FOLIATIONS ON SHIMURA VARIETIES IN POSITIVE
CHARACTERISTIC
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ABsTrRACT. This paper is a continuation of [G-dS1]. We study foliations of
two types on Shimura varieties S in characteristic p. The first, which we call
“tautological foliations”, are defined on Hilbert modular varieties, and lift to
characteristic 0. The second, the “V-foliations”, are defined on unitary Shimura
varieties in characteristic p only, and generalize the foliations studied by us
before, when the CM field in question was quadratic imaginary. We determine
when these foliations are p-closed, and the locus where they are smooth. Where
not smooth, we construct a “successive blow up” of our Shimura variety to
which they extend as smooth foliations. We discuss some integral varieties
of the foliations. We relate the quotient of S by the foliation to a purely
inseparable map from a certain component of another Shimura variety of the
same type, with parahoric level structure at p, to S.
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1. INTRODUCTION

Let S be a non-singular variety over a field k, and 7 its tangent bundle. A
(smooth) foliation on S is a vector sub-bundle of 7 that is closed under the Lie
bracket. If char(k) = p > 0, a p-foliation is a foliation that is, in addition, closed
under the operation £ — £P. As explained below, such p-foliations play an important
role in studying purely inseparable morphisms S — S’.
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Foliations have been studied in many contexts, and our purpose here is to explore
certain p-foliations on Shimura varieties of PEL type, which bear a relation to the
underlying moduli problem. The connection between the two topics can go either
way. It can be seen as using the rich geometry of Shimura varieties to produce
interesting examples of foliations, or, in the other direction, as harnessing a new
tool to shed light on some geometrical aspects of these Shimura varieties, especially
in characteristic p.

We study two types of foliations, that could well turn out to be particular cases
of a more general theory. The first lie on Hilbert modular varieties. Let S be a
Hilbert modular variety associated with a totally real field L, [L : Q] = g (see the
text for details). Let ¥ be any proper non-empty subset of .# = Hom(L,R). Fixing
an embedding of Q in @p we view .# also as the set of embeddings of L in Qp. If pis
unramified in L these embeddings end up in Q" and the Frobenius automorphism
¢ € Gal(Q,'/Qp) permutes them.

Consider the uniformization T'\ $* ~ S(C), describing the complex points of S
as a quotient of the product of g copies of the upper half plane (indexed by .#) by
an arithmetic subgroup of SLy(L). The foliation Fy, labelled by the subset X, is
defined most easily complex analytically: at any point € S(C) its fiber is spanned
by 0/0z for i € ¥ C £. Our main results about it are the following:

e Using the Kodaira-Spencer isomorphism, .#x can be defined algebraically,
hence also in the characteristic p fiber of S, for any good unramified rational
prime p. Its “reduction modulo p” is a smooth p-foliation if and only if the
subset ¥ is invariant under Frobenius.

o If the singleton {c} is not Frobenius-invariant (i.e. the corresponding prime
of L is not of absolute degree 1), the obstruction to %, being p-closed
can be identified with the square of a partial Hasse invariant.

e Let p be a prime of L dividing p. Let So(p) be the special fiber of the
integral model of the Hilbert modular variety with I'o(p)-level structure
studied in [Pa]. When X counsists of all the embeddings not inducing p,
the (purely inseparable) quotient of S by the foliation #s, can be identified
with a certain irreducible component of Sy(p).

e It is easy to see that %5 does not have any integral varieties in character-
istic 0. In contrast, as we show below, any p-foliation in characteristic p
admits a plentiful supply of integral varieties. In our case, we show that cer-
tain Goren-Oort strata in the reduction modulo p of S are integral varieties
of the foliation Zx..

The second class of foliations studied in this paper live on unitary Shimura varieties
M of arbitrary signature, associated with a CM field K. They generalize the folia-
tions studied in [G-dS1] when K was quadratic imaginary, and are again labelled by
subsets ¥ of .# 1 = Hom(L, R) where L is the totally real subfield of K. Unlike the
foliations of the first type, they are particular to the characteristic p fibers, where p
is again a good unramified prime, and are of different genesis. They are defined
using the Verschiebung isogeny of the universal abelian scheme over the p-ordinary
locus M° of M. Their study relies to a great extent on the work of Wedhorn and
Moonen cited in the bibliography. We refer to the text for the precise definition of
the foliation denoted by Zs, as it is a bit technical. A rough description is this: In
the p-kernel of the universal abelian scheme over M°*4 lives an important subgroup
scheme, which played a special role in the work of Oort and his school, namely the
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maximal subgroup scheme of a,,-type. Its cotangent space serves to define the F,
via the Kodaira-Spencer isomorphism. The main results concerning #x are the
following:

Fs is a smooth p-foliation on M°™, regardless of what ¥ is. Involutivity
follows from the flatness of the Gauss-Manin connection, but being p-closed
is more delicate, and is a consequence of a theorem of Cartier on the p-
curvature of that connection.

Although in general more complicated than the relation found in [G-dS1],
one can work out explicitly the relation between the foliation .#s and the
“cascade structure” defined by Moonen [Mo] on the formal completion ]/\/[\$ of
M at a p-ordinary point z. While the cascade structure does not globalize,
its “trace” on the tangent space, constructed from the foliations Zy;, does
globalize neatly.

There is a maximal open subset My, C M to which Zx, extends as a smooth
p-foliation with the same definition used to define it on M°d. This My, is
a union of Ekedahl-Oort (EO) strata, and in fact consists of all the strata
containing in their closure a smallest one, denoted M¥!. The description
of which EO strata participate in My, is given combinatorially in terms of
“shuffles” in the Weyl group.

Outside My the foliation Fx acquires singularities, but we construct a
“successive blow up” 8 : M* — M, which is an isomorphism over Msy;, to
which the lifting of .%5 extends as a smooth p-foliation. This M* is an
interesting (characteristic p) moduli problem in its own right. It is non-
singular, and the extension of %y to it is transversal to the fibers of S.
When K is quadratic imaginary, the EO stratum Mg’l was proved to be an
integral variety of #x. A similar result is expected here when ¥ = .# . This
can be probably proved via elaborate Dieudonné module computations, as
in [G-dS1], but in this paper we content ourselves with checking that the
dimensions match.

A natural interesting question is to identify the purely inseparable quotient
of M* by (the extended) Zx with a certain irreducible component of the
special fiber of the Rapoport-Zink model of a unitary Shimura variety with
parahoric level structure at p. This was done in our earlier paper when K
was quadratic imaginary, and was used to obtain some new results on the
geometry of that particular irreducible component. In the general case
treated in this paper, we know of a natural candidate with which we would
like to identify the quotient of M > by .%s,. However, following the path set
in [G-dS1] for a general CM field K would require a significant amount of
work, and we leave this question for a future paper.

Section 2 is a brief review of general results on foliations, especially in charac-
teristic p. The main two sections of the paper, Sections 3 and 4, are devoted to the
two types of foliations respectively.

1.0.1. Notation.

For any commutative IF-algebra R we let ¢ : R — R be the homomorphism

o) = av.
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e If S is a scheme over IF,,, ®5 denotes its absolute Frobenius morphism. It is
given by the identity on the underlying topological space of S, and by the
map ¢ on its structure sheaf. If # is an Og-module then we write H®) (or
HPV/S) for EH = O @405 H.

e If T — S is a morphism of schemes over F,,, T®) (or T(®)/5) is § xg,.5 T
and Frr g : T — T®) is the relative Frobenius morphism, characterized by
the relation pra o Frp/g = ®7.

e If A — S is an abelian scheme and A* — S is its dual, then Fry s is an
isogeny and Verschiebung Ver 4, : A®) — A is the dual isogeny of Fr 4 /S-

e If H is an Og-module with O action (for some ring O), and 7: O — Og is
a homomorphism, then

Hlr] = {a € H|Va € O a.a = T(a)a}.

If T: H — G is a homomorphism of sheaves of modules, we denote kerT' =
H[T).

o If x € S, the fiber of H at z is denoted H,. This is a vector space over the
residue field k(z). The same notation is used for the fiber H, = *H at a
geometric point x : Spec(k) — S.

e If HV is the dual of a locally free Og-module H we denote the pairing
HVXH%OS by <,>

e By the Dieudonné module of a p-divisible group over a perfect field &k in
characteristic p, or of a finite commutative p-torsion group scheme over k,
we understand its contravariant Dieudonné module.

1.0.2. Acknowledgements. We would like to thank N. Shepherd-Barron and R. Tay-
lor for sharing their unpublished manuscript [E-SB-T| with us. This research was
supported by ISF grant 276.17 and NSERC grant 223148 and the hospitality of
McGill University and the Hebrew University.

