

B(wy) = wo, B'(wih) C wp.

Equality (rather than inclusion) holds with B because ¢, unlike 4, is principal.
Finally, the map D(h) maps wj, to wo.

Lemma 3.3. (i) The invariants («, 3,7) at the point y are given by the formulae
a = dimg wo/D(h)(w})
[ = dimy, M, Ow (k) k/ (wo + D(h)(M, QW (k) k‘))
v = dimy w)/ B’ (w§").
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(ii) (e, B,7) form a complete set of invariants of the structure
(M1 @w (k) k, Mz @w(x) k, B, B', D(h),wo,wp).

Namely, any two structures (over k) of this form having the same set of invariants
(a, B,7y) are isomorphic.

Proof. Part (ii) is an exercise in linear algebra which we leave out to the reader.
In checking it observe that o determines the relative position of wj and ker D(h),
B determines the relative position of wy and ImD(h), while ~ is responsible for the
relative position of ker B’ and wj'. To prove (i) consider the diagram

Wio
N
0 — wa — H(%R(A//k) — WX/t — 0
el b Lo
0 = wa — Hip(A/k) — wy — 0
!
wWH
1
0

This gives the formulae for a = dimy wy and B = dimy wyp = dimy coker(h?)*V.
The formula for v comes from the fact that if K = H+/H = kerv then wx =
wA//B’(wA/t). [l

3.2.4. Deformations. The following is a consequence of the main theorem of [Gro,
characterizing deformations of an abelian variety A (with extra structure) by means
of linear-algebra data. See also [dJ2] and [Bel], Proposition I11.4.3.6.

Let Ci, be the category of local Artinian rings (R, mg) of residue field isomorphic
to k, equipped with an isomorphism R/mp ~ k. Observe that every object of C
comes with a canonical homomorphism W (k) — R.

The local deformation problem D of the structure (A, ¢,¢, A',4, 1/, h) ), associates
to R € Cy, the set D(R) of isomorphism classes of similar structures over R, equipped
with an isomorphism between their reduction modulo mp and the given structure
over k. It is represented by the formal scheme Spf(@ o (p),y)- The local model
theorem is the following.

Theorem 3.4. The local deformation problem D is equivalent to the deformation
problem D which associates to every (R,mg) as above the set of structures

(wC My @wauy R, w' C My @w iy R)

satisfying

(a) w and w' are rank-8 direct summands, Og-invariant of type (2,1), reducing
modulo mp to wy and wy).

(b) Bwt) =w, B'(Wt)cCu'.

(¢) D(h)(w') C w.

Similar results hold for the moduli problems represented by Spf(@ ) and

The theorem allows us to compute, quite easily, the complete local rings Ly, L,

Spf(O ), obtained by forgetting part of the data.

and Lz representing the deformation problem 5, and deduce isomorphisms

Oyo(p)vy = Ly7 Oy,w ~ L$7 O?:i ~ Li
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Since the local deformation problems D at z and 7 are obtained from the same
problem at y by forgetting part of the data, we get canonical homomorphisms

(3.1) L; - L, <L,
between the local models. However, as remarked above, this diagram is not iso-
morphic to the corresponding diagram of homomorphisms between the completed

local rings of the Picard modular schemes. The best one can get from the general
theory is the following.

Theorem 3.5. In the above situation the diagrams Lz — Ly < L, and (7)\?75 —

@yo(p))y — @y,x become canonically isomorphic after one divides all the local rings
by the pth powers of their mazimal ideals. In particular, they induce isomorphic
diagrams on cotangent spaces.

3.3. Computations.

3.3.1. Local model diagrams. Let W = W (k) be the ring of Witt vectors of k. The
scheme % is smooth over W, so all its completed local rings are isomorphic to
L, = W[[r, s]]. In the following table we catalog the diagrams (3.1) giving the local
models at x, 2 and y, and the maps between them.

Proposition 3.6. For a suitable choice of local parameters the local model diagram
is given by the following table (where L, = W{[r, s]])

H at y=[A, H] L, L; maps in [Bel]
prord:
K ® tp W([r, s]] W{la, b]] a1, b ps II.l.c
Kk QZL/pZL Wlla, b]] W{la, b]] r— pa, s — pb 1.3
gss:
&[p] Wlla, c]] W{la,c]] T a, s pe I1.2
a;2 W([r,s,c]]/(es +p) | Wlla,b,c]]/(bc+p) | arscr,br—s L1b
a2 W(a,b,c]]/(bc+p) | W(la,b,c]]/(bc+p) | r+— pa, s+ b L.2
Ssp:
&[p] Wlla,c]] Wlla,c]] T a, s pe 1.2
Kk ® oy (generic) | Wlla,b,7]]/(ar + p) W([a, b]] s+ br II.1.a
k®ap (P/=1) | W(a,b,7]]/(abr +p) | W{a,b,c]]/(bc+p) | s+ br, crsar I.l.a

Explanations

e The first column indicates the stratum to which x belongs and the possible
Raynaud types of the subgroup H in the fiber of m above z. The paren-
theses distinguishing the two cases where H ~ x ® «, refer to the value
of the coordinate ¢ on the projective line F, C w!(x). This line maps
isomorphically to E, C S# and we endow it with the coordinate ¢ as in
Section 2.3 and Theorem 4.11 below. The last entry in the table refers to
points where (P*! = —1, “generic” refers to all the rest.

e The last column refers to the enumeration of the various cases in Bellaiche’s
thesis [Bel] II1.4.3.8 (cas.sous-cas.sous-sous-cas).

The table implies that the special fiber Sy(p) of #(p) is equidimensional of dimen-
sion 2. As we shall see in Theorems 4.1 and 4.5, it is the union of three smooth
surfaces intersecting transversally. These surfaces are the closures of the strata
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denoted below by Y, Ye: and Yy,,. The first two are irreducible, but the third has
several connected components. The non-singular points of Sy(p), lying on only one
of these surfaces, support an H of type k ® p,, £ ® Z/pZ or &[p|. The points lying
on the intersection of two of them support an H of type s, Q2 OT KRy (generic).
The remaining points, represented by the last row in the table, are those where all
three surfaces meet.

The special fiber S of .7 is the union of two smooth surfaces intersecting transver-
sally. One of them, which is the closure of 7(Y;,) = T(Ye:), is irreducible. The other
one, which is the closure of 7(Yy,s), has several connected components. A point
Z = 7(y) lies on the intersection of these two surfaces if and only if y supports an
H of type k @ o, ("V/—1), Qs OT Qe

In the next subsections we work out two sample cases from the table, explaining
how one arrives at the given description of the local model diagram.

3.3.2. First ezample. Assume that z = 7(y) is a gss point and y € Sy(p)(k) is such
that H ~ a2 5. (case 1.2 in [Bel]). Here the invariants (o, 3,v) = (1,2,2). Using
Lemma 3.3 one deduces that we may take, without loss of generality,

wWo = (617637€5>k, W(/) = <f27f3,f5>k-

A little computation yields that the most general deformation satisfying (a) (b) and
(c) of Theorem 3.4 is given by

w = (€1 — seaz,e3 — reg, €5 + Te4 + S€6)

w' = (fa+cfi, fs+acfi, fs +afs+bfe) g,
where 7, s,a,b, c € mp satisfy the relations
bc+p=0, b=s, pa=r.
It follows that
L; = W(k)([a,b,c]]/(be + p) = Ly D Ly = W(k)([r, s]].
In the special fiber we get
Lz ®w k) k = k[[a, b, c]]/(bc) = Ly @w ) k + Ly Qw ) k = K[[r, s]]
where s +— b and r — 0.
Corollary 3.7. The map (”)\53 — @So(p),y is an isomorphism. Identify 650(17),21

with Ly, @y xy k. There are two analytic branches of So(p) through y, given by c = 0
and b =0, namely the closed embeddings of formal schemes

W = Spflk[a, b)) = D = Spf (Os,(p).) < Spfkla, ) = 3.

The map Qg)ile — Qay/kly maps ds — db, dr +— 0. The map Qg/|e — Q3/kly is
tdentically 0.

Proof. The map O T 0 (p),y 18 an isomorphism even before we reduce these
rings modulo p. Indéed, both are 3-dimensional complete regular local rings, and
the map between them induces an isomorphism on the cotangent spaces m/m?
hence is an isomorphism. Here we use the fact that the map between cotangent
spaces coincides with the corresponding map on the local models, which happens
to be an isomorphism.
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The two branches of Spf(@g0 (p),y) can be read off the reduction modulo p of the
local model L,,. As both branches are smooth over k, and so is the base S at x, the
maps on cotangent spaces are easily calculated from the local models. O

3.3.3. Second example. For our second example assume that x is an ssp point and
y is such that H ~ k ® o, and (P = —1 (case Ll.a in [Bel]). In this case
(o, B,7) = (2,2,2) and we may assume that

wo = (e1,es,€5) , wh = (fa, f3, fa)y -
The most general deformation satisfying (a) (b) and (c) of Theorem 3.4 is given by

w = (e1 —reg,e3 — sea, €5 + seq + Treg)

W' = (fo+abfi, fs +bf1, fa+afs +cfe) g,
where 7, s, a,b, c € mp satisfy the relations

bc+p=0, s=—-rb, c=ra.
The local models are therefore
Lz = W(k)[la,b,c]]/(bc + p) = Ly, = W(k)[[r, a,b]]/(rab + p) <= Ly = W (k)[[r, s]]

and the maps between them are given by ¢ — ra, s — —rb. Modulo pth powers of
the maximal ideals these are also the maps between the completed local rings of
the Picard modular surfaces at the corresponding points.

4. THE GLOBAL STRUCTURE OF Sy(p)

As before, fix an algebraic closure k of . In this section we concentrate on the
structure of the geometric special fiber So(p) over k.

4.1. The p-ordinary strata.

4.1.1. Lots of Frobenii. Let Y = Sp(p), and let
Y7 =Y
be its base change under the Frobenius of k. This is a fine moduli space for tuples
(A;, Hy) as in the moduli problem (Sy(p)) except that the signature of the Op-
action on the Lie algebra of A; is now (1,2) rather than (2,1).
This Y carries the universal abelian variety 4; = A% = ®;A. It should be
distinguished from A®) = @3, A, which lies over Y. The same remark and notation

applies to the universal subgroup scheme H. The following diagram illustrates the
situation.

F’I"_A/y

A TS AP AT — A
hN \ A 0 \

y ™y, y
Lo

Spec(k) Dk, Spec(k)

pY 3
Spec(Fp)

The three squares are Cartesian. The composition of the arrows in the three top
rows are the maps ® 4, &y and .
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F1GURE 4.1. The structure of Sy(p)

Consider now an R-valued point & : Spec(R) — Y and let A = £*A be the
abelian scheme over Spec(R) represented by & (we suppress the role of H and the
PEL structure). Consider

Fry (&) = Fry o0& : Spec(R) — Y°.
Then
Ay =Fryp() Ay = £ Fry ), @p A = £ 0y A = PpA = AP,
In the moduli-problem language this means that for (A, H) € Y(R)
Fry; (A, H)) = (A%, HP)).

The Frobenius F'ry/p is an isogeny Fry/p : A — A®)_ All of the above holds
(forgetting the group H) also for S instead of Sy(p).