2. GENERALITIES ON FOLIATIONS

2.1. Smooth foliations. Let k be a perfect field and S a d-dimensional smooth
k-variety. Let T denote the tangent bundle of S. If U C S is Zariski open, then
sections & € T (U) are vector fields on U and act on Og(U) as derivations. The
space T (U) has a structure of a Lie algebra (of infinite dimension) over k, when we
define

&, ml(f) = Em(f)) —n(&(f))-

A foliation F on S is a saturated subsheaf 7 C T closed under the Lie bracket. For
every Zariski open set U, the vector fields on U along the foliation form a saturated
Og(U)-submodule F(U) C T(U) closed under the Lie bracket, i.e. if f € Og(U),
EeTU) and f€ € F(U) then € € F(U), and if £,n € F(U) then [¢,n] € F(U).

The foliation F is called smooth if it is a vector sub-bundle of 7, namely if
both F and 7 /F are locally free sheaves. Since F is assumed to be saturated, and
since a torsion-free finite module over a discrete valuation ring is free, the locus
Sing(F) where F is not smooth is a closed subset of S of codimension > 2. As an
example, the vector field 20/0x + yd/0y generates a rank-1 foliation on A2, whose
singular set is the origin.

If k = C then by a well known theorem of Frobenius every « € S — Sing(F) has
a classical open neighborhood V' C S(C) which can be decomposed into a disjoint
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union of parallel leaves F' of the foliation. Each F' is a smooth complex submanifold
of V and if y € F then the tangent space TyF C TS = T, is just the fiber of F
at y. One says that F'is an integral subvariety of the foliation. Whether a smooth
foliation has an algebraic integral subvariety passing through a given point z, and
the classification of all such integral subvarieties, is in general a hard problem, see
[Bo].

There is a rich literature on foliations on algebraic varieties. See, for example,
the book [Br].

2.2. Foliations in positive characteristic.

2.2.1. p-foliations and purely inseparable morphisms of height 1. If char(k) = p
is positive then T is a p-Lie algebra, namely if £ € T(U) then £&» = £o---0¢
(composition p times) is also a derivation, hence lies in 7(U). A foliation F is
called a p-foliation if it is p-closed: whenever & € F(U), then (P € F(U) as well.

The interest in p-foliations in characteristic p stems from their relation to purely
inseperable morphisms of height 1. The following theorem has its origin in Ja-
cobson’s inseparable Galois theory for field extensions ([Jac|§8). We denote by
¢ : k — k the p-power map, by S®) =k X .k S the p-transform of S, and by

Frs/k : S — S(p)

the relative Frobenius morphism. We denote by &g : S — S the absolute Frobenius
of S. Thus,

S5 = pryoFrgy,
where pro : S®) =k Xk S — S is the projection onto the second factor.

Theorem 2.2.1. [EK] Let k be a perfect field, char(k) = p. Let S be a smooth
k-variety and denote by T its tangent bundle. There exists a one-to-one corre-
spondence between smooth p-foliations F C T and factorizations of the relative
Frobenius morphism Frg/, = go f,

S g

where T is a smooth k-variety (equivalently, where f and g are finite and flat). We
call T the quotient of S by the foliation F.

Given F, if (locally) S = Spec(A), then T = Spec(B) where B = A7=0 is the
subring annihilated by F, and f is induced by the inclusion B C A. Conwversely,
given a factorization as above, then F = ker(df) where df is the map induced by f
on the tangent bundle.

Furthermore, if r = rk(F) then deg(f) =p".

As mentioned above, the birational version of this theorem is due to Jacobson.
From this version one deduces rather easily a correspondence as in the theorem,
when T is only assumed to be normal, and F is saturated, closed under the Lie
bracket and p-closed, but not assumed to be smooth. The main difficulty is in
showing that T is smooth if and only if F is smooth, i.e. locally a direct summand
everywhere. The reference [Ek]| only cites the work of Yuan [Yuan| and of Kimura
and Nitsuma [Ki-Ni|, but does not give the details. The proof in the book [Mi-Pe]
seems to be wrong. A full account may be found in [Li].
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2.2.2. The obstruction to being p-closed. If F C T is a smooth foliation, the map
& — &P mod F induces an Og-linear map of vector bundles

KF : q>EF—>T/]:

which is identically zero if and only if F is p-closed. See [Ek|, Lemma 4.2(ii). We
call the map kr the obstruction to being p-closed.

2.3. Integral varieties in positive characteristic. In contrast to the situation
in characteristic 0, integral varieties of p-foliations in characteristic p abound, and
are easily described. The goal of this section is to clarify their construction.! As
in the previous section we let S be a smooth d-dimensional variety over a perfect
field k of characteristic p, T = T'S its tangent bundle, and F a smooth p-foliation

of rank r. We denote by S L T the quotient of S by F, as in Theorem 2.2.1.

Let G = T/F = Im(df). This is a smooth p-foliation of rank d — r on T and
the quotient of T by G is T % S(). The factorizations of the relevant Frobenii are
Frg, =go fand Frp/, = f® og.

Definition 2.3.1. Let ¢ : W < S be a closed subvariety of S and W*™ the (open
dense) smooth locus in W. We say that W is an integral variety of F if at every
x € W we have T,W = *F, (as subspaces of .*T,.S). In this case dim W = r.
We say that W is transversal to F at © € W™ if T, W N *F, = 0, and that it is
generically transversal to F if the set of points where it is transversal is a dense
open set of W.

Remark 2.3.2. Unlike the case of characteristic 0, an integral subvariety of a smooth
p-foliation need not be smooth. Consider, for example, the foliation generated by
d/0v on A% = Spec(k[u,v]). The irreducible curve

u(u+ovP) +0* =0

is an integral curve of the foliation, but is singular at 2 = (0,0). The curve u—v? =0
is generically transversal to the same foliation, although it is not transversal to it
at x.

If S = Spec(A) and W = Spec(A/I) for a prime ideal I, then regarding F as a
submodule of the module of derivations of A over k, W is an integral variety of F
if and only if F(I) C I.

Proposition 2.3.3. Let v : W — S be a closed r-dimensional subvariety of S and
Z = f(W) < T the corresponding subvariety of T (also r-dimensional). Then the
following are equivalent:

(1) fw : W — Z is purely inseparable of degree p";
(2) W is an integral variety of F;

(3) gz : Z — W is a birational isomorphism;

(4) Z is generically transversal to G.

Proof. Remark first that since gz o fir = Fryy;, induces a purely inseparable field
extension k(W) C k(W) of degree p", (1) and (3) are equivalent, and in fact are
equivalent to gz being separable (generically étale).

LThis construction shows that the conjecture “of André-Oort type”, suggested in §5.3 of [G-dS1],
is far from being true.
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Let x € W™ be such that y = f(x) € Z5™. The commutative diagram

T.W —— T,S

de,ml ldfa:

T,7 —— T,T

and the fact that ker(df) = F tell us that
ker(dfw) = TWS™ N F.

It follows that fy is purely inseparable of degree p” (dfw = 0) if and only if TWs™
and ¢*F, both rank-r vector sub-bundles of :*T'S, coincide along W*™. This shows
the equivalence of (1) and (2). It also follows that fy is separable (generically
étale) if and only for generic x we have T, Ws™ N *F, = 0. When applied to g
and Z, instead of f and W, this gives the equivalence of (3) and (4). O

Theorem 2.3.4. Notation as above, any two points x1,x2 of S lie on an integral
variety of F.

Proof. We have the diagram S N T2 5@ , where the first arrow is dividing
by the foliation F and the second arrow by the foliation G. Let y; = f(z;) € T. By
Bertini’s theorem there is a subvariety Z C T of dimension r passing through the
points y; which is generically transversal to G. Choosing W so that g(Z) = W®),
and hence f(W) = Z, we conclude from the previous Proposition that W is an
integral variety of F passing through z; and zs. (]

Thus integral varieties in characteristic p abound, and are easy to classify. Nev-
ertheless, given a particular subvariety W, it is still interesting to decide whether
it is an integral variety of F or not.

3. TAUTOLOGICAL FOLIATIONS ON HILBERT MODULAR VARIETIES

3.1. Hilbert modular schemes. Let L be a totally real field, [L : Q] = g > 2,
N > 4 an integer, and ¢ a fractional ideal of L, relatively prime to N, called the
polarization module. We denote by 0 the different ideal of L/Q. Let D = discy, g
be the absolute discriminant of L.

Consider the moduli problem over Z[(ND)~!], attaching to a scheme S over
Z[(ND)™] the set .#(S) of isomorphism classes of four-tuples

A = (A’ Ly )‘777)7

where

e A is an abelian scheme over S of relative dimension g.

e 1: O — End(A/S) is an injective ring homomorphism making the tangent
bundle T'A a locally free sheaf of rank 1 over O ® Og. We denote by A?
the dual abelian scheme, and by ¢(a)? the dual endomorphism induced by
t(a).

e \:c®p, A~ Alis a c-polarization of A in the sense of [Ka| (1.0.7). This
means that A is an isomorphism of abelian schemes compatible with the
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Oy, action, where a € Of, acts on the left hand side via a ® 1 = 1 ® t(a)
and on the right hand side via ¢(a)’. Furthermore, under the identification

Homp, (A, A*) ~ Homp, (A, ¢ @0, A)

induced by A, the symmetric elements on the left hand side (the elements
a satisfying ! = « after we canonically identify A* with A) correspond
precisely to the elements of ¢, and those arising from an ample line bundle
L on A via ar(x) = [15L ® L] correspond to the totally positive cone in
¢. Note that the Rosati involution induced by A on Op is the identity.

e 7 is a Too(IV)-level structure on A in the sense of [Ka] (1.0.8), i.e. a closed
immersion of S-group schemes 1 : 07! ® uy < A[N] compatible with «.

The moduli problem .# is representable by a smooth scheme over Z[(ND)™], of
relative dimension g, which we denote by the same letter .#, and call the Hilbert
modular scheme. If we want to remember the dependence on ¢ we use the notation
M ¢ for . The Hilbert moduli scheme admits smooth toroidal compactifications,
depending on some extra data. See [Lan].

The complex points .#(C) of .# may be identified, as a complex manifold,
with T'\$9, where § is the upper half plane, and I' C SL(Or @ 2~ !¢~!) is some
congruence subgroup.

If ¢ = ¢/ where v >> 0 then Ao (y®1) : ¢/ ®0, A ~ Al is a ¢’-polarization of A.
Thus only the strict ideal class of ¢ in CiT(L) matters: the moduli schemes .#¢
and .Z° are isomorphic, via an isomorphism depending on the choice of ~.

Fix a prime number p which is unramified in L and relatively prime to N. By
the last remark, we may (and do) assume that p is also relatively prime to c¢. Write

pOrL =p1...0r, fi= f(pi/D)

the inertia degree of p;, and let k be a finite field into which all the x(p;) = O /p;
embed, i.e. K =F,» where n is divisible by lem{fi,..., f}. Let W (k) be the Witt
vectors of k. We have a decomposition

B = Hom(L, W (x)[p~"]) = [ [ B,
plp

indexed by the r primes of Oy, dividing p, where o : L — W(k)[1/p] belongs to
By if o7 (pW(x)) N Or = p. The Frobenius automorphism of W (x), denoted ¢,
operates on B from the left via o — ¢ o o, and permutes each B, cyclically.
We denote by
M = A xz(np)-1) Fp
the special fiber of .#Z at p. Note that M is smooth over F,,.

3.2. The tautological foliations.

3.2.1. The definition. Complex analytically, the complex manifold T'\$)? admits g
tautological rank 1 smooth foliations, generated by the vector fields 9/9z;, where
zi (1 <14 < g) are the coordinate functions. As the derivations 9/0z; commute with
each other, any r of them generate a rank r analytic foliation on .#(C). We shall
now show that these foliations are in fact algebraic, and address the question which
of them descends modulo p to a smooth p-foliation on M. We shall then relate the
quotients of M by these foliations to Hilbert modular varieties with Iwahori level
structure at p.
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Convention. From now on we denote by .# the base change of the Hilbert
modular scheme from Z[(ND)™!] to W(x) and by M its special fiber, a smooth
variety over k. Recall that x is assumed to be large enough so that there are g
distinct embeddings o : L — W(k)[1/p].

Let 7 : A"V — # denote the universal abelian variety over .# and
w = ﬂ-*QlAuniv/%

its Hodge bundle. Since p t discy, /g, it decomposes under the action of O, as a
direct sum of g line bundles
W = BoeBLo
where .7, = {a € w|(a)*(a) = o(a)a Va € OL}.
Let Lie = Lie(A"™V/.#) = w" be the relative tangent space of the univer-

sal abelian variety. The Kodaira-Spencer isomorphism is an isomorphism of O -
modules ([Kal, (1.0.19)-(1.0.20))

(3'1) KS: TJ/Z/W(K) = HomoL®O./ft (ﬂa @((Auniv)t/%))
~ Homo, 0., (w, Lie ®0, ¢) = Lie® @0, dc,

where the second isomorphism results from the polarization A"V : ¢ ®p, A™Y ~
(A"t Since (p,0¢) = 1 we have

Lie ®0, ¢ = Lie ~ ®,cp-Z,) .

We therefore get from KS a canonical decomposition of the tangent space of .#
into a direct sum of g line bundles

Toajwix) ~= BocB Ly 2.

We denote by %, the line sub-bundle of 7 s /w (. corresponding to .2~ 2 under
this isomorphism.

Lemma 3.2.1. Let ¥ C B be any set of embeddings of L into W (k)[1/p]. Then
Fs, = BoenFy 18 tnvolutive: if £,n are sections of Fs, so is [€,n).

Proof. Recall that the Kodaira-Spencer isomorphism is derived from the Gauss-
Manin connection

V: Hyp(A™Y [ ) — Hyp(A™ [ M) @0 4 Ly jwv)-

If £ is a section of Tz w(x) we denote by Ve : Hyp(A™Y /) A4) — Hyp(A™Y /.4 )
the map obtained by contraction with £&. The Gauss-Manin connection is well-
known to be flat, namely

Vigm = VeoVy = VyoVe.

Now, V¢ commutes with ¢(a)* for a € O, and therefore preserves the o-isotypic
component H}n(A™Y/.#)[o] for each o € B. By definition, £ € Z, if for every
T # o the operator V¢ maps the subspace

& = w[r] C Hig(A™Y ). 4)[7]

to itself. Similarly, £ € Zx if the same holds for every 7 ¢ X. It follows at once
from the flatness of V that if this condition holds for £ and 7, it holds for [£,n]. O

We conclude that Zy; is a smooth foliation. We call these foliations tautological.
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3.2.2. The main theorem. We consider now the foliations %5 in the special fiber
M = A X (x) k only. The following theorem summarizes the main results in the
Hilbert modular case. As we learned from [E-SB-T], point (i) was also observed
there some years ago.

Theorem 3.2.2. (i) The smooth foliation Fyx, is p-closed if and only if ¥ is invari-
ant under the action of Frobenius, namely ¢ o ¥ = 3. In particular, F, is p-closed
if and only if f(ps/p) =1 where p, is the prime induced by o.

(i) Suppose that f(p,/p) # 1. Then, up to a unit, the obstruction kg, to F,
being p-closed (2.2.2) is equal to the square of the ¢ oo-partial Hasse invariant heos
[Go].

(iii) Let p be a prime of L above p and F, = Fp, = ©yep,-Fo the corresponding
p-foliation. The quotient of M by the p-foliation ®qxpFq may be identified with
the étale component of the T'o(p)-moduli scheme My(p) (see details in the proof).

3.3. Preliminaries.

3.3.1. Tate objects. We begin our proof of Theorem 3.2.2 by recalling a result of
Katz [Ka|, who computed the effect of the Kodaira-Spencer isomorphism on g¢-
expansions.

As in [Ka] (1.1.4), let S be a set of g linearly independent Q-linear forms I; :
L — Q preserving (total) positivity. Let a and b be fractional ideals of L, relatively
prime to N, such that ¢ = ab™!. Let R = W (k) ® Z((ab, S)) be the ring defined in
[Ka] (1.1.7), after base change to W (k). Let

Tateq,p(q) = Gm ® 0 'a™" /q(b)
be the abelian scheme over R constructed in [Ka] (1.1.13). For fixed a and b it is
essentially independent of S. Since a is relatively prime to N, Tateqp(¢) admits
a canonical Too(N)-level structure ngq, (denoted in [Ka| (1.1.16) by icqn). It also

admits a canonical ¢-polarization A.., and a canonical action t.q, of Or. We thus
obtain an object

Ma,b (Q) = (Tatea,b (CI)7 Leans )\ca'rw ncan)

over the ring R (for any choice of S). For the definition of g-expansions at the cusp
labeled by the pair (a, b), recalled below, we assume, in addition, that a is relatively
prime to p. This can always be achieved, since only the classes of a and b in the
strict ideal class group C1™ (L) matter.

The Lie algebra of Tateq p(¢) is given by a canonical isomorphism ([Ka] (1.1.17))

wq : Lie = Lie(Tateq 5 (¢)/R) ~ Lie(G,, ® 0 'a™/R) =0 ta ' @ R,
hence the Kodaira-Spencer map KS (3.1) induces a map
(3.2) KS: ,TSpec(R)/W(n) — @@)2 Ko, 0c a7l e R
The tangent bundle Tgpee(r)/w () is the module of W (x)-derivations of R. For
v €0 tatb~! we may consider the derivation D(v) of R (analogue of qd%) given
by
D(PY)( Z aaqa) = Z T‘rL/Q(O‘V)aaqa-
a€ab, l;(a)>—n a€ab, l;(a)>—n
We then have the following elegant result.
Lemma 3.3.1. ([Ka| (1.1.20)) The image of D(vy) under the Kodaira-Spencer map
KS in (3.2) isy® 1.
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3.3.2. Hilbert modular forms and partial Hasse invariants. In this subsection we
set up notation for Hilbert modular forms, and recall some results due to the first
author and to Diamond and Kassaei on the g-expansions of such forms over x.