4.1.2. The p-ordinary strata. We study the part of Sy(p) lying over S, together
with the map 7. Recall that we work over the algebraically closed field k. We
are motivated by the familiar diagram of maps of modular curves (which takes
advantage of the fact that X¢(p) is defined over F,)

Xo@e I Xo)er
Tl p/UT
Xo(1) = Xo(1)

where (A, H) = A, 7(Ay, Hy) = Ay/H, and p(A) = (A®) AP)[Ver]).
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Theorem 4.1. (i) Let Y, = m~'(S,) C So(p). Then Y, is the disjoint union of
two open sets Yy, and Ye;. A point (A, H) € So(p)(k) lies on Y,, if and only if
H >~ k@ up, and on Yo, if and only if H ~ k ® Z/pZ.

(ii) The map 7: Y, — S, is finite flat of degree p> + 1. Restricted to Y, it yields
an tsomorphism
Tt Ym ~ Sy
Its inverse is the section
Om 2 S = Y, om(A) = (4, Alp]™),
cf. the proof below for the notation.

(iii) Consider next Ye: and its base change Y5 under the Frobenius of k. Let
(A;, H1) €YS(R) for some k-algebra R. Then there exists a point A € S, (R) such
that A, ~ AP — LA, In fact, let

K, = H, + H{* [Fy],

where Hi- is the annihilator of Hy under the pairing epy, on Ai[p]. Then K is a
finite flat, maximal isotropic, O-stable subgroup scheme of A1[p]. Let B = A;/K;,
and descend the polarization, endomorphisms, and level-N structure from Ay to B.
Then

B ~ (p) Ay

so we may take A = <p>71§. Moreover, under the isomorphism A, ~ AP
K ~ AP [Ver].

(iv) Restricted to Y., m yields a map me;, which is of degree p® and totally
ramified, i.e. 1 —1 on k-points. It factors as

Met = Tet © FTY/k

where Fry . Yoy — Y, is the relative Frobenius morphism, and Tei: Y. — S, is
totally ramified of degree p.

In fact, identify Y5 with the moduli space for tuples (A, H1) as before. Let K,
and A be as in part (iii). Then the following holds:
(4.1) Ter((Ay, Hi)) = ()" (4)/Kq) = A,
In addition, if (A, H1) = Fry;,((A, H)) = (AP H®) for some (A, H) € Y, (R),
then K, = A®)[Ver].

(v) For any R-valued point A of S,,, H = Fr(A®)[Ver]) is a finite flat, rank p?,
isotropic, Raynaud subgroup scheme of A(p2)[p]. Furthermore, it is étale. Define a
map

pet Sy = Y5 =Yy
by setting
per(4) = (AP Fr(AP) [Ver])).
Then pet is finite flat and totally ramified of degree p. We have

2 . 2 =
Pet © et = FTY/]C . Yet — Yei = Y:etv Pet © et = FTYU/k-

The following diagram summarizes what was said about the maps me;,Tet, Pet-
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F'ry/k, Fryg/k
Yor = Y — Ye% — Yo
Tet N\ d Tet " Pet 17 N\ Tet
Frg/ Frgo /i
S, =4 Sg YRS,

Proof. (i) Let Y,, = 7 *(S,,). This is an open subset of Sy(p). If R is any k-algebra
and A € S,(R), then the group scheme A[p],r admits a canonical filtration by
finite flat Og-subgroup schemes

Fil*Alp] = 0 C Fil>Alp] = Alp|™ C Fil* A[p] = A[p]° C Fil®Alp] = Ap].

Here Fil' is the maximal connected subgroup-scheme and is of rank p*, while Fil? is
the maximal subgroup scheme of multiplicative type (connected, with étale Cartier
dual), and is of rank p?. It is also equal to the annihilator of Fil' under the pairing
epey- Moreover, the graded pieces are rigid in formal neighborhoods. This means
that over any Artinian neighborhood Spec(R) of a point, we have isomorphisms
(grt = Fil'/Fil*th)

grQA[p] ~K® Uy, grlA[p] ~ B[p|x, groA[p} ~ K QZ/DZ,

as R-group schemes with Og-action. We remark that the filtration and the rigidity
of its graded pieces hold for the whole p-divisible group. If R = k (or any other
perfect field), A[p] splits canonically as the product of the three graded pieces.
As these are pairwise non-isomorphic, the only rank-p? Og-subgroup schemes of
Alp] are then the unique copies of k¥ ® p,, &[p|s or kK ® Z/pZ in it. They are all
Raynaud. Only the first and the last are isotropic for the Weil pairing. Thus, if
x € S, (k), there are only two points of Y,,(k) above z. We call Y,,, the component
of Y, containing the k-points (A4, H) where H ~ k ® pp, and Ye; the component
containing the k-points where H ~ k ® Z/pZ. That these are indeed connected
components follows from the above mentioned rigidity.

(ii) Let

Om Sy — Y
be the morphism defined on R-points (R any k-algebra) by A — (A, A[p]™). It is
a section of the map =, both « o 0, and o, o 7w are the identity maps, hence 7
induces an isomorphism on Y,,.

This is not the case on Y.;, as we can not split the filtration of A[p] functorially
over arbitrary k-algebra, only over perfect fields. Let us prove that m.; : Yoy — S,
is finite flat and totally ramified of degree p®. It follows from the computations of
the completed local rings in §3.2 that Y, is non-singular. The map me; is quasi-
finite and proper (see Proposition 1.5), hence finite. Any finite surjective morphism
between non-singular varieties is automatically flat ([Eis] 18.17). In fact, the same
argument, using regularity of the arithmetic schemes, proves that on the scheme
“o(p)" obtained by removing Y,s = 7~ 1(Ss,) from the special fiber of .#)(p), the
map 7 is finite flat to .#’ = .¥ — S,,. Since the degree in the generic fiber is p3 +1,
so must be the degree in the special fiber. Since m was shown to be an isomorphism
on Y,,, on Y, it is finite flat of degree p3, and of course, totally ramified (1 — 1 on
geometric points). For another proof see [Bel] II1.3.5.12.

(iii,iv) Since Y7 is reduced, every R-point of Y, is a base-change of an R’-point
under a homomorphism R’ — R, where R’ is reduced. We may therefore assume
in the proof of (iii) and (iv) that R is reduced.
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We begin by showing that if (A, H) is an R-point of Y5, then K = H,+ Hi-[Fr]
is a finite flat subgroup-scheme of rank p® contained in A;[p]. It is enough to prove
this for the universal abelian scheme A; over Y7, and its universal subgroup H;.
We use the criterion for flatness, saying that if f : X/ — X is a finite morphism
of schemes, X is reduced, and all the fibers of f have the same rank, then f is
also flat ([Mu], p.432). By the open-ness of the flat locus of a morphism, if X is a
variety over a field k, it is enough to check the constancy of the fiber rank at closed
points of X. We shall use this criterion here for group schemes over Y, noting
that the base is a non-singular variety. First, Hi- is clearly finite flat of rank p*
over Y9 and Hi-[Fr] = Hi* N A;[Fr] is a closed, hence finite, subgroup scheme. Its
fiber rank (over the closed points of Y.3!) is constantly p, so it is also flat. Next,
Hy N Hi-[Fr] = Hy[Fr] = 0. Thus, as a subgroup functor of A [p],

H, + H{[Fr] ~ (H, x H{-[Fx])/(Hy N Hi-[Fr]) ~ H, x Hi"[Fr]
is a finite flat group scheme of rank p3.

Define 7 to be the morphism sending (4,,H;) € YS(R) to (p)~' B where
B = A;/K;. The type of Lie(B) will now be (2,1), as can be easily checked.
Since K is a maximal isotropic subgroup scheme for the Weil pairing on A [p], the
polarization p¢; on A; descends to a principal polarization of B. The tame level-IV
structure on A; gives rise to a tame level-N structure on B. This completes the
definition of 7.

If (A, H,) = (AP, H®) for (A, H) € Yo(R), and R is reduced, then K, is of
rank p3 and killed by Ver, as can be checked fiber-by-fiber. This shows that

K, = AP [Ver],
hence A,/K; ~ A via Ver : A®) — A. The polarization p¢; descends back to ¢
because ¢, = ¢®). Finally, if
n:A/NA ~ A[N]
is the level-N structure on A and 7, = n®), then

Ver on® = (p) o,
concluding the proof that 7. (A;, H1) = A. This holds in particular when R = k,
which is enough to prove

Tet = Tet © FTY/k'
We remark that for a reduced R, to conclude that K; = A®)[Ver] we did not
have to know that H; was of the form H®) only that A, = A®) . Caution must
be exercised when R is non-reduced though, because it is then possible to have
A®) ~ B®) without A ~ B. The isogeny Ver should be labeled by A or B, and the
given isomorphism between A®) and B») may not carry ker(Ver,) to ker(Verp).

In general, applying the same argument to (Agp), Hl(p)) implies that
HP + HPH R = AP [Ver]
SO
BW = AP )(HP + HP*[Fr]) = AP /AP [Ver] ~ A,
By the remark above, K = B®) [Ver|. We emphasize, however, that the group H;
need not be a Frobenius base change of a similar subgroup of B. To guarantee that

the level-N structures also match we have to twist B by the diamond operator
(p)"" and set A= (p)”' B. Then A, ~ AP,
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(v) The finite subgroup scheme A®)[Fr] N AP [Ver] is flat over S, as it has
constant fiber rank p and the base is reduced. The image

Fr(A® [Ver]) ¢ A®)[p],

is isomorphic to the quotient of A® [Ver] by A®)[Fr] N AP [Ver], hence is also finite
and flat of rank p?. It is isotropic, Op-stable and Raynaud. By base change from
the universal case, for any R-valued point A of S,, H = Fr(A®[Ver]) is a finite
flat, rank p?, isotropic, Raynaud subgroup scheme of A(p2)[p}. It is easily seen to
be étale. Since pe; is defined functorially in terms of the moduli problem, it is a
well-defined morphism.

It is enough to verify the equality pe; 0 ey = Fr%,/k on k-valued points (A, H) €
Y.+ (k), namely that

Fr(A® [Ver]) = H®),

but if A is p-ordinary this is clear. The relation pe; 0 ey = Fryo y, follows from
Pet OTet = Fr%//k since Ty = Ter 0 F'ryp, and Fryyy, is faithfully flat. The remaining
assertions on pe; also follow from this relation. O

Corollary 4.2. Qver Y; the universal abelian scheme A ~ AY’) =Yer Xy v., A1
for another abelian scheme A; of type (1,2).

Proof. In part (iii) of the theorem we showed the same for the universal abelian
variety A; over Y. The corollary follows by base-changing back to Y, or by
repeating the arguments throughout with type (1, 2) replacing type (2,1). O

4.1.3. A lemma on ramification. Before we continue our study of Y, we need the
following result.

Lemma 4.3. Let w: Y — X be a finite flat totally ramified morphism of degree p
between non-singular surfaces over k, an algebraically closed field of characteristic
p. Let w(y) = x. Then there exist local parameters u,v at y € Y so that ©* :
@X,m — 6Y7y 18

kl[uP,v]] = k[[u,v]].
The class of uP modulo ﬁg(’x spans ker(m* : Qx /il — Qy/ily), and is therefore
independent of any choice.

Proof. See [Ru-Sh] Theorem 4, and the Corollary at the bottom of p. 1215 there.
O

Definition. We call the line in T, X which is the annihilator of ker(7* : Qx /1|, —
Qy/kly) the unramified direction at x, and denote it by T, X"". Then TX"" is a
line sub-bundle of T'X.