By our assumption on &, for any W (k)-algebra R we have

OL @R~ Dseplis

where R, is the ring R equipped with the action of Of, via o : O — W(k). A
weight is a tuple k = (k,)oep with k, € Z. We shall often write k also as the

element

> kolo] € Z[B).

oceB
The weight k defines a homomorphism of algebraic groups over W(k), x = x :
Res(VQVL(%W(”) (G,,) — G,,, given on R-points by

X: (0L ®R)* = R, x(a@z) = [[(o(a)z)*.
ocB

A weight k, level N Hilbert modular form (HMF) f over W(x) “a la Katz” is a
rule associating to any W (k)-algebra R, any four-tuple A over R as above, and
any Or ® R-basis w of wyp (such a basis always exists locally on R) an element
f(A,w) € R, which depends only on the isomorphism type of the pair (4,w), is
compatible with base change R — R’ (over W (k)), and satisfies

F(4, aw) = x(a) ™ f(4,w)
for a € (O ® R)*. The (a, b)-g-expansion of f is the element
f(Ma,b(q)v (TrL/Q ® 1) © wa) ER,

where R, a and b are as above. Note that by our assumption that a is relatively
prime to p, 7 'a”' @ R = 07 ® R. Since Trp g : 0! — Z is an Op-basis of
Hom(d~1,7Z),
(Trp g ®1) owg @ Lie = R
is indeed an O, ® R-basis of w4, for A = Tateq,s(q).
For a weight k denote by ., the line bundle

L= Q) Lk

ceB

on . Let R be a W(k)-algebra and A a four-tuple over R as above, corresponding
to a morphism h : Spec(R) — .# over W (k). An Op ® R-basis w of wy,p yields
R-bases w, of the line bundles wy/g[0] = h*.Z, for every o € B, hence a basis w,
of Q@ ep wlo]®F = h* L. If f is a weight k HMF then f(A,w) - wy is independent
of w. We may therefore regard f as a global section of .%,, and vice versa, any
global section of %, over .# is a HMF of weight k and level N.

Since we assume that g > 2, by the Kécher principle any HMF f is automatically
holomorphic at the cusps, and the g-expansions of f lie in

RN {ag+ Z aaq”| ag,aqn € W(k)}.
a>0

The same analysis holds if we restrict to k-algebras R rather than W (k)-algebras,
and yields a definition of HMF’s of weight k and level N over k, as well as an
interpretation of such modular forms as global sections of £, over M, the special
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fiber of .#. We also get the mod-p (a, b)-g-expansion of a modular form over x as
an element of R/pR by the same recipe. However, in general, not every HMF over
x lifts to a HMF over W (k). The exact sequence

02,22 - L /p% —0

shows that the obstruction to lifting a HMF over & lies in H (., .%,).

Let My(N,W (k)) = H(#,%,,) denote the space of weight k, level N HMF’s
over W (k) and similarly My(N,x) = H°(M,.%,,) the space of weight k, level N
HMF’s over k. The g-expansion principle says that a modular form over W (k) (or
over k), all of whose g-expansions, for all choices of (a,b) - corresponding to the
various cusps of the Hilbert modular scheme - vanish, is 0.

The space

MAN, W () = @ My(N, W (x))
keZ[B]

carries a natural ring structure, and is called the ring of modular forms of level N
over W (k). Similar terminology applies to the ring M, (N, x) of modular forms of
level N over x. The g-expansion homomorphisms extend naturally to ring homo-
morphisms from these rings to the rings R or R/pR (depending on the choice of a
and b). However, different HMF’s over k (of different weights) may now have the
same g-expansions.

An important role in the study of g-expansions in characteristic p is played by
the g partial Hasse invariants h, (0 € B). These are modular forms over k, of
weights

by = pl6~" 0 0] — [o].
Their g-expansion at every cusp is 1. See Theorem 2.1 of [Go].
Following [DK]| we define the following cones C™in ¢ Cstd ¢ Ohasse in R[B):

o O™ = {3 a,[0]| pas > ay-10, Yo} (the minimal cone)

o 3" = {3"a,[0]| ay >0 Yo} (the standard cone)

o Chasse = [N, (pl¢p~t o] — [0])] ap > 0} (the Hasse cone).
For example, when g = 2 and p is split in L all three cones coincide. In contrast,
when p is inert in L they look as follows:

Let f € Mi(N, ). According to [A-G| Proposition 8.9, any other g € M/ (N, k)
having the same g-expansions as f is a product of f and partial Hasse invariants
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raised to integral (possibly negative) powers. Furthermore, there exists a weight
®(f), called the filtration of f, and g € Mg (s)(N, x) having the same g-expansions
as f, such that any other g1 € My (N, k) with the same g-expansions is of the form

g=g ][] hy
oeB

for some integers n, > 0. These results generalize well-known results of Serre for
elliptic modular forms in characteristic p.

Theorem 3.3.2. (|DK], Corollary 1.2) The filtration ®(f) € C™®.

3.3.3. Hilbert modular varieties with Iwahori level structure at p. The last piece of
input needed for the proof of Theorem 3.2.2 concerns I'g(p)-moduli problems, for the
primes p of L dividing p. References for the results quoted below are [G-K, Pa, St].

Let .#,(p) be the moduli problem over W (k) classifying isomorphism types of
tuples (A, H) where A € .# and H is a finite flat Op-invariant isotropic subgroup
scheme of Alp] of rank p/, where f = f(p/p). The meaning of “isotropic” is the
following.

Since we assumed that ¢ is relatively prime to p there is a canonical isomorphism
of group schemes ¢ ®p, A[p] ~ A[p] (sending o ® u to t(a)u). The canonical
ep-pairing Alp] ® A'[p] — p, therefore induces, via A, a perfect Weil pairing

(0 s Alp) @ Alp] = pip-
It restricts to a perfect pairing on A[p] (since the Rosati involution on Oy, is the
identity), and H is a maximal isotropic subgroup scheme of Alp].

If ¢ is not relatively prime to p, we may change it, in the definition of .Z, to
¢/ = ¢ where v > 0, so that ¢’ is now relatively prime to p, and get an isomorphic
moduli problem (the isomorphism depending on ). By “isotropic” we then mean
that H is isotropic with respect to the Weil pairing induced by the isomorphism
¢ ®o, Alp] ~ Alp] as above.

As before, the moduli problem .#;(p) is represented by a scheme, flat over W (k),
which we denote by the same letter, and the forgetful morphism is a proper mor-
phism .#(p) — 4. The scheme .#,(p) is normal and Cohen-Macaulay. We let

Mo(p) — M

be the characteristic p fiber of this morphism, over the field k. This morphism has
been studied in detail in [G-K]. Away from the ordinary locus, it is neither finite
nor flat.

Let M°*9 be the ordinary locus of M, the open dense subset where none of the
partial Hasse invariants h, vanishes. If k is an algebraically closed field containing x
and x : Spec(k) — M a k-valued point of M, then z lies on M°™ if and only if the
corresponding abelian variety A, = 2*(A") is ordinary.

Let My(p)°™ be the open subset of My(p) which lies over M°™. Then My (p)°rd
is the disjoint union of two smooth varieties. The component My(p)°*d™ (the
multiplicative component) classifies tuples (A, H) where H is multiplicative (its
Cartier dual is étale). The forgetful morphism is an isomorphism Mg (p)ord™ ~
M°™d, its inverse given by the section A — (A, A[Fr] N A[p]). Here Fr: A — A®) is
the relative Frobenius morphism (everything over a base scheme S lying over k).

The second component M(p)°'d°t (the étale component) classifies pairs (A, H)
where H is étale. The forgetful morphism My (p)°*det — MO is finite flat, purely
inseparable of height 1 and degree p/.
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To discuss the Atkin-Lehner map w we have to bring the polarization module ¢
back into the picture, because w will in general change it. We therefore recall
that all our constructions depended on an auxiliary ideal ¢ (at least on its narrow
ideal class in CIT(L)), and use the notation M*®, M{(p) etc. to emphasize this
dependency. We now define

w: Mg(p) = Mg (p), w(A, H) = (A/H,Alp]/H).