If C C X is a non-singular curve such that for every x € C
T.C =T, X" CcT, X

(an integral curve for TX%"), then 7 : 7~ 1(C)"*? — C is indeed unramified, hence
an isomorphism, because 7* is injective on

QC/k = Qx/k/TCJ' = Qx/k/ker(ﬂ'*).
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4.1.4. The unramified direction of Ter- The morphism 7. is “too ramified”, and we
study it via the factorization me; = Ter 0 Fry p. Since Tey is of degree p, it admits,
as we have just seen, an “unramified direction”. In §2.2 we have defined the special
sub-bundle T'ST in T'S outside the superspecial locus. We shall now show that
over S, it coincides with the sub-bundle of unramified directions for 7.;. Thus the
latter can be defined intrinsically in terms of the automorphic vector bundles on S,
without any reference to the covering .

Theorem 4.4. Let = 7o (y) = Ter(y'P)) € S,,. The unramified direction at  for
the map 7o is T, ST. Equivalently, under the Kodaira-Spencer isomorphism

ker(Qg, k. — Qye i) = KS(Po @ L).
Proof. More precisely, we need to prove that over Y.
ker(thQSu/k — dei/k) = ﬁ:t (KS(P() ® E))

In parts (iii) and (iv) of Theorem 4.1 we have seen that if we denote by .A4; the
universal abelian scheme over Y then A; = B®), where B = 7,A, and the
morphism T¢; is induced from Ver : A; — B, followed by <p>_1 on the level-NV
structure.

Along with the Kodaira-Spencer isomorphism KS : P @ £ ~ Qg / and its
pull-back to Y5 under 7, consider the Kodaira-Spencer homomorphism KS' :
7 (PP @ LP)) — Qy< /i associated with the abelian scheme A; over Y. It is not
an isomorphism (as at each point there is a direction where infinitesimally .4; is not
varying, only its subgroup H), but is defined from the Gauss-Manin connection of
Ay /Y5 in the same way as KS was defined for A/S. By the functoriality of the
Gauss-Manin connection with respect to the Verschiebung isogeny

Ver: A1 — B
we derive the following commutative diagram with exact rows (s(u ® v) = v ® u)
0— 72(Po ® L) — mPeL) 8w pe) g L)
1 W KS L KS'

*

Tet,

0— ker(7y s,/ = Qyap) —  Tolls,/k Qye i

This gives the isomorphism between the two line sub-bundles in the first column.
Their annihilators in T'S are the “special sub-bundle” T'S* and the “line-bundle of
unramified directions” T'S*", hence these two are also equal. d

In the next section we shall see that the theorem extends to the gss locus. In
fact, the same proof applies, once we extend the morphism 7.; and the factorization
Tet = Tet © F'ry . See the proof of Theorem 4.5 (iii).

4.2. The gss strata. Recall that the supersingular locus Sgs C S is the union of
Fermat curves crossing transversally at the superspecial locus Ss,p. The complement
of these crossing points was denoted Sy, and is therefore a disjoint union of open
Fermat curves. In this section we study its pre-image under the morphism Sy(p) —
S and show that it is a P!-bundle, intersecting transversally with the horizontal
components of Sy(p). Understanding the pre-image of S, will be taken up in the
next section.
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4.2.1. The P'-bundles.

Theorem 4.5. (i) Let Y55 = 7 1(Sys5)"%?. Then Y,ss has the structure of a P*-
bundle over the non-singular curve Sgyss, with two distinguished non-intersecting
non-singular curves
Zet and Z,.

A point y = (A, H) € So(p)(k) lies on Zes if and only if H ~ a2 5, and on Zp,
if and only if H ~ o, 5. The fiber 7 (@) (z € Syss(k)) intersects each of the
curves Zey or Zp, at a unique point. At all other k-points (A, H) of Yyss, the group

(i) The closureY ,, of Yy, intersects Yyss transversally in Z,,. Let Y,L =Y,UZ,,,
a locally closed subscheme of So(p), and Sl = 85,USyss. Then Y, is a non-singular
surface. The map 7, Y, = SZ is an isomorphism, and the section 0., 1 S;, — Y,
extends to a section of w,, over Sﬁ.

(iii) The closure Yo of Ye; intersects Yyss transversally in Z... Let YJt =Y, U

Zet, a locally closed subscheme of So(p). Then Y;; is a non-singular surface. The
morphism Te: of Theorem 4.1 extends to a morphism

Tet - Y;U — SZ;,

which is finite flat totally ramified of degree p. The factorization mer = Ter © Fry g
extends to Yetf

Restricted to Zy the map mey is totally ramified of degree p and Tz = Tet|zo, is
an isomorphism from ZJ, onto Sgss.

(iv) Setting

2
per(A) = (A7), Fr(AP) [Ver]))

extends the map pe: to a finite flat totally ramified map of degree p from S}: to YeTt
We have

2
Pet O Tet = Frf,/k YL VI =Y peyome = Fryo .

The proof of the theorem will be given in the next subsection. We caution the
reader that the scheme-theoretic pre-image of Syss under 7., is not reduced. It is
rather a nilpotent thickening of degree p of the reduced curve Z7, in Y.\ Similarly
the scheme-theoretic pre-image 7~ 1(S,s5) is non-reduced along Z.;, and only there.

We also caution that the formula (4.1) giving 7.; on Y,g is no longer valid for
its continuous extension to Z7,. The group functor H; + Hji-[Fr] is represented by
a finite flat group scheme on each of Y5 and Z7, separately, but even though the
ranks of these group schemes are the same (p3), they do not glue to give a group
scheme over the whole of Y’ Indeed, at a closed point of Y5 this group is the
kernel of Ver, but this does not hold at closed points of Z2,.%

The following diagram summarizes what the extensions of the maps met, Tet, Pet
to the gss strata look like.

61¢ H, and Hs are finite flat subgroup schemes of a finite flat group scheme G, then H; N Hy
is a finite subgroup scheme, but is not necessarily flat. If it is flat, then the sum H; + Ha, being
isomorphic as a group functor to Hy x Ha/(H1 N H2), is again represented by a finite flat group
scheme. In general, however, the group-functor-quotient of a finite flat group scheme by a closed
(hence finite) non-flat subgroup scheme, need not be represented by a group scheme at all, let
alone by a finite flat group scheme. Thus the sum of two subgroup schemes need not be a group
scheme!
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Frz/ Frzo i 2
Zet — th Zg;: = Let
Tet \p = Tet P/ pet
Sgss

Corollary 4.6. (i) The maps T.; and o, induce an isomorphism
Om OTet 2 2% =5 Ziy.

(ii) Setting 0 = petomy, = Yl — Y;; gives a commutative diagram of totally ramified
finite flat morphisms between surfaces, and similarly between embedded curves (the
diagonal arrows are embeddings):

Zm — Zet
N SN
~ v N v}
XS | i |
r2
Sgss e =~ f‘_') Sgss Tet
N4 N
Fr?
S RN S

The map 6 is of degree p, and so is 0|z, . In particular, the latter factors through
the Frobenius of the curve Z,, and yields an isomorphism Z3 = Z.;.

If Z! and Z., are two k-components of Z,, and Ze; (i.e. defined and irreducible
over k) which map to the same r-component Sy, of Syss then 0(Z,,) = Z,.

Proof. The commutativity is easily checked in terms of the moduli problem. The
degrees are calculated from the fact that m,, is an isomorphism, 7., has degree p3
on Ye]; and degree p on Z.;, while FT%/K has degree p* on SL and degree p? on
Syss- To summarize, in the front square we have p> x p = p* x 1, and in the back
square we have p x p = p? x 1. The assertion about x-components follows from the
fact that Fr% /1, breserves these components. ([

Remark. We believe that if N = 1 (working with stacks) the geometrically ir-
reducible components of S, are already defined over , hence 6 exchanges the
irreducible components of Z,, and Z.; within the same irreducible component of
Yyss- This is clearly not the case when N > 1. Compare with supersingular points
on the modular curve X (N).

4.2.2. Proof of Theorem 4.5. We first quote [Bu-We], Proposition 3.6. In the nota-
tion used there, the Dieudonné module of A[p], for A supersingular but not super-
special, is the “Dieudonné space” B(3). Our Dieudonné module M differs from the
one appearing in [Bu-We], (3.2)(2) by a “Frobenius twist”. This is because we use
covariant Dieudonné theory, while [Bu-We] employs Cartier theory. See [C-C-O],
Appendix B.3.10, where the first (used here) is denoted M., and the second (used
in [Bu-We]) is denoted E..

Proposition 4.7. Let A € Syq5(k), and let M = M (A[p]) be the covariant Dieudonné
module of Alp]. Then M has a basis over k denoted {e1,ea,es, f1, f2, f3} such that
(i) Og acts on the e; via ¥ and on the f; via 3.
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(ii) The antisymmetric pairing induced by the principal polarization ¢ is given
by (ei, f3) = (=1)7045, (eise5) = (fi, f3) = 0.
(iii) F and V are given by the following table:

| e Jeles[nlf]fs]
F —fg 0 0 0 €1 | €2
\%4 0 0 f1 ez ez | 0

By this we mean that Fegp) = —fs, Veg = fl(p), etc. In particular, Lie(A) =
M[V] = (e1, ez, f3).

Let A € Sf(R), where R is an arbitrary k-algebra.

Lemma 4.8. The R-subgroup scheme a,(A®)) = AP [Fr] 0 AP [Ver] is finite flat
of rank p, and Og-stable.

Proof. We have already encountered the lemma when A was p-ordinary. The ex-
tension to the gss stratum works the same. It is enough to prove the lemma for
the universal abelian scheme A over Sf. In this case a,(A®) is clearly finite and
Op-stable, and its fibers all have the same rank p, as follows from Proposition 4.7.
Let us make this point clear, because the proposition only deals with fibers over
closed points. Let £ be any point of S)LL (not necessarily closed), and @ its closure
(a point, a curve, or an irreducible surface). By the open-ness of the flat locus
there is a non-empty connected open subset & € U C {£} such that ap(.A(”))|U is
finite and flat over U, hence all its fibers, at all the geometric points of U, have the
same rank. But U(k) is Zariski dense in U, and at a k-point the proposition tells
us that the rank is p. Hence the rank is p at £ as well. Since SZ is reduced, by [Mu],
Corollary on p. 432, ap(.A(p)) is also flat. O

Proposition 4.9. The finite flat group scheme Alp|/r has a canonical filtration
Fil®Alp] = 0 C Fil*Alp] C Fil'Alp] C Fil°A[p] = Alp]

by finite flat group schemes, which agrees with the canonical filtration over S,,.
The graded pieces are Og-stable, rank p?> and Raynaud. Furthermore, Fil' Alp] =
Fil? A[p]* (with respect to the Weil pairing). Owver Syss every geometric fiber of
gr2Alp] is of type s 5 grtAlp] is of type k ® o, and grP Alp)] is of type a2 5. Let
R =k and assume that A € Syss(k). Then, with the notation of Proposition 4.7,

FZIQM - <627f3>7 FleM = <617627f17f3> .

We remark that unlike p-ordinary abelian varieties, the above filtration does not
split, even if R = k. As we shall see, A[p] does not admit a subgroup scheme of
type kK ® o, at all, and while it does admit a unique subgroup scheme of type a, 5,
this subgroup scheme is contained in Fil' A[p], so does not lift gr®A[p].