Here A/H is the tuple (A/H, ', \',n’) where ¢/ and n’ are induced by ¢ and 7. The
cp-polarization A’ of A/H is obtained as follows. Giving A is equivalent to giving a
homomorphism

1 1 ¢ = Homp, (A,At)sym =Pa

such that 7 («) is in the cone of Op-polarizations PZ if and only if a > 0, and
such that 1 induces an isomorphism

(R, A~ At

Denoting A/H by B and letting f : A — B be the canonical homomorphism, the
polarization X\’ is determined by a similar homomorphism

'(/)2 : Cp — HomOL(Bth)sym = PBa

defined by the relation
ftota(a)o f=(a)

for all o € pe C ¢. The existence of 12() stems from the fact that H is isotropic
for the pairing Alp] x A[p] — p, induced by ¢1(a). Its uniqueness is obvious,
and because of this uniqueness 12(-) is a homomorphism. See [Pa], 2.2. The
subgroup scheme Alp]/H C (A/H)[p] = p~'H/H is finite and flat, Op-invariant,
and isotropic with respect to X', of rank p/. The tuple (A/H, A[p]/H) therefore lies
on Mg¥(p), and w is well defined.

In the definition of w we may replace cp by a polarization module ¢’ which is
relatively prime to p, as was assumed for ¢, by multiplying by an appropriate v > 0,
keeping the strict ideal class of ¢p unchanged.

The Atkin-Lehner map is not an involution if the class of p in CI*(L) is not
trivial. Indeed,

w2(A, H) = (A/Alp],p H/AJp]) € M (p).

Nevertheless, as in the case of modular curves, it preserves the ordinary locus and
exchanges the ordinary étale and ordinary multiplicative components:

w Mé(p)ord,m ~ ]\4513(p)ord,et7 w e Mé(p)ord,et ~ Mép(p)ord,m.

We now define M¢(p)™ to be the Zariski closure of M§(p)°™™ in M¢(p), and
M§(p)et the Zariski closure of Mg (p)°*d-t. The following proposition summarizes
the situation.

Proposition 3.3.3. Both M§(p)™ and M§(p)®* are finite flat over M¢. The forget-
ful morphism is an isomorphism M§(p)™ ~ M€, and M§(p)°®* is purely inseparable
of height 1 and degree pf over M*. The map w induces isomorphisms

w s Mg (p)™ == MP(p)™, w s Mg (p)™ ~ Mg® (p)™.
Both M§(p)™ and M§(p)° are therefore smooth over k.
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Proof. Taking Zariski closures, it is clear that w maps M§(p)™ to Ms¥(p)°t and
M§(p)et to MgP(p)™. Let h be the order of [p] in CI*(L) and let v be a totally
positive element of L such that (v) = p”. Applying w successively 2h times we get
the map

M(p) = M3 (v), (A, H) > (4/AD], 7 H/AD)).
Denote by -, : Mgzc(p) — M§(p) the isomorphism
(AN s HY = (A N o (2@ 1), o (y@1); H).
Identifying A/A[y] with A under v (carrying v~ 'H éAh] to H) it is easy to check
that v, maps the tuple (A/A[y],7v"*H/A[v]) € My “(p) back to (A, H) € M§(p).
We see that

e 0 w?h

is the identity, hence w : M§(p) — M, (p) is an isomorphism.

The multiplicative component maps isomorphically to M€ since the section A —
(A, A[Fr] N A[p]) extends from the ordinary part to all of M and must map it
to M§(p)™ by continuity. It follows that M§(p)™ is smooth. Since M§(p)®* is
isomorphic to Mg* (p)™, it is also smooth.

It remains to prove that the morphism 7 : M§(p)®* — M* is finite flat, purely
inseparable of height 1 and degree p/. Consider (M§(p)°)®) = k x4 . M§(p),
which we canonically identify with M§(p)®, since it is actually defined over F,, and
the relative Frobenius morphism (we use Y as a shorthand for M§(p)°*)

Fry ). « Mg(p)** — Mg(p)°".

As M§(p)°* is smooth, Fry, is finite and flat of degree p?. We claim that there
is a morphism 6 : M — M§(p)°* such that Fry,, = 6 o 7. This will force both
0 and 7 to be finite flat and purely inseparable of height 1, as finite morphisms
between regular schemes are flat (“miracle flatness”, [Stacks], Lemma 10.128.1). As
the degree of 7 over the ordinary locus is pf, this is its degree everywhere, and as
a by-product we get that the degree of  is p9=7.

We define ¢ in the language of moduli problems. Let o : M ~ M§(p)™ be the
section A + (A, A[Fr] N Afp]) described before. Then w oo : M® ~ Ms"(p)* is an
isomorphism. Let p’ = Hwép q be the product of the primes of L dividing p that
are different from p. Let

0+ MEP(p) = M (p) = M7 (p)"
be the map
0 : (A H) — (AJA[Fr] N Alp'], H mod A[Fr] N Alp’]).

As H C Alp], and p and p’ are relatively prime, this map is well-defined and in fact
sends MP(p)et to MyP(p)et (it is enough to check this on the ordinary locus). We
let
=0 owoo: M — MgP(p)®* ~ MS(p)*".
In the last step, we have used the fact that pp’ = (p) is principal to identify
MEP(p)°t ~ M§(p)°* sending (A, ¢, A\, n; H) to (A, ¢, A\, n; H) where if X : cp®p, A ~
At is a ¢p-polarization, \ : c®p, A ~ A! is the c-polarization given by A = Ao (p®1).
It follows that
0(A, H) = (A/A[FY), Alp] mod A[FY)).
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To conclude the proof we have to show that for (A4, H) € M(p)°*
(A/A[FY], Alp]  mod A[FY]) = Fry,, (4, H).

It is enough to verify this for (A, H) € M¢(p)°*¥**, as two morphisms that coincide
on a dense open set, are equal. Assume that (A, H) € M§(p)° ¢t (k) is a k-valued
point, for a x-algebra k. Then Fr = Fr 4, is the relative Frobenius of A over k (not
to be confused with Fry,, on the right hand side!). But A/A[Fr] ~ AP/E (bage
change with respect to the absolute Frobenius of k), and since H is the unique étale
subgroup of A[p] of order p/, and A[p] mod A[Ft] is the unique étale subgroup of
AW)/E[p] of order pf, we must also have Alp] mod A[Fr] ~ H®)/k,

Finally, let us explain the equality (A(p)/ k g®)/ k) = Fry,..(A, H). Intuitively,
“the moduli of the object obtained by Frobenius base change is the Frobenius base
change of the original moduli”. However, as there are two different relative Frobenii
involved, care must be taken. Let (A, H) € Mg(p)°*dt(k) correspond to the point
x : Spec(k) — M§(p)°*det (over k). By the functoriality of Frobenius, we have the
following commutative diagram, where we have substituted Y = Mg(p)ord78t:

Spec(k) —F——>Y

Frk/m l l Fr Y/k

Spec(k®Vx) z y (o)

| |

Spec(k) ———=Y

Here the vertical unmarked arrows are the base change maps with respect to the
absolute Frobenius of k. The composition of the two vertical arrows on the right is
the absolute Frobenius ®y of Y, and the composition of the two arrows on the left
is the absolute Frobenius ®; of Spec(k). We therefore have

(A(p)/k,H(p)/k) — (I)Z(l‘*(éuniv,Huniv)) _ ((I)Y ° x)*(Auniv’Huniv) — FI"Y/N(A, H)
(In the last step, we identified Y (?)/* with Y, as it is defined over F,, hence we may
identify Fry (A, H) with ®y (A, H).) O
Corollary 3.3.4. The smooth k-variety M§(p)° is the quotient of M by a smooth
p-foliation of rank g — f.

Proof. The finite flat morphism 6 defined in the proof of the previous proposition
is purely inseparable of height 1 and degree p9~—/. The corollary now follows easily
from Theorem 2.2.1. |

3.4. Proof of Theorem 3.2.2.

3.4.1. Proof of parts (i) and (ii). Let ¥ C B. We have seen that the foliation Fx
is involutive. The obstruction k.4, to it being p-closed lies in

Hom(®y T s, T/ Fs) =~ @ @ Hom (%, %P, £7%)
cEX T¢S

=D P, 2.2

ocEX TES
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Here we used the fact that the pull back under the absolute Frobenius ®; : M —
M of a line bundle .Z is isomorphic to £P. Indeed, in characteristic p the map
[ ® s fs®P is an isomorphism Oy ®g.0,, £ ~ LP.

Lemma 3.4.1. Let 0 # 7. We have
0 T# $poo;

2
K- hz

D(M, 22 © £7%) = {

T=¢oo.

Proof. Let h be a non-zero Hilbert modular form on M of weight 2p[o] — 2[7].
According to Theorem 3.3.2 there exist integers ag > 0 such that

®(h) =2plo] — 2[7] = Y _as(plB] — [p o B]) € C™™ C C*4

BEB

(we end up using only the weaker result that the left hand side lies in C**4). If 7 is
not in the ¢-orbit of o and 7 € B, we get, upon summing the coefficients of 8 € B,
in ®(h) that

727(1)71) Zaﬂzoa

BEB,

a clear contradiction. It follows that 7 = ¢’c for some 1 <3 < f — 1 where f > 2
is the length of the ¢-orbit of o (if o € By, then f = f(p/p)).