Proof. Define
Fil? Alp] = Ver(AP)[Fr]) ~ AP [Fr] /AP [Fr] 0 AP [Ver].

This image exists because it is a quotient by a finite flat subgroup scheme. It is a
closed subgroup scheme of A[p]. Since A®)[F] is finite flat of rank p?, the Lemma
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implies that Fil? A[p] is finite flat of rank p?. It is furthermore isotropic for the Weil
pairing ep4 on A[p] associated with the principal polarization ¢. By Cartier duality

Fil' Alp] = Fil® A[p]™*

is finite flat of rank p*. These group schemes are clearly O g-stable.

The remaining assertions concern the geometric fibers of A[p], so we assume that
R = k. Over the p-ordinary locus this is the same filtration that we encountered
before. Assume that we are over Sy, and use Proposition 4.7. Let M = M (A[p]).
Since I is induced by Ver and V is induced by Fr, we have to compute F(M ®)[V]).
This turns out to be (eq, f3). A simple check of the table in §3.1 reveals that
gr? =Fil*Alp] is of type o, .. Similar computations apply to gr' and gr°. O

We can now complete the proof of Part (i) of Theorem 4.5. From the analysis
of the local models it follows that Y., is a non-singular surface, mapping under
the map = to the non-singular curve S,,,. This is clear at points where H ~ &[p|.
At a point y € Yy, where H ~ a5y or H ~ 04;2,2 the formal neighborhood
of y in Sp(p) has two non-singular analytic branches which intersect transversally.
Since there are at least two irreducible components of Sy(p) passing through y, the
vertical component Yy, and (at least) one horizontal component, we conclude that
there are precisely two such components, and that they are non-singular at y. In
particular, Y. is non-singular at y too.

By the Noether-Enriques Theorem ([Bea] Theorem III.4 and Proposition II1.7)
it is enough to prove that for any x € Sgss(k), the scheme-theoretic fiber

Y, C Vs

of the map 7 : Y45 — Syss is isomorphic to P!. We rely on the computation of
local models at points y € Y in [Bel] I11.4.3.8. These show that for any y € Y, the
map

*

T Qg = Ly,

is injective, and 7 : Yjss — Sgss is smooth at y. We do not reproduce these com-
putations here, but remark that the most problematic points turn out to be the y
that lie on Z.; (where H ~ 2 5;). At such points the claim follows from §3.3.2,
as the analytic branch of Sy(p) at y determined by Yy is the one denoted there
20, while Sys, C S is given infinitesimally by the equation r = 0. Y, is therefore a
reduced non-singular curve.

Let M be the covariant Dieudonné module of A[p|, where A = A, see Proposi-
tion 4.7. The fiber Y, represents the relative moduli problem, sending a k-algebra R
to the set of finite flat rank p? isotropic Raynaud Og-subgroup schemes H C Ag[p].
Note that since Ag is a constant abelian scheme over Spec(R) both Fr and Ver are
defined on it, base-changing from k to R the corresponding isogenies of A. Let

Ozp(AR) = AR[FI“] n AR[VGI“].

This is a constant (finite flat) subgroup scheme of rank p, and if R = k, its
Dieudonné submodule is {es) . Let

Bp(ARr) = Agr[Fr’| N Ag[Ver’] N Ag|p,

another constant (finite flat) subgroup scheme, of rank p®. If R = k, its Dieudonné
submodule is (e, f1, f3) . We claim that

ap(Ar) C H C B,(Ar),
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hence classifying H,p is the same as classifying finite flat rank p subgroups of
Bp(AR)/cp(AR). Since Y, is a reduced non-singular curve, it is enough to check
these inclusions when R is reduced and of finite type over k. Since the closed points
of Spec(R) are then dense, we may assume R = k. But over k, Ver and Fr are
nilpotent on H, which is of rank p?, so both Ver? and Fr® must kill it. On the other
hand, H must contain an «,-subgroup, because it is local with a local Cartier dual.

Now f,(Ar)/ap(Ar) is nothing but o2 (of type (X,%)) and it is well-known
that the moduli problem of classifying its rank-p subgroups is represented by ]P’}k.
One checks that the isotropy and Raynaud conditions are automatically satisfied
for such an H.

Let R = k. The subgroup scheme H is completely determined by its Dieudonné
submodule

Ny = (e2, A1 f1 + Az f3)
where A = (A1 : A\3) € P'(k). Here Ny = N,y = M(H) if H = Fil*(A[p]) ~ s
Similarly, Noo = N(1.0y = M (H) where H ~ a,,> because N(y.g) is killed by F' and
V2 but not by V. For all other values of A\ # 0,00, Ny = M(H) where H is of

type ®[p|s, because Ny is killed by F? and V2 but the kernels of F or V are only
1-dimensional.

Part (ii): Let us show that the totality of points (A, H) € Yyss(k) where H ~ a7,
makes up a curve Z,, that 7 induces an isomorphism of this curve onto Sy, and
that the closure of Y}, intersects Yy transversally in this curve. For this purpose,
consider the section

Om : SZ — So(p)

mapping an R-valued point A to (A, H), where H = Fil?A[p] = Ver(A®[Fr]).
The image of the section is a surface isomorphic to the base, intersecting Y, in its
connected component Y, and Yy, in the curve Z,,. Finally, the transversality of
the intersection of the closure of Y,,, and Yy, follows from the calculation of the
completed local ring of Sy(p) at a point y € Z,,, see §3.2.

Part (iii): We turn our attention to the points (A, H) € Yy4s(k) where H ~ ayp2.
The condition Ver(H®)) = 0 is a closed condition on the moduli problem Sp(p). It
is satisfied throughout Ye; and on Yy it holds precisely at the given points where
H ~ a,>. We claim that this set forms a curve Z;, which is the intersection of the
closure of Y; and Yj,,. Indeed, 7 being proper, the closure of Y., must meet every
fiber Y, for x € Sy5(k), and such a fiber has a unique point where H ~ 2. That
the intersection is transversal follows as before from §3.2.

Write YeTt = Y.+ U Z.¢. The computations in §3.2 show that Yett is non-singular.
So is Y17

We claim that since 7 : Ye]; — S factors through Fry, : YeTt — Y;t” over the
dense open set Y, it factors through Fry/, everywhere. Indeed, consider the local
ring Og., at = w(y) € S, where y € Y}, is a closed point. Let y® = Fry(y) €
Y. For the function fields we have

k(S) C R(YLT) = k(Yh)P c k(YD)
Thus Og, C k(YeTt)p n OYJ“y' But the ring on the right is just Oyjtayy(p), because

y is the unique point above y®) in th and Oy to y® is normal. For every affine
et
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subset U = Spec(R) C Y., the ring R is the intersection of all the Oy , for closed

points y € U, and similarly for F'ry,,(U) C Y(jf. This proves the claim.

Thus 7; extends to a morphism from YJ[’ to Sl. It is a finite morphism, because
et Y;: — SL is finite. Both source and target are non-singular surfaces, so by
[Eis] 18.17 it is also flat, totally ramified of degree p. It therefore defines a line sub-
bundle T'S*" of unramified directions in the tangent bundle there, as in Lemma
4.3, now over all of SL. Recall that the special sub-bundle 7'S* was defined on the
whole of Sf as well. The two line sub-bundles T'S* and T'S“" coincide over S,
(Theorem 4.4), hence also over Sy, by continuity.

As T'ST is tangent to Syss along the general supersingular stratum, we get, from
the discussion following Lemma 4.3, that Tz : ZJ, — Sges is unramified. As it is
also totally ramified (bijective on k-points), it is an isomorphism.

In retrospect, we can look at the factorization m.; = Tes © Fry/;, also from the
moduli point of view as follows. Consider the abelian scheme B = 7, A which is the
pull-back of the universal abelian scheme over S): to YJ{T. Consider also the universal
abelian scheme A; over Y. Over the dense open subset Y A; ~ B®) as was
shown in the proof of Theorem 4.1. It follows that this relation persists over ZZ,
and a-fortiori we may define T, by sending (4,, Hy) € Y7 (R) to (p)~ " Ver(B®)) e
Si(R).

Part (iv): By Lemma 4.8, and the arguments used before, Fr(A®)[Ver]) is a finite
flat rank-p? isotropic Raynaud subgroup scheme of A(”2)[p], for any A € S):(R),
for any k-algebra R. Since p.; is now defined functorially in terms of the moduli
problems, it is a well defined morphism. The argument is identical to the one used
for the proof of Part (v) of Theorem 4.1.

Since the equality pet 0 Ter = Fr%,/k has already been established on Y; =
Ye:(k), it extends by continuity to YeTt The relation pes o Ter = Fryo ) follows
from pey 0 ey = Frf,/k since Tep = Ter © F'ry)p and Fryyy is faithfully flat. The
remaining assertions on pe; also follow from this relation. This concludes the proof
of Theorem 4.5.

4.2.3. A closer look at Example 3.58.2. Tt is instructive to look again at the diagram
Osz = Osy(p).y

at a point y € Ze (k). We have found the local models (/9\37z ~ k[[r, s]] and (550(1,),3/ o~
k[[a, b, c]]/(bc). The map between the local models is

r—0, s—b.

This is far from the correct map between the completed local rings, which should be
injective. Let @gn and (53 be the quotients of (/I)\Q) = (550 (p),y Which were introduced
in §3.3.2. The first is obtained by modding out (c¢), and is the analytic branch
determined by the inclusion Y., C So(p). The second is obtained by modding out

(b), and is the analytic branch determined by the inclusion Y, C So(p).

Claim 4.10. The diagram (/9\5@ — 6m is isomorphic to the diagram

k[[r, s]] = k[[a,b]], s+—b+adP, r—0,
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and the diagram (55@ — @3 is isomorphic to the diagram
kl[r, s]] = Kk[la,c]], r+— s al.
This is more than could be deduced from the local models alone.

Proof. After a change of variable we may assume that » = 0 is the equation of
Sgss in a formal neighborhood of  on S. Therefore r maps to 0 in @m. The
local parameter s projects (modulo (r)) to a local parameter of the curve S;s,. We
already know that it should map to b modulo pth powers. Since b = ¢ = 0 is the
formal equation of the curve Z.; (the intersection of the two analytic branches) on
20, and since the map Z.; — Sy is purely inseparable of degree p, we see that
we may choose a so that s mod (b) = a?. A last change of variables allows us to
assume that actually s = b+ aP.

The second diagram is treated similarly. Here the key point is to recall that the
map me; from 3 to Spf(@s’m) factors through Fr. The resulting map 7. on 37 was
shown to be of degree p and unramified in the direction of Sg,. O

Both diagrams are compatible with (5371 — @g) = 6So(p),y being given by
r»—>cp2, s> b+ ab.
4.3. The ssp strata.

4.3.1. The superspecial combs. We now turn our attention to the superspecial strata
of So(p). Let & € Sssp(k) and Y, = m~!(x). We shall contend ourselves with the
determination of the reduced scheme Y, ¢, of finite type over k. The scheme the-
oretic pre-image of x will not be reduced along the component denoted below F,
see the discussion following the theorem.

Theorem 4.11. (i) Y,7°¢ is the union of p+2 projective lines, arranged as follows.
One irreducible component, which we call F,, intersects the remaining p + 1 pro-
jective lines transversally, each at a different point ( € F,. With a natural choice
of a coordinate on F,, this ¢ can be taken to be” a p + 1 root of —1. These p + 1
projective lines, which we label as G[(], are disjoint from each other.

A point (A, H) € Y, (k) lies on F, if and only if H ~ k ® «,. If this is the case,
the invariant v(A, H) = 1 if (A, H) lies on a non-singular point of Y,., and is equal
to 2 if it lies at the intersection of F, and some G.[(] (i-e. if it is the point ().
Finally, if (A, H) lies on G.[C] but not on F,, the group H ~ &[p|s.

(ii) The closure Y, of Y, = Y, UYe in So(p) intersects yred in F,.

(iii) Let W be the closure of an irreducible component of Yyss. Then W is a
Pl-bundle over an irreducible component € = w(W) of Sss. If x € Sssp and
W, =W NYred then W, is one of the G[C]. Precisely one such W passes through
G3[C] for a given x and (. Thus the closures of the irreducible components of Yss
do not intersect each other.

(iv) The closures of the curves W N Zg, and W N Z, intersect G;[(] at the point
(=G [d N Fy.

See Figures 4.1, 4.2. We refer to the irreducible components W of the closure of
Yyss as the supersingular (ss) screens. We refer to the Y, for « superspecial as the

"This is a non-trivial statement, as it has consequences for the cross ratio of the intersection
points, which is independent of the chosen coordinate on the basis of the comb.
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F1GURE 4.2. The fiber of Sy(p) above a superspecial point

P! Pt P!

&l . &[p] &p]

KQap P!

superspecial (ssp) combs. The component F,, which we draw horizontally, is called
the base of the comb, and the vertical components G[(] are called its teeth. The
points ¢ are called the roots of the teeth.

Proof. (i) Let A = A,. We first analyze what happens on the level of Dieudonné
modules. Fix a model of &y, over k, let &5 = &%, and fix the polarization

A ®lpls 5 6l = &l

so that the resulting pairing on &[p|s, (z,y) — (z, A(y)) is alternating. The group
scheme A[p] is isomorphic to

B3 x &[pls,
so that the polarization induced on it by ¢, is the product A2 x A% of the polariza-
tions of the three factors. Consequently [Bu-We], the polarized Dieudonné module
M =M (Alp]) is given by M = (ey, e2, €3, f1, f2, f3),, where the endomorphisms act
on the ¢; via ¥ and on the f; via ¥, where (e;, f;) = &5, (€i,e;) = (fi, f;) = 0 and
where the action of F' and V is given by the table

’ ‘61‘62‘ €3 ‘ i ‘ f2 ‘f?)‘
FlO0|0|—fs]| er | e2 | O
V1o 0 f3 —e1 | —e2 | O

By this we mean Fel?) = —fs, Ves = £ etc.
Let H C A[p] be as in (Sp(p)). Since M (H) is balanced we may write

M(H) = (a1e1 + agea + ages, Sifi + Bafa + Bsfs).
The conditions that have to be satisfied are V(M (H)) C M(H)(p)7 F(M(H)(p)) -
M (H), and the isotropy condition
o181+ azfs + asfs = 0.

Observe that M(H) contains Ye; + Shes. If ag # 0 this forces 81 = B2 = 0, and
then the isotropy condition gives also f3 = 0, an absurd. Therefore a3 = 0. We
distinguish two cases.
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Case I (the base of the comb): 8; = B2 = 0. This case is characterized by the
fact that M (H) is killed by both V and F), so that H ~ k®c,,. We may take 83 =1
and H is classified by

¢ = (a1 :ag) € PL(E).
Consider in this case the group H*/H. Its Dieudonné module is given by
M(HL/H) = <61, e, —af1 + a fo, f3> mod <04161 + aen, f3> .

An easy check shows that H/H is of type ®[p]s, unless (P*! = —1, where it is
of type k ® a,. The invariant v(A, H) = dimy, Lie(H*/H) is thus 1 in the former
case, and 2 in the latter.

Case II (the teeth of the comb): (B; : B2) € P*(k). Then, ¢ = (g : a2) = (Y :
B5) and the isotropy condition forces

1 1
oA bt =,

i.e. (P*! = —1. Fix ¢, hence the point (3; : 82). The H in question are classified by
B3 € Al(k). Their M (H) is killed by V2 and F? but neither by V nor by F, so H
must be isomorphic to &[p]s. We observe that when 85 = oo, i.e. (81 : 82 : f3) =
(0:0:1) we are back in Case I. This is the root of the tooth.

This analysis strongly suggests the picture outlined in Part (i), but does not quite
prove it. To give a rigorous proof we proceed as follows. The fiber Y, represents the
relative moduli problem assigning to any k-algebra R the set of subgroup schemes
H C Aglp] of type (So(p)). Observe that since Ag is constant, both Fr and Ver
are defined on it, by base change from A. We let a,(Ar) = Agr[Fr] N Ag[Ver] and

ap(H) = HNay(Ag).
Case I Consider first the closed locus F,, C Y7¢? defined by
Fr(H)=0, Ver(H)=0.

Over F, we have a,(H) = H. Indeed, since F,, is a reduced curve it is enough to
check the inclusion H C a,(Ag) at geometric points, where it follows from the
analysis of their Dieudonné modules as above. However, a,(Ag) = a2 5 X a, 5,
so the problem becomes that of classifying Og-subgroup schemes of type x ® o, =
apy X @, 5 init. As the factor of type o, 5 is unique, this is the same as classifying
subgroup schemes of rank p in a2 5, a problem that is represented by IP’} .- This gives
us the base of the comb, whose k-points are described in terms of their Dieudonné
submodules as before.

Case II. Let G, be the open curve which is the complement of F}, in Y;7*?. Over
G, the group a,(H) is of rank p. Observe that H N &[p|% is non-zero, because
otherwise, via projection to the third factor, H would be of type &[p|s, which is
forbidden. It follows that a,(H N &[p]%) is also non-zero, so must coincide with
ap(H). The o, C &[pl3, were classified before by P),. Our a,(H) is therefore
classified by ¢ = (a1 : az) € P1(R). The Dieudonné module computation above
shows that ( restricts, at every geometric point, to a p+ 1 root of —1. However, the
equation XP*! 4+ 1 = 0 is separable, so if R is a local ring in characteristic p and
¢ € R satisfies this equation modulo mg, it satisfies it in R. This means that o, (H)
is locally constant over Spec(R). There remains the classification of H/a,(H),
which sits in general “diagonally” in (&[p]%/a,(H)) % &[pls. The same argument
that was used to show that a,(H) is constant, shows now that the projection
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K of H/a,(H) to (B[p]%/a,(H)) is constant, and in fact is given by the point
(B : B2) = (f : o) € PY(R). The classification of H/a,(H) is therefore the
same as the classification of all the R-morphisms of this fixed K to a,(&[plss). This
moduli problem, of classifying morphisms from a fixed copy of a, to another, is
represented by A}k.This gives the tooth of the comb labeled G,[(].

The two cases (I) and (IT) cover Y;"*?. Tt remains to remark that the intersection
of the closure of G, [¢] with F, is transversal. This follows, as usual, from §3.2.

(ii) The condition Fr(H) = 0 is a closed condition and holds throughout Y,,. It
therefore holds also in the intersection of its closure Y, with Y,. As this condition
is not satisfied on the teeth of the comb (outside their roots), the closure Y,
intersects Y, in F,. The same argument, applied to the condition Ver(H®) = 0
proves that the closure Y of Yy, also intersects Y, in F,. As we have previously
shown that Y| and Yet are disjoint, Y, and Y., intersect only in the superspecial
locus, and their intersection is the union of the Fj, for z € S,,,. This intersection
is transversal, as follows from the description of the completed local rings in §3.2.

(iii) The classification of the completed local rings of So(p) shows that through
a point ¢ € F, which is not a root of a tooth (i.e. (P! # —1) pass only 2 analytic
branches. As Y., and Y, already account for these two analytic branches, the
closure W of a connected component of Yy, can only meet Y, in one of the lines
G[¢]. Since the points of G;[(] are generically non-singular on Sy(p), exactly one
such W passes through every G,[¢]. These W are non-singular surfaces projecting
to a component % of S, and the fiber above each geometric point (including now
the superspecial points) is P!. By the Noether-Enriques theorem quoted before,
they are P'-bundles.

(iv) The condition Fr(H) = 0 is a closed condition and holds throughout Z,,.
It therefore holds also on its closure. It follows that this closure intersects a tooth
G:[¢] at its root, because points other than the root support an H of type &[p|s
which is not killed by Fr. A similar argument invoking the condition Ver(H®) =0
proves that the closure of Z.; also meets the teeth of the combs in their roots. The
two curves Z,; and Z,,, which are disjoint over the gss locus, intersect over every
superspecial point.

This concludes the proof of the theorem. O

4.3.2. The maps to S*. Recall the construction of the blow-up S# of S at the ssp
points, given in §2.3. The exceptional divisor E, at = [A] € Sssp(k) classifies
lines in P = w4 /,(X).

The isomorphism 7, : Y} ~ SZ extends to an isomorphism

7 Y, ~ S%.

m

In terms of the moduli problems, it sends (A4, H) € Y, (R) to (A, ker(wa/r(X) —
wr/r(X)). If R =k, Ais p-ordinary and H = A[p|™ then

ker(P = wa/i(X) = wa/k(E)) = Po = P[V]

is uniquely determined by A. The same holds if A is gss and H = Fil?> A[p]. On the
other hand if x = [4] is ssp then P[V] is the whole of P and H “selects” a line in
it. This establishes an isomorphism

F,~FE,.
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From the universal property of blow-ups, the projection 7. : Y — S also
factors through a map
Wﬁ : Yet — S#
mapping F, to E,. This map is now proper and quasi-finite, hence finite. The two
surfaces are non-singular, so the map is also flat. Its degree is p3. We have seen
that on the open dense Y;; it factors through Fry , i.e.

Tet = Tet © FrY/k

and this forces the map wﬁ to factor in the same way wi = ﬁﬁ o F'ry,y over the

whole of Y. The map ﬁﬁ is finite flat totally ramified of degree p, and it can be
shown that it is ramified of degree p along the lines F. Thus 77; is ramified of
degree p? along F, (and of an extra degree p in a normal direction).

We emphasize that 77 and wﬁ do not agree on F. Instead, the following diagram

extends the one from Corollary 4.6.

F, — F,
N DN
- Yo BN Yo
! I ! |
E, - =t -—» E; =7
¢ { N
Fr?
S# Sk S#

The degrees of the maps in the front square (on surfaces) are p* x p = p* x 1. In
the back square (on projective lines) they are p? x 1 = p? x 1.

4.3.3. How embedded modular curves meet F,. Let X be the special fiber of the
modular curve 2  which was constructed on . in §1.4. Consider the modular
curve 2y (p) parametrizing, in addition to the triple B = (B, v, M), also a finite flat
subgroup scheme Hp C B[p| of rank p. Enhance the map 20 X som(z/Nz,un) 2 — 7
to a map

% XISﬂ(Z/NZ,;LN) '%)(p) — yO(p)7 (EO?Ea HB) = (Av H)

by setting H to be the image of Op ® Hp in A(B,, B). Note that since Hp is
automatically isotropic, and the polarization on A is induced from the polarizations
of B and By, this H is isotropic. It is also clearly Raynaud.