Labelling the f € B, by 0,1,...,f — 1 so that ¢ o [i] = [i + 1 mod f], and
assuming, without loss of generality, that [o] = [0] and [r] = [i] for some 1 < i <
f — 1 we have

f-1 f-1
2p[0] — 2[i] = Y a;(pli] — G +1 mod f]) = k;[s,
§=0 j=0
where a; > 0 and k; > 0.

Summing over the coefficients we get 2p —2 — (p— 1) >_a; = > k; > 0, hence
Y a; = 0,1 o0r 2. We can not have a; = 0 for all j, since ®(h) € C**4. If a,,, = 1 and
all the other a; = 0 we again reach a contradiction since the coefficient of [i] comes
out negative, no matter what m is. There remains the case where ) a; = 2. In this
case all the k; = 0. Looking at the coefficient of [0] we must have 2p—pag+as_1 = 0.
This forces ag = 2 hence all the other a; =0 and 7 = 1.

This means that 7 = ¢oo and hh 2 has weight 0, i.e. is a constant in x, proving
the lemma. |

The lemma implies that if ¥ is invariant under ¢ (i.e. is a union of certain B,’s
for the primes p above p) then kg, vanishes, and %y is therefore p-closed. To
prove the converse, completing the proof of part (i) of Theorem 3.2.2, it is enough
to show that when ¥ = {o} the obstruction kg, is a non-zero multiple of h2__.
This will establish, at the same time, claim (ii) of the Theorem.

To this end we use g-expansions. Let R be one of the rings associated with
the cusps as in 3.3.1, and R = R/pR. The pull back of the tangent bundle of M
to Spec(R) is identified with the Lie algebra Der(R/k) and the Kodaira-Spencer
isomorphism yields the isomorphism (3.2)

KS : Tspec(r)/n = Der(R/k) ~ O ® R =P R,
o€eB
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Let {es} be the idempotents of O ® R corresponding to this decomposition. Then

KS: $g2|spec(R) ~ Re, = R,. The ring O, ® R has an endomorphism
pla®r)=a®r?

and p(ey) = egoo. Indeed,

a®l-p(e;) = pla®l-er) = (180 (a)€;) = 100()?-p(er) = 18(Po0)(a) p(eo)

s0 ¢p(eq), being an idempotent in Ryor, must equal egoc-

Let &, € Z;2 be the derivation mapping to e, under KS. If e, = Zj v @1
(v; € Op, rj € R) then by Katz’ formula (Lemma 3.3.1)

go’(z aaq®) = Z aa(z riTrr o(av;))e®.
a a 7
It follows that when we iterate &, p times we get the derivation

&0 ang™) = aa(z 7 Trr sq(a;))a”,

i.e. the derivation corresponding to ¢(e,) = €por. We conclude that &2 = {40 # 0,
hence Kz, is a non-zero section of fq;oi ® L2P.

Remark. The reader might have noticed that the same g-expansion computation
can be used to give an alternative proof of all of (i) and (ii) in Theorem 3.2.2.
However, we found Lemma 3.4.1 and the relation to the main result of [DK] of
independent interest, especially considering the extension of our results to other
PEL Shimura varieties.

3.4.2. Proof of (iii). We now turn to the last part of the theorem, identifying the
quotient of M by the smooth p-foliation

9 =P 7,
a7#p
with the purely inseparable, finite flat map 0 : M — My(p)°* constructed in Propo-
sition 3.3.3. Note that the rank of ¢ is g — f, while deg() = p9~—f. Since My(p)°* is
the quotient of M by the smooth p-foliation ker(df), and the latter is also of rank
g — f, it is enough to prove that df annihilates ¢ to conclude that

ker(df) = ¥,

thus proving part (iii) of Theorem 3.2.2.

To simplify the notation write N = My(p)®*, let k be an algebraically closed field
containing x, x € M(k) and y = 0(x) € N(k). Let A be the tuple parametrized
by . Then y parametrizes the tuple (A®) Fr(A[p])) where Fr = Fr/p.

Write T'M for the tangent bundle 73/, and T, M for its fiber at x, the tangent
space to M at x. Similar meanings are attached to the symbols TN and T, N. Let
k[e] be the ring of dual numbers, €2 = 0. In terms of the moduli problem,

T,M = {A e M(k[))]A mode=A}/~
and its origin is the “constant” tuple Spec(k[e]) Xspec(k) A. Similarly,
T,N = {(B,H) € N(k[e])| (B, H) mod e = (AP, Fr(A[p)))}/ ~
and its origin is the “constant” tuple Spec(kle]) Xgpec(k) (AP Fr(Ap))).
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Let 7= A € T,M be a tangent vector at x. In terms of moduli problems

~ ~(p)

d0(F) = 0(A) = (A" Fr(A[p))) € N(k[e])

where now A® = A®)/kld is the base change of A with respect to the raising-to-
power p homomorphism ¢ : k[e] — k[e], the PEL structure ¢, A, accompanying A
in the definition of A undergoes the same base change, and Fr = Fr 7 Ikl A— AP

is the relative Frobenius of A over k[e].

We have to show that if 7 € &4, C T, M then df(z) = 0, namely that the tuple

(E”), Fr(AJp])) is constant along Spec(k[e]). That EP) is constant along Spec(k|e])
is always true, regardless of whether T € ¢, or not, simply becasue ¢, factors
as the projection modulo €, kle] — k, followed by ¢, and then by the inclusion

k< kle] :
brg < kel = kB ko ke,
It all boils down to the identity (a + be)P = aP.

Suppose T € %, and let us show that Fr(A[p]) is also constant. Recall the local
models M N'°¢ of M and N constructed in [Pal, 3.3. Let R be any x-algebra.
Let W = (Op ® R)? with the induced Oy, action and the perfect alternate pairing

(e1, e is the standard basis)
(a®@t-e,0®@s5-e3) = —(b®s-e3,a®t-e1) =Try g(ab)ts € R,

(a®@t-e,bRs-e)=0 (i=1,2).

Then M!°¢(R) is the set of rank-1 O, ® R local direct summands w C W which are
totally isotropic (equal to their own annihilator) under (,).

Similarly, the R-points of N'°¢ are given by the following data. Fix a € Oy, such
that p = (a,p) but a =1 mod q for every prime q # p above p. Let u: W — W
be the O, ® R-linear map sending e; to e; and ey to a ® 1 - e5. Equivalently, if
we decompose W = @q,Wlq], w = 3, w(q), then u sends ez(p) to 0, but every
e2(q) for q # p to itself. Then N'°¢(R) is the set of pairs (w,w’) of rank-1 Op, ® R
local direct summands w,w’ C W which are totally isotropic such that u(w) C w'.

The scheme N'°¢ is a closed subscheme of a product of two Grassmannians, and
its projection to the first factor is M'"°.

We shall use the R-points of the local models with R = k or k[e] to study the map
df between T, M and T,N. Let W = (O, @ k)?, W = (O, ® k[e])?, and suppose
r = A corresponds to ¢ = (w C W) € M°(k). We may fix an identification
W = Hlp(A/k) so that w =wy = HO(A,Q}LWC).

Let 7 = A € M(k[e]) map to # modulo e. Let £ = (@ C W) € M@(k[e])
correspond to T under the isomorphism T, M ~ TEMIOC, ie. w mode = w. Fix
«a € w and suppose that @ = a + €8 (8 € W) is an element of @ mapping to «
modulo €. Since & is uniquely determined modulo €& = ew, the image 3 of 3 in

W/w = H'(A,O) = Lie(A") = w}.

is well-defined. We have thus associated to Z a map from w = wy to w,. Using the
polarization \ we view this as a map KS(Z) from w4 to w}. It is straightforward to
prove that @ is totally isotropic if and only if KS(¥) is symmetric, i.e. KS(Z)V =
KS(7). The following is a reformulation of the Kodaira-Spencer isomorphism:
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Proposition. The map KS is an isomorphism from T, M onto the space of sym-
metric O ® k-homomorphisms from wa to wy. The fiber 4, of the foliation 4
consists of those tangent vectors T for which KS(T) annihilates wa[p].

In the decomposition Op ® k = @, g ko, P ® k is the ideal of all (a,,) for which
0oy = 0 whenever o € B,. We therefore have

wlp] = P wlo]

oc€By,

(w[p] denotes the kernel of p, w[o] denotes the o-isotypical component of w), and
recall that each w[o] is one-dimensional over k. We conclude that if € ¥, then
whenever a € w and @ = o + €8 € w maps to it modulo ¢, then for any o € B,
the o-component of S is proportional to the o-component of a. In other words,
wlp] = kle] @ wlp]-

By the crystalline deformation theory of Grothendieck (equivalently, by the
local model), the group scheme A[p] over k[e] is completely determined by the
lifting @ of w to k[e]. In the notation used above W determines the point :g: =
(@ c W) € M™(k[e]), hence the deformation & = A € M(k[e]), and therefore
Alp]. Furthermore, the subgroup scheme A[p] is constant along ke if and only if
@[p] = k[e] ®x w[p]. We have therefore proved that if Z € %,, Alp] is constant along
k[e]. With it, so are Alp][Ft] and the quotient Fr(A[p]).