Proposition 4.12. Let X(p) be the special fiber of Zo(p). Let x € Sssp(k). Then
under the above morphism Xo(p) meets the component F,, C Y, in a point  satis-
fying
C € K, Cp+1 7é -1
Thus both the supersingular screens on Sy(p) and the modular curves cross the

superspecial strata F, at [Fj2-rational points, but while the supersingular screens
cross at a ( satisfying (PT! = —1, the modular curves cross at the remaining ones.

Proof. As we shall see in the next chapter, the s-rational { € F} are characterized
by the fact that A’ = A/H is superspecial. At other points of F, this A’ is
supersingular of a-number 2, but not superspecial. For the pair (A, H) that is
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constructed from the “elliptic curve data” on Xo(p), it is easily seen that A’ is either
p-ordinary or superspecial, depending on whether B is ordinary or supersingular.

Among these s-rational points the points with (P*! = —1 are characterized by
(A, H) = 2, i.e. the group H+/H = ker(¢)) being isomorphic to x ® a,. All the
rest have v = 1. In our case, H = Op ® Hp is maximal isotropic in A;(B)[p], so
its annihilator in A[p] = A4 [p] x By[p] is H x Byp]. it follows that

H*/H ~ By[p] ~ &[pls
and vy = 1. (|

5. THE STRUCTURE OF S

5.1. The global structure of S. The moduli space 7 was defined in Section
1.2.3. Typically, moduli spaces involving parahoric level structure are “compli-
cated”, and may involve issues such as non-reduced components, complicated sin-
gularities etc. It is interesting, and important for our further applications, that .
turns out to be quite simple. In essence, its special fiber is a collection of smooth
surfaces intersecting transversally at a reduced non-singular curve.

5.1.1. Flatness of w. The following proposition stands in sharp contrast to the non-
flatness of 7. It is also key to understanding the geometry of the surface

T = (p) x 7Fo(p)-

This surface, which is generically of degree (p+1)(p®+ 1) over the Picard modular
surface .7, “is” the geometrization of the Hecke operator 7),. We intend to study it
in a future work.

Proposition 5.1. The morphism 7 : %y(p) — 7 is finite flat of degree p + 1.

Proof. Both arithmetic surfaces are regular. The map 7 is proper, and, as we shall
see below, analyzing its geometric fibers one-by-one, also quasi-finite. It is therefore
finite. By [Eis], 18.17, it is flat. The degree can be read off in characteristic 0. [

From now on we concentrate on the structure of the geometric special fiber Sy
of ¥ over k, and omit the subscript k. We study S together with the map

7 : So(p) — S
and make strong use of the facts that we have already established for Sp(p).

5.1.2. The fibers of . To study the geometric fibers of m we had to study, for a
given A, the subgroup schemes H C Alp| for which (4, H) € So(p)(k). This was
achieved by analyzing M (A[p]) and its 2-dimensional, isotropic, balanced O g-stable
Dieudonné submodules. To study the geometric fibers of T we have to look, for
a given A', for all the possible (A, H) yielding A" upon the process of dividing by
H and descending the polarization. Equivalently, by Proposition 1.4, we have to
look for all the subgroup schemes J such that (A, .J) € So(p)(k). This reduces the
computation of the fibers of ™ to Dieudonné-module computations, as was the case
with 7. However, starting with one (A4, H) mapping under 7 to A’, finding all the
others in the fiber above A’ requires in general the knowledge of M (A[p?]) and not
only of M(A[p]). This makes the following sections technically more complicated
than the previous ones.
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5.1.3. The stratification of S. We suppress (¢/,n') from the notation and refer to
R-points of S (R a k-algebra) as (A’,¢). Given (A’,v) € S(k) the subgroup scheme

ker(¢) C A'[p]

is of rank p?, self-dual (i.e. isomorphic to its Cartier dual), stable under /(Og)
and Raynaud. Its Lie algebra Lie(ker(¢)) is 1 or 2-dimensional®, and carries an
action of k. We call its type the type (or signature) of ker(y) and denote it by
7(1)). Similarly the maximal «,-subgroup of A’[p] is of rank p,p? or p?, and the
k-type of its Lie algebra is called the a-type of A’, and denoted a(A’).

Theorem 5.2. (i) The surface S is the union of 7 disjoint, locally closed, nonsin-
gular strata §*[**], as shown in the table. The name of each stratum indicates the
type of AL for T in the stratum (p-ordinary, gss or ssp), and, in brackets, the type
of ker(¢)). The last column indicates what types of (A, H) lie in 7~2(Z). The first
entry in the last column refers to the stratum of S in which A lies. The second
refers to the type of H (& stands for &[p|). If A is ssp there is a third entry, which
we now explain.

Recall that the ssp strata of So(p) are unions of projective lines admitting a
natural coordinate (. The third entry refers to (. Depending on whether ¢ € Fp2 or
not, and in the case of the components F,, also on whether it is a p+ 1 root of —1,
7(A, H) may land in different strata of S.

Stratum of T | dim. | 7(¥) | a(A") | #7 1(7) )
1 S, 2 | © x 2 (1, et/m)
2 §gss[7] 2 D) % p+1 (g55,®)/(s5p,8,F,2)
3| S54sZE] | 1 |5T| 5T 2 (955, 0up2 /aa)
41 Sgss[X] 1 X % 1 (85p, K @ ayp, —Fp2)
5| SeopZ] 0| T |53 p+i (ssp, ®,F,2)
6| Sesp[S, Y] 0 |23 |%%% 1 (ssp, & ® oy, "RY/—1)
7| SeeplX] 0 )NS5 ) 1 (s5p, K ® ap, F o= 7H/—1)

(ii) The closure relations between the various strata are described by the following
diagram, where an arrow X — 'Y indicates specialization, i.e. that Y C X.

SM Sgss[i]

) N N a

Sgss (2] Sgss[Z, 2] |

3 v N / ol
Sssp[z] Sssp[zvi] SSSP[S]

The strata §gss[2,§] and §Ssp[2,§] are singular on S, and the rest are nonsin-
gular.

See Figure 5.1

Proof. The invariants (7(1),a(A’)) characterize the stratum in S, and the seven
cases in the last column are mutually exclusive and exhaustive. It is therefore
enough to verify that starting with a point (A, H) € So(p)(k) in a prescribed

81f it were 0-dimensional, A’ would be p-ordinary and ker()) ~ k ® Z/pZ, but this group is
not self-dual.
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FIGURE 5.1. The structure of S

stratum of Sop(p), we end up with the right pair of invariants (7(¢),a(A’)). For this
we use the covariant Dieudonné module M (A[p*°]).
(1) If A is p-ordinary, so is A’, and vice versa. As in this case

Ap>*] ~ (Or® Np°°) ©6s @ (Op® QP/ZP)

and H is either Op @ p, or O ® Z/pZ, H+/H ~ &ps; so 7(¢)) = . Since upon
dividing by H we get A’'[p>°] ~ A[p>], a(A’) = X. The map Y,,, — §# is surjective,
purely inseparable of degree p, while Y,; — §H is an isomorphism. This follows from
the following two facts: (a) Y, — §u is finite flat of degree p + 1, (b) If y € Yei(k)
then 7 is étale at y, while if y € Y, (k) it is ramified there (see §3.2). We conclude
that if 7 € §u(k) the fiber 771(Z) contains precisely 2 points. Alternatively, we
could have used the model gg(p) (see §1.2.6) to show that there are precisely two
possibilities for .J to go with an A" € S, (k).

(2) Assume next that A is gss and H ~ &[p]. The analysis of H+/H is easy,
since H- C A[p], so we can use Proposition 4.7. With the notation used there

M(H) = (e2, a1 f1 + aa f3)

for some (o : as) # 0,00. It follows that M(HY/H) = {ase; — 1€, f1) where
the bar denotes the class modulo M (H). Since this space is killed by V2 and F but
neither by F nor by V, H/H ~ &[p]. Since M(H*/H)[V] = (f,), Lie(H*/H) is
of type .

To analyze the aj,-subgroup of A’ and conclude that it is of rank p? and type
(£,%), we need to know M (A[p?]). This, unlike M (A[p]), depends on the particular
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A, and not only on it being of type gss. The computations needed to verify this
are deferred to the appendix.
(3) Assume that A is gss and H ~ a2 5. Using the notation of Proposition 4.7

M(H) = (e, f1)x
so M(H*/H) = (€3, f3) . This module is killed by both V and F so H*/H ~ k®ay,,
and its Lie algebra is of type (X,Y). The computation of a(A’) is again deferred to
the appendix. The case A gss and H ~ o 25 is treated similarly.
(4) Assume that A is ssp. Then the covarlant Dieudonné module M = M (A[p>])
is freely spanned over W (k) by a basis e, es, €3, f1, f2, f3 satisfying (i) Og acts on

the e; via ¥ and on the f; via X (ii) (e;, f;) = 8ij, {es, ;) = (fi, f;) = 0 (iii) the
action of F' and V is given by the table

L [ el e [es[A[R] fs]
F | —pfi | —pfa| —f3 pes
pf1 pf2 /3 —Dbes3

€1
—e;

€2
—e9

See [Bu-We], Lemma (4.1) and [Vo|, Lemma 4.2. Note that Vollaard works over
W (k) and uses a slightly different normalization, but over W (k) her model and the
one above become isomorphic. Let M = M/pM = M (A[p]) (called in [Bu-We] the
Dieudonné space) and denote by &; and f; the images of the basis elements. Using
the notation of the proof of Theorem 4.11, we distinguish two cases.

Case I (the base of the comb): In this case H is of type k ® «, and

M(H) = <C¥1€1 + 04262,?3> c M.
As we have seen in the proof of Theorem 4.11, H+/H = ker(¢)) is of type &[p|s,
unless ¢ = (aq : a9) satisfies ¢(P*! = —1, where it is of type £ ® . This gives
the entries for 7(¢) in rows 4,6 and 7 of the table. We proceed to compute the
a-number and a-type of A’. For this observe that M’ = M (A’[p>]) sits in an exact
sequence
0—-M—M — M(H)—0,
hence inside the isocrystal Mg

M' = (e;,p " (arer + azea), f1, fo, 0™ ' f3).

Here we let &; denote any element of W (k) mapping to «; modulo p. To compute
the Dieudonné module of the cy,-subgroup of A’ we must compute

(M’ /pM")[V] (v (M [pM")[F].
The kernel of V on M'/pM’ is spanned over k by the images of the vectors
{e1,e2,e3,a9 f1 + a3 fo} where o is the Frobenius on W (k). Similarly, the kernel of
F is spanned by the images of {e1, €2, €3, &S’Aﬁ +&gflf2}. The span of {eq, s, €3}
in M'/pM' is two dimensional and of type 3, ¥. We see that if ( = (o : a2) ¢ F2
then «a,(A’) is of rank p?, hence A’ is gss (supersingular but not superspecial), and
a(A’) = {%,%}. On the other hand if ¢ € F,2 then a,(A4’) is of rank p?, so A’ is
superspecial, and a(A’) = {¥,%,X}. This completes the verification of 7(3) and
a(A’) in rows 4,6 and 7 of the table.
Case II (the teeth of the comb): In this case H is of type &[p]s,

M(H) = <Oélél + g€, f1f1 + Bafy + 5373> cM
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where ¢ = (o : ag) = (BY : B5) satisfies (PT = —1 and B3 € k is arbitrary. Now
M(H*/H) is spanned by the images of —fse; + f1€3 and f; modulo M(H), so
H+/H = ker(v) is seen to be of type &[pls. This confirms the invariant (1)
in rows 2 and 5 of the table. Regarding a(A’) we compute, as in Case I, M’ =

M(A'[p>]) :
M' = <€i,p_1(&1€1 +8gea), fi,p (B + Bafo + §3f3)> :
We find that M'/pM’'[V] is spanned over k by the images of
{er,e2,p7 (B er + BSea) + BSes, A f1 + @3 fa. f3)-

Note that p~1(8%e; + BSes) € M’ because of the relation (ay : ag) = (87 : B8).
Likewise M'/pM'[F] is spanned over k by the images of

~ 1 ~ 1 ~ 1 SN SO
{er,e0,p7 1 (BY e1+ B9 ex)+ B3 es.al fi+as fo f3}.

Now &‘1’71]3 + &g”b and af f1 + a4 f2 both represent the class of 51f1 + Bgfg in
M'/pM’. Similarly p‘l(gfel +B§eg) and p‘l(,é’1 e1 +62 82) both represent the
class of p~!(aje; + dses) in M’ /pM’. Tt follows that the span of f3 and af f; +
agfy in M'/pM’ is 1-dimensional and of type X. Regarding the Y-component
of M'/pM'[V] N M'/pM'[F], e; and ey contribute a 1- d1rnens10na1 piece there
If B3 € Fp. then pil(ﬂfel + BSes) + 53 es and p~ (Bl 61 + 52 62) + 53
contribute another 1-dimensional piece, but otherwise they do not agree modulo
pM'.

To sum up, if B3 ¢ Fp2 then A’ is gss and a(A’) = {X,T}. If B3 € Fj2 then A’
is ssp and a(A’) = {X,%,X}. This completes the verification of 7(¢/) and a(A’) in
rows 2 and 5. _

Since the morphism 7 is finite flat of degree p+1, the dimensions of the strata of S
follow from the known dimensions of the strata of So(p). Moreover, each geometric
fiber has p + 1 points if one counts multiplicities. We have already noted that the
map Y, — Su is surjective, purely 1nseparable of degree p, while Y,; — Su is an
isomorphism. This proves that for & € S#( ), #71(Z) = 2, but it also proves
that for 7 € S,4[%, T](k) we have #7 (%) = 2. Indeed, such a point must have
pre-images both in Z.; and in Z,, but the morphism 7 : Y,, — S being totally
ramified and 1:1 on geometric points, must extend to a totally ramified morphism
on Z,,, since the ramification locus is closed. Thus 7 is 1:1 on Z,, (k). It is clearly
1:1 on Z.;(k) because it is an isomorphism on Z;.

Similar arguments show that 7 is totally ramified of degree p + 1 on the base of
the comb denoted F), in Theorem 4.11, where A is ssp and H of type £ ® a,. This
shows that #7~1(Z) = 1 in rows 4,6 and 7 of the table.

Finally, at a generic point y lying on a tooth of a comb or on the gss screens (i.e.
where A is ssp or gss but H is of type &[p]s) then 7 induces an isomorphism on
the completed local rings as can be seen from the table in Proposition 3.6, hence is
étale. It follows that the image of such a point has p + 1 distinct pre-images.

This concludes the proof of part (i) of the theorem. Part (ii) follows from the
relations between the closures of the pre-images of the seven strata in So(p). O

5.2. Analysis of 7.
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5.2.1. Analysis of ™ along the p-ordinary strata. We denote by 7, and 7, the
restrictions of 7 to Yy, (or even Y.}) and Y, (or Y;!).

Proposition 5.3. (i) The map Ter: Yeor — §H is an isomorphism. Denote by
5et: §H :> Yet
the section which is its inverse. If A" € gu(R) then A’[Fr] 4 ker(v)) is a finite

flat subgroup J satisfying the conditions listed in Proposition 1.4, py descends to a
principal polarization ¢ on A'/J and

Ger(A') = (A'JA'[Fr] + kex(), 6,/ (p) ™" o1, A'[p]/A'[Fr] + ker(1))).
(ii) The map 7., : Yo, — §u is finite flat totally ramified of degree p.

Proof. We have already seen that 7., is an isomorphism and that 7, is a finite flat
totally ramified map of degree p. It remains to check the assertion about g.;. Let
us first check the claims made about J. As usual, by reduction to the universal
object, we may assume that R is reduced. Then A’[F'r] Nker(y) is a finite group
scheme over R, all of whose fibers have the same rank p, so is finite flat, and

J = A'[Fr] + ker(v)) ~ (A'[Fr] x ker(¢))/(A'[Fr] Nker(¢)))

is finite flat of rank p*. It is also maximal isotropic for e, Og-stable and J/ ker (1))
is Raynaud. All these statements are checked fiber-by-fiber. We may therefore
descend pi) to a principal polarization of A’/J and form the tuple 7. (A4’). It is now
a simple matter to check that if A’ = A/H where (4, H) € Y (k) then

AT =AJAp) 2 A

and A'[p]/J = p~1H/A[p] gets mapped back to H. When we add level-N structure
twisted by the diamond operator (p) ' to the definition of 5e;(A’) we ensure that
Ot 1 indeed the inverse of ;. O

The next corollary follows directly from the definitions of the various maps and
we omit its proof.

Corollary 5.4. (i) On R-points of the moduli problems the maps
Jet = et 0 (P) 0 Tet: gﬂ =Sy, Jm=Tmoom: Sy — §u
are given by
jet(Alv w? Ll? n,) = (A//A/[Fr] + ker(¢)? ¢7 l”? n/) ]m(A7 ¢7 L? n) = (A/A[p]m7 /lp7 L? 77)'

Their compositions are the maps Fr?: S, — S;(fz) =S, or Fr?: §H — g,(fﬂ) =5,
(here we use the fact that S and S are defined over k).
(ii) The maps

Wm = <P> o 5675 o 7~Tm: SO(p)m — SO(p)et, Wet = Oy O Tet t SO(p)Et — SO(p)m
are given by

Wi (A, H) = (AP, Fr(AP) [Ver])), wei(A, H) = (A, A[p]™).
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5.2.2. Analysis of ™ along the curves Zo; and Z,,.

Proposition 5.5. Let 7 be the stratum ggSS[Z,i]. The morphism et @ Zep — 7
is an isomorphism. The morphism 7., : Z,, — Z is totally ramified of degree p.

Proof. Let Ye]; =Y. U Z, and 5;2 = §u U Z. The map et : YJt — 5;5 is finite,
and induces an isomorphism between the open dense subsets Yg; ~ §H. From the
classification of the completed local rings in Proposition 3.6 it follows that gL is
smooth, hence its local rings are integrally closed and 7., is an isomorphism. A
similar argument shows that 7, : Yl — §l is finite flat totally ramified of degree
p, where Y,I =Y, U Z,,.

In principle, the unramified direction (see Lemma 4.3) for 7, : Y, — S at
a point T € Z could be transversal to Z or tangential to it. We claim that it is
everywhere transversal, i.e. the schematic pre-image of Zis Zp, (with its reduced
structure) but 7|z, is totally ramified of degree p. This can be seen in a variety of
ways.? We shall deduce it from Corollary 5.4. Observe first that the maps j.; and
Jm extend to similarly denoted maps

Jet = Tet 0 () 0 Tet: g):%SIL, Jm = Tm O O Slﬁgl,

and may then be restricted to the gss curves 7 and Syss- The claim follows now
from the following established facts: (a) oy, @ Sgss =~ Zp, and o : 7 ~ Zep are
isomorphisms, (b) mer © Zey — Syss is totally ramified of degree p (equivalently,
et Zéf) ~ S,ss is an isomorphism) (c¢) jet © jm = Fr? hence, restricted to the
curve Sy, it is totally ramified of degree p*. (I

The same argument used to show that 7., extends to an isomorphism on YJt,
and that 7, extends to a totally ramified map on Y,! gives the following.

Proposition 5.6. Let Y., and Y,, denote the closures of Yei and Y., in So(p).
Then e extends to an isomorphism from Yo to the closure gu of gﬂ. The map

Tm extends to a totally ramified map of degree p from 'Y ,, to §u'
A computation similar to the above, that we leave out, yields the following.

Corollary 5.7. Let 0 : Y, — YJt be the map 0 = pet o 7y, (see Corollary 4.6).
Then

<p> O%et o0f = %m

5.2.3. Analysis of T along the gss screens Yy,5. Let W be an irreducible component
of the closure Y 55 of Yyss. As we have seen in Theorem 4.11, these irreducible
components are smooth P'-bundles over Fermat curves, and do not intersect each
other. Outside (the closure of) Z.; and Z,, the restriction of 7 to W, which we
denote from now on Ty, is étale. It is also étale at y € Z.(k). This follows from
§3.3.2.

9Were the unramified direction everywhere tangential to Z, the schematic pre-image of Z would
be a nilpotent thickening of order p of Z,,, but ™ would be an isomorphism on the reduced curve.
In general, of course, there is also a “mixed option”, where the unramified direction is generically
transversal, but tangential to Z at finitely many points.
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(1) We have
(5.1) T Zy NW) =7(Zet "W).

Proof: w(Ze NW) is an irreducible component of A , the closure of the stratum
Z = 545s[%,5). Sois #(Z,, N W). The two intersect at the image of any point ¢
which is “a base of a tooth of a comb”, points where Z.; and Z,, meet. Since the
irreducible components of Z are disjoint, the two components coincide.

(2) We have

FWYNZ =7(Ze O W).
Proof: this follows from (1) since 7?_1(2) =Zet UZy,.
(3) Let W, W' be two components of Y 55. Then 7#(W)N7(W') = 0.

Proof: Each w(W) is an irreducible component of 7(Y 4s5). But the irreducible
components of 7(Y 4ss) are disjoint from each other and are uniquely determined

by their intersection with gu, ie. with Z. The claim follows from (2), since
T(Zet NWYNT(Zey NW') =), as ey is an isomorphism.

(4) We give another proof of (5.1). It is based on the following lemma, which is
of independent interest. Recall that S is defined over k = )2, although we consider
it over k = F 2. It follows that Gal(k/k) permutes the irreducible components of
Sgss- The diamond operators also act on these irreducible components.

Lemma 5.8. Let Z be an irreducible component of Sgss. Then Fr2(Z) = (p) (Z).

Proof. For the proof of the lemma we may increase N. Indeed, if N|N’ and Z, Z’ are
as above for N and N’, with Z’ mapping to Z, then the validity of the lemma, for Z’
implies it for Z. Since the closure Z of every irreducible component of S5 contains
at least two superspecial points, and since when N is large enough, through any
two superspecial points passes at most one such Z [Vol, it is enough to prove that
for x € Sssp(k)
Frya(2) = () (2).

Let x = (A, ¢, ¢,m). Every supersingular elliptic curve B over k has a model By over
k, whose Frobenius of degree p? satisfies

Fry: =p.
By the Tate-Honda theorem [Ta], all the endomorphisms of B are already defined
over K. We may therefore assume that A ~ B3 and ¢ are defined over x. Since A
admits at least one principal polarization defined over s, and its endomorphisms
are all defined over &, ¢ is defined over x. Thus (A, ¢,¢) is invariant under F'r,:.