3.5. Integral varieties. Our goal in this section is to prove the following theorem.

Theorem 3.5.1. (i) Assume that ) G ¥ G B. Then the foliation Fs does not
have any (algebraic) integral variety in the generic fiber My of the Hilbert modular
variety.

(i) Assume that X is invariant under ¢. Let ¥.¢ be its complement. Then the
Goren-Qort stratum My, (see definition (5.8) below) is an integral variety of Fse
in the characteristic p fiber M of the Hilbert modular variety.

Proof. The proof of part (i) is transcendental. Had there been an integral variety
to % in characteristic 0, it would provide an algebraic integral variety over C.
But over the universal covering $)9 the analytic leaves of the foliation are easily
determined. If zgp = (20,0 )oep is a point of $Y, the leaf through it is the coordinate
“plane”
Hx(z0) ={z € 99| 2 = 20 VT ¢ X}.

Unless ¥ is empty or the whole of B, these coordinate “planes” do not descend to
algebraic varieties in I' \ $9 because the map Hx(z9) — I' \ H9 has a dense image.
In fact, [R-T] Proposition 3.4 shows that the analytic leaves of these foliations do
not even contain any algebraic curves.

(ii) Let H = H}5(A™ /M) be the relative de Rham cohomology of the universal
abelian variety over M and V : H — H Qo,, Q}, /i the Gauss-Manin connection.
For a vector field & € Tyz/,(U) over a Zariski open set U C M we denote by

Ve H(U) = HU)
the &-derivation obtained by contracting Q}WK with €. It satisfies (a € Op(U))

Ve(at) = £(a)t + aVe(t).
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If 0,7 € B and 7 is not in the ¢-orbit of o, and if § € .7, (U) C Ty (U) then,
since KS(§) annihilates
Ly =wlo] Cw CH,
V¢ induces an Ojr-derivation of the line bundle £, over U. The same holds with
Zpoo since T # ¢ o 0. By the usual rules of derivations, we obtain a derivation V¢
of the line bundle Hom(Zo0, £?), of which the partial Hasse invariant hgoo is a
global section.
Let us elaborate on the last statement. If ¢ is a section of .Z, then the induced
derivation of
P = Dga®p ~ Diﬂo(l?)
(the first is the p-th tensor product, the second the base-change by the absolute
Frobenius of M) is given by

VP (at?) = (a)t?

(equivalently, on Frobenius base-change, Vép)(a ®t) = £(a) ® t; note that this is a
canonical derivation, independent of the original V). If  is the relative de Rham
cohomology of A"V and H(?) the relative de Rham cohomology of A™V(®) then
the same formula applied to the Gauss-Manin connection of A™V gives the Gauss-
Manin connection of A"™V(®) Once again, the latter is the canonical connection
which exists on the Frobenius base change of any vector bundle. Any section of the
form 1 ®t is flat, just as any function which is a p-th power is annihilated by all
the derivations.

Finally, if h : Z4oe — £F is a homomorphism of line bundles, thenV¢h is the
homomorphism

(Veh)(t) = VP () — h(Ve(t)).

Lemma 3.5.2. The partial Hasse invariant heoo is horizontal for & € F;, i.e.

Proof. Tdentify £? with L) = 1L = Py (wlo]) = (P,w)[¢poo]. By definition,
h¢oo is the ¢ o 0 component of the Or-homomorphism

Viw—w? = D w,

induced by the Verschiebung isogeny Ver guniv /s : Awiv(p) _y Auniv Tt is horizontal
since the Gauss-Manin connection commutes, in general, with any map on H =
H},(A"™Y /M) induced by an isogeny, and in particular

Ve(hooo) = V& 0 hgoy = o © Ve = 0.
O

Let Hyor be the hypersurface defined by the vanishing of hyo, in M. By the
results of [G-O], it is smooth, and hge, vanishes on it to first order. Furthermore, for
different o’s these hypersurfaces intersect transversally. Let x € Hgor and choose
a Zariski open neighborhood U of z on which Hom(Zor, £7) is trivial. Let e
be a basis of Hom(Zyoo,-ZF) over U and write hgoo = he for some h € Oy (U).

Then Hyo, NU is given by the equation h = 0 and h vanishes on it to first order.
Furthermore, if £ € %, (U), by the Lemma we have

0 = Ve(hgoo) = &(h) - e+ hV¢(e),
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so along Hyor = {h = 0} we also have £(h) = 0. This proves that ¢ is parallel to
Hpoo,i€. & € Ty Hpoo C Ty M. Let 3 be a ¢-invariant subset of B. Since the same
analysis holds for every o € ¥ and every 7 ¢ ¥ we get that at every point x of

(3.3) My, = {z| ho(x) =0 Vo € &}
the p-foliation

Fse = BrgnFr
is contained in T, Ms, C T, M. As both %5 and T Ms, are vector bundles of the
same rank g — #(X), and both are local direct summands of TM, we have shown
that the Goren-Oort stratum My is an integral variety of Fse. O

4. V-FOLIATIONS ON UNITARY SHIMURA VARIETIES
4.1. Notation and preliminary results on unitary Shimura varieties.

4.1.1. The moduli scheme. We now turn to the second type of foliations considered
in this paper, on unitary Shimura varieties in characteristic p. Let K be a CM
field, [K : Q] = 2g and L = K7 its totally real subfield. Let p € Gal(K/L)
denote complex conjugation. Let E C C, the field of definition, be a number field
containing all the conjugates? of K. For

T € . := Hom(K, F) = Hom(K, C)

we write 7 =70 p. We let &+ = 7/ (p) = Hom(L, F) and write elements of it as
unordered pairs {7, 7}.

Let d > 1 and fix a PEL-type Og-lattice (A, (,),h) of rank d over Ok ([Lan],
1.2.1.3). Thus A is a projective Og-module of rank d (regarded, if we forget the
Ox-action, as a lattice of rank 2¢d), (,) is a non-degenerate alternating bilinear
form A x A — 2miZ, satisfying (ax,y) = {x,ay) for a € Ok, and

h:C — Endo, (A®R)

is an R-linear ring homomorphism satisfying (i) (h(z)z,y) = (z, h(2)y) (ii) (z,y) =
(2mi)~! (x, h(i)y) is an inner product (symmetric and positive definite) on the real
vector space A ® R.

The 2¢gd-dimensional complex vector space V' = A ® C breaks up as a direct sum

V=VeVy
of two (,)-isotropic subspaces, where V) = {v € V|h(z)v = 1 ® z - v} and Vi =
{veV|h(z)v =1®z-v}. The inclusion A@ R C A ® C =V allows us to identify
Vo with the real vector space A ® R, and then its complex structure is given by
J = h(i).
As representations of O

Vo ~ Z reT, Vi~ Z rrT,
TES TES
where the r, are non-negative integers satisfying r, + rz = d for each 7. We call
the collection {r.} (or the formal sum ) __ , r-7) the signature of (A, (,),h) ([Lan]
1.2.5.2), or the CM type.
Let N > 3 (the tame level) be an integer which is relatively prime to the dis-
criminant of the lattice (A, (,)). Let S be the set of bad primes, defined to be the

2We do not insist on the field of definition being the minimal possible one, i.e. the reflex field
of the CM type.
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rational primes that ramify in K, divide N, or divide the discriminant of A. The
primes p ¢ S are called good, and we fix once and for all such a prime p.

Consider the following moduli problem .# over Og[1/S]. For an Og[l/S]-
algebra R, the set .#(R) is the set of isomorphism classes of tuples A = (A, ¢, A\, n)
where:

e A is an abelian scheme of relative dimension gd over R.
e . : Og — End(A/R) is an embedding of rings, rendering Lie(A/R) an
Ok-module of type ) ,r-7.
e \:A— Alisa Z(Xp)—polarization whose Rosati involution preserves (t(Of)
and induces on it complex conjugation.
e 7 is a full level-N structure compatible via A with (A ® 7@, ().
See [Lan], 1.4.1.2 for more details, in particular pertaining to the level-V structure.

The moduli problem .# is representable by a smooth scheme over Og[1/5],
which we denote by the same letter. Its complex points form a finite disjoint union
of Shimura varieties associated with the unitary group of signature {r,}. Denote
by

Auniv — (Auniv’ Luniv7 )\univ’ nuniv)

the universal tuple over ./Z.

We let k be a finite field, large enough to contain all the residue fields of the
primes of E above p. Fix, once and for all, an embedding £ — W (k)[1/p], and
consider

M=k XOE[l/S] /f,
the special fiber at the chosen prime of Og[1/S5], base-changed to k. It is a smooth
variety over £ of dimension (rryes+ TrT7- We let 7 be its tangent bundle.