But the relation F'r,2 = p on A[N] means that Fry(n) = (p) on, which concludes
the proof. O

Now use the relation
-1 1. . -~
(p)" 0 Frl =(p)” ©jet O jm = Met © et © Ty © Oy

from Corollary 5.4, and its extension to Sﬂ from the proof of Proposition 5.5. The
left hand side fixes the irreducible components of Sy, hence also the irreducible

components W of Yyss. Let y € Z,, NW. Then y/ = Ge; 0 T (y) € Zet N W, or
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This shows that 7(Z,, N W) = 7(Z.; N W) as was to be shown.

(5) The map 7w : W — 7(W) is finite flat of degree p + 1.
Proof: This follows from (3) since 7 in the large is finite flat of degree p + 1.

We next want to analyze how 7 is behaved when restricted to a fiber W, =
n~1(z) of m above a gss point z. Recall that W, ~ P1.

(6) Let y,, and ye; be the unique points on Z,,, N W, and Z.; N W, respectively.
Then 7 (yn) # 7 (Yer)-

Proof: Equivalently, we have to show that the images under 7 of y and 3 as in
(5.2), which are in the same fiber for 7, are distinct. But w(y') = (p) ' 7w (y)®").
We claim that if 7(y) = (4, @,¢,m) then already (A, ¢,¢) is not defined over k, so
is not isomorphic to (A(”2), ¢(p2), L(”2)). This follows from the fact, established in
[Vo|, that when N = 1 any irreducible curve Z in the supersingular locus of the
coarse moduli space associated with the algebraic stack S is defined over k, and is
birationally isomorphic to the Fermat curve

& Pt 4 yp+1 4Pt — .

Let € — Z be the normalization of Z. This % has p? + 1 k-rational points, which
are precisely the points mapping to superspecial points on Z. Furthermore, all the
self-intersections of Z are at k-rational points. It follows that no x € Z(k) which is
gss is fixed under Fr]%. Since the diamond operators do not affect (A, ¢,¢), a fortiori
m(y') # 7 (y)-

Starting with = () € S (k) we may now form a sequence of points
=M, 2™ such that if ys,zl) and yé? are the respective points on W_u) then

FytD) =7 (y).

This sequence becomes periodic after d steps, where d is the minimal number so
that (p) %o Frid(z) = .

(7) The map 7 : W, — w(W,) is a birational isomorphism.

Proof: We have to show that the map is generically 1-1. For that it is enough
to find a single point y € W, so that 7 is étale at y and 71 (7(y)) = {y}. In view
of (6), the unique point on Z.; N W, is such a point.

We do not answer the question whether 7 is everywhere 1-1. We summarize the
discussion of this section in the following theorem.

Theorem 5.9. The map T induces a bijection between the vertical irreducible com-
ponents of S and of So(p). The map 7 induces a bijection between the vertical
irreducible components of So(p) and the irreducible components of the curve Sss.
The vertical irreducible components of§ are mutually disjoint. Let W be a vertical
irreducible component of So(p). Then Ty is finite flat of degree p+ 1 and is étale
outside W N Z,,. The restriction of Ty to W, = m~(x) for x € Sgss 15 a birational
isomorphism and maps the unique intersection points of W, with Zo, and Z,, to
distinct points.

6. APPENDIX

6.1. The classification of the gss Dieudonné modules. In the appendix we
perform some computations on the covariant Dieudonné module of a gss abelian
variety. We first recall their classification, following Vollaard [Vo].
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Fix 0 € pip2_1 C W(k) C W(k)g = E, such that
§7 = 6P = —4.
Let M be the free W (x)-module on e1, es, e3, f1, f2, f3 and let Og act on the ¢; via

¥ (the canonical embedding of E in E,) and on the f; via 3. Let F' be the o-linear
endomorphism'® of M whose matrix w.r.t. the above basis is

p

ie. Fler) = pfi,F(e2) = fa,...,F(f3) = e3. Let V be the o~ !-linear endomor-
phism with the same matrix. Note that 7 = V~'F is the identity on M. Let
M;, = W (k) ®@w () M and extend F,V semi-linearly as usual. Then 7 becomes
o?-linear.

Let {,) be the alternating pairing on My, satisfying

(ei, f5) = 6 6ij, (eirej) = (fi, f3) = 0.

This My, is the Dieudonné module of A, [p>] for any @ € S, (k). It is isomorphic'!
to the module used in part (4) of the proof of Theorem 5.2. The Lie algebra of A,
is identified with My, /pM[V] = V" 1pMy/pMy, = FM},/pMy, ~ (My/VM;,)®
and is spanned over k by &1, e3, f5.

Following [Vo] we denote M(X) = (e1, €2, €3) () by Mo and M(X) by M;. We
introduce on Mg the skew-hermitian form

{z.y} = (2, Fy).
We extend it to a bi-additive form on My ; which is linear in the first variable and
o-linear in the second. It satisfies

{9} = ~{y. 7 @), {7(@),7W)} = {29}
We denote the unitary isocrystal Q @ M by N = Ny @ N; and write also C for Ny.
When we base-change to the field of fractions of W (k) we shall add, as before, the
subscript k. Note that the Q,-group J = GU(C, {, }) is isomorphic, in our case, to
G g, (In general, it might be an inner form of it.)
If A C CisaW(k)-lattice we let

AN ={z € Cl{x, A} Cc W(r)}.

If M}, were the Dieudonné module of A, [p>] for a superspecial point z, then
the components of Sy, passing through x are classified, as we have seen before, by
the set

T ={(1:Q) € PW(x))| ¢ +1 =0},
The vertices of the Bruhat-Tits tree of J are of two types. The special (s) lattices
ZM) are the lattices A’ for which

A C A, lengthy (o) (A /A) = 2.

101 the appendix we depart from our habit of writing F' as a linear map from M(®) to M.
HThe change in notation is made to conform with [Vo]. Previously we tried to match [Bu-We].
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For example, My € 2. The hyperspecial (hs) lattices .2 are those satisfying
A = AV. Finally, the edges of the tree connect a lattice A’ of type (s) to a vertex
A of type (hs) if A’ € A € A’Y. One computes that the p + 1 vertices of type (hs)
adjacent to My are the lattices

AC = <€17 €2, 6C>W(,{)

where ¢ € J and e¢ = p~*(e1 + Ces).
Fix ( and let A = A¢, V = A/pA, a vector space over k with basis €;,€5,€c. The
skew-hermitian pairing (,) = {,} mod p is given in this basis by the matrix

1

1

Theorems 2 and 3 of [Vo] imply the following. The k-points of the irreducible
component of S, passing through the superspecial point x and labeled by ( are in
one-to-one correspondence with

Ya(k)={U c V}| dimU =2, U+ c U}.
Here
Ut = {x € Vi|(z,U) =0}

Caution has to be taken as we are over k and not x : (U+)+ = 7(U) and not U.
The point = corresponds to U = (€1, e3) . In general, let a,b € k and

Uap = (€1 + ae¢, ez + bee) .
Then
Uy = (61 — bPey — aPeg)
is contained in U, if and only if
a? +a— bt =0.

It follows ([Vo], Lemma 4.6) that the irreducible components of S5 are isomorphic
to the smooth projective curve whose equation is
xPz 4 z2P — yPT = 0.

This is just the Fermat curve P+ 4 yP*1 4 2P+ = 0 in disguise.
Moreover, the Dieudonné module of the abelian variety A, ; “sitting” at the point
(a,b) is
Moy =M, @M.,
where
Mg,b = <€1 + [a]eg, ez + [b]e(7p6C>W(k)
and
Mgy = (fr = [tlp~" f2 = lalfe, f2.nfc) -
Here [a] is the Teichmiiller representative of a and fc = p~*(fs — (f1).
The matrices for F' and V' can now be computed. To simplify the notation let

€1 = e1 + [alec, €2 = ez + [blec, €3 = pec,

o1 =fr—blp~ " fa— lalfe, b2 = fo, b3 =pfe.
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Then relative to the basis {e1, €2, €3, 1, P2, 3}

1
=] p
P (A U
p
[0] 1
[aP] +[a] [bP] p
and
1
_[bl/p] P
V= 0-_1(7) _[b] 1
p
[b] 1
[a'/P] +[a] [p'/*] p
with

v =—p" ([a"] + [a] = [P"*']) € W (k).

6.2. The quotient A/H for gss A. Let (a,b) € k? but not in x2. This guarantees
that A, is gss, and every gss A is of this sort, for an appropriate € S,sp,(k) and
an appropriate ¢ € J. Let H C A[p] be an isotropic Raynaud subgroup scheme.
Let A= A/H.

We know that M(H) C M, /pM,p must contain kerV Nker F' = (€), . In
addition, M (H) should contain a vector 7 from M;,b/p]\/[;b such that F'77 = €5. We
see that the most general form of such an 7 is

1 =u(ba + [PPds) + v(da + [b"/7]6s3),
(u:v) € PL(W(k)). Thus
M(H) = (€3,7) -

Note that by the assumption that (a,b) is not in 2, neither a nor b lies in x. Thus
H is uniquely classified by (u : v) € P!(k). The point % = 0 corresponds to an
H such that M(H) is killed by F, or H is killed by Ver. This H will be of type
a2y and (A, H) will lie then on Z,;. The point ¥ = 0 will correspond to an H such
that M (H) is killed by V, or H is killed by Frob. This H will be of type s 5 and
(A, H) will lie then on Z,,.

Assume from now on that we are not in these two special cases, so that H is of
type ®x[p]. Then M(A'[p>]) = M’ will sit in an exact sequence

0—-M—M — M(H)— 0,

and inside Ny, M’ = <61,62,p_163,¢1,p_177,¢>3>w(k) , provided @ # —v. If 1 = —v
the same basis works, if we replace ¢3 by ¢2. Assume from now on that w # —7v.
We calculate the matrices of F' and V in this basis as we did for M = M, ; before.
The matrix of F' comes out to be
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where we put w = (u[b?] + v[b*/P])(u + v)~*, while the one of V' is

1
_[bl/p] uo—_l —|—U‘7_1
pot(y) v (DY) [b) p

p
pbl(u+ov)™" plutwv)!

[a!/P] + [a] = [Dlw V7] —w 1

We see that M’ /pM’'[V]NM'/pM’[F] is spanned by the images modulo pM’ of ¢3

and of xey + yeo + 2zp~

Les provided z,y, 2 € W (k) are such that

27 ([a?] + [a] = [blw) +y7([b"] —w) + 27 =0 mod p

27 ([a"?) + [a] = [lw) + 7 (BP]—w)+ 27 =0 mod p.

These two equations are equivalent to

z([p/r] — [bl/”]wgil) + y([b] — w"il) +2=0 mod p,
x(pPH] — [0Plw”) + y([b] —w°) +2=0 mod p.

The solution set (x,y,z) mod p to these two equations is 1-dimensional, unless

w E K

—p—1 o - . . . s
and b° /P _ 1, where it is 2-dimensional. This last condition however

translates into b € x, which we assumed not to be the case. We conclude that
M'/pM'[V] N M'/pM'[F] is always two-dimensional, of type (3,%). This settles
the a-type of A’ in the cases that were deferred to the appendix in the proof of
Theorem 5.2.

[Bel|
[Beal
[Bu-We]
[C-C-0]
[Cri]
[dJ1]
[dJ2]
[dS-G1]
[dS-G2]
[Eis]
[Gd]
[Gro]

[Kos]
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