Via the fixed embedding of O in W(k) we regard .# also as the set of ho-
momorphisms of Ok to k. For a prime P of Ox above p we let f be those
homomorphisms that factor through () = Og /B,

I =[] P, Iy =Hom(x(R),r) = Hom(Ok g5, W (k).
Blp
The Frobenius ¢(x) = xP acts on # on the left via 7 +— ¢ o7 and the Sy are
its orbits, each of them permuted cyclically by ¢. Following Moonen’s convention
[Mo], when we use .y as an indexing set, we shall also write ¢ for 7 and i + 1
for ¢ o 7. This will be done without further notice to avoid the heavy notation
Ti+1 = (b o T;.

4.1.2. The Kodaira-Spencer isomorphism. Let m : A"V — _# be the structure
morphism of the universal abelian variety, and

w = 7T:k(gzkuniv/’//[) C H - Rlﬂ-*(QEuniv/%)

its relative de-Rham cohomology H and Hodge bundle w. These are vector bundles
on .# of ranks 2¢gd and gd respectively. The Hodge bundle w is the dual bundle to
the relative Lie algebra Lie = Lie(A" /.#). Since E contains all the conjugates of
K, S contains all the ramified primes in K, and O_4 is an Og[1/S]-algebra, these
vector bundles decompose under the action of O into isotypical parts

w= P ulrl c @ Hlr|=H.

TES TES
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For each 7 the rank of w[7] is 7., and we have a short exact sequence (the Hodge
filtration)

0 — w[r] = H[7] = R'7u(O guniv)[1] = 0.

Since A"V is a prime-to-p quasi-isogeny, and the Rosati involution on (""V(Of) is
complex conjugation, after we base-change from Og[1/S5] to W (k) the polarization
induces an isomorphism

R4 (O goniv)[7] = R (O pomivye ) [7] = Lie[7] = wl7]".

Since rk(w[7]) + rk(w[7]) = d, each H][r] is of rank d.
We introduce the shorthand notation

Pr = wt].
The Hodge filtration exact sequence can be written therefore, over W (k), as
(4.1) 0— P, — H[r] = P — 0.
For any abelian scheme A/R, there is a canonical perfect pairing
{.Yar : Hip(A/R) x Hjp(A'/R) — R.

In our case, using the prime-to-p quasi-isogeny A to identify HJ,(A/R)[7] with
H},(A'/R)[], we get a pairing

{, }ar : H[7]) x H[F] = O.4.
Under this pairing P, and P are exact annihilators of each other, and the induced

pairing between P, and P, is the natural one.
The Gauss-Manin connection is a flat connection

V:H—-H2Q,.

If £ € T is a vector field (on an open set in .#, omitted from the notation) we
denote by V¢ : H — H the {-derivation of H obtained by contracting Qiﬂ, with &.
Since V commutes with the endomorphisms, V¢ preserves the 7-isotypical parts
H|[7] for every 7 € .#. When V¢ is applied to P, and the result is projected to Py,
we get an O _y -linear homomorphism

KSY(€), € Hom(P,,PY) ~P) @ PY.

Using the formalism of the Gauss-Manin connection and the symmetry of the po-
larization, it is easy to check that when we identify PY @ PY with Py ® Py,

KS(6), = KSY(&).

Thus KSY (¢), depends only on the pair {7, 7} € #% i.e. on 7|;. When we combine
these maps, we get an O_y-linear homomorphism

Ks'©e @ PYePry
{r,7}es+
Proposition 4.1.1 (The Kodaira-Spencer isomorphism). The map
KS':T~ & PYaP/
{r,7}est

sending € to KSY (&) is an isomorphism.
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We let KS be the isomorphism dual to KS", namely

(4.2) KS: @ P.oP-~0,.
{r,7les+

4.1.3. The p-ordinary locus of M. For a general signature, the abelian varieties
parametrized by the mod p fiber M of our moduli space are never ordinary. There
is, however, a dense open set M°4 C M at whose geometric points A™V is “as
ordinary as possible”. To make this precise we introduce, following [Mo] 1.2.3,
certain standard Dieudonné modules and their associated p-divisible groups.

Let k be an algebraically closed field containing k. If A is an abelian variety over
the field k, with endomorphisms by Of, its p-divisible group A[p>°] breaks up as a
product

Alp™] =TT AR™]
Blp
over the primes of Ok above p, and APB>°] becomes a p-divisible group with O g-
action.
Fix a prime B|p and write O = Ok . Let

f: Sy = Hom(O, W(k)) — [0, d]

be an integer-valued function. Let M (d, f) be the following Dieudonné module with
O-action over W (k). First,

M(d,§) = Dic.osy M;

where M; = @9_, W (k)e; ; is a free W (k)-module of rank d. We let O act on M; via
the homomorphism i : O — W(k). We let F' (resp. V) be the ¢-semilinear (resp.
¢~ 1-semilinear) endomorphism of M (d, §) satisfying (recall the convention that if i
refers to the embedding 7 then ¢ + 1 refers to ¢ o 7)

s 1<i<d—1i(i
Fle; ;) = elflu‘ S| = d . f(2)
peisiy  d—f(i)<j<d

and

ey [ pos 1<i<d=in)
7 €ij d—f(i)<j<d

Then M(d, f) is a Dieudonné module with O-action, of rank [O : Z,]d over W (k). We
let X (d,f) be the unique p-divisible group with O-action over k whose contravariant
Dieudonné module is M (d, f).

Let N(d,f) = M(d,f)/pM(d,f). This is the Dieudonné module of the finite group
scheme Y (d, f) = X(d, f)[p]. The cotangent space of X (d, f) is canonically isomorphic
to N(d,f)[F] = @ieﬂ:ﬁ @?:d—f(i)-u ke; ;. It inherits a (93)-action and its i-isotypic
subspace @j:d—f(i)—i—l ke; ; is §(i)-dimensional.

Let X be a p-divisible group with O-action over k. In [Mo|, Theorem 1.3.7, it
is proved that if either X is isogenous to X (d,f), or X|[p] is isomorphic to Y (d, §),
then X is already isomorphic to X (d, f).

Definition 4.1.2. Let A be an abelian variety over k with Og-action, of dimension
2gd. Then A is called p-ordinary if every A[P>°] with its Ok p-action is isomorphic
to some X (d, f).
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Let A be a p-ordinary abelian variety over k with Og-action and CM type {r;}
as before. The cotangent space of A may be identified with that of A[p™]. From
the relation between the cotangent space of A[p™] and its Dieudonné module, it
follows that if 7 =i € Sy, f(i) = r,.

It follows that the function f is determined by the signature, hence all the u-
ordinary A/k parametrized by geometric points of M have isomorphic p-divisible
groups. Wedhorn proved the following fundamental theorem.

Theorem. [Wed, Mo| There is a dense open set M°'% C M such that for any
geometric point x € M (k) the abelian variety A is p-ordinary if and only if
x € M4(k).

Using the slope decomposition explained below, it is possible to attach a Newton
polygon to a p-divisible group with Og-action, and the points of M4 are charac-
terized also as those whose Newton polygon lies below every other Newton polygon
(Newton polygons go up under specialization).

4.1.4. Slope decomposition over M°™. We next review the slope decomposition of
the PB-divisible group of a p-ordinary abelian variety A with Og-action over an
algebraically closed field k& containing . Recall that A[P>] ~ X(d,f). For each
1 < j < d the submodule

M(d.fY = P W(kes,
inrp
of M(d, ) is a sub-Dieudonné module of O-height 1. Its slope is the rational number
il > d— ()}
B2Y

Note that the slope of M(d, f)?*! is greater or equal than the slope of M (d, §)7, and
if they are equal, M (d,f)? ™t ~ M(d,f).

Let 0 < A\ < Ao < -+ < A <1 be the distinct slopes obtained in this way,

and for 1 < v < r let d” be the number of j’s with slope(M(d,f)’) = \,. Define a
function f* : Sp — {0,d"} by

PO Ve ez a0,

Then grouping together the M(d,f)’ of slope A\, we get an isoclinic Dieudonné
module isomorphic to M(d”, ). We arrive at the slope decomposition

M(d.f) = P M(d”. "),
v=1
and similarly for the p-divisible group
X(d.p =[] X(@.i").
v=1

This description is valid for u-ordinary p-divisible groups (with O-action) over
algebraically closed fields only. Its significance stems from the fact that when we
study deformations, the isoclinic p-divisible groups with O-action deform uniquely
(are rigid), and the deformations arise only from non-trivial extensions of one iso-
clinic subquotient by another one, of a higher slope. Over an artinian ring with
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residue field k the slope decomposition is replaced by a slope filtration. The study of
the universal deformation space via these extensions lead Moonen to introduce his
cascade structures, which are the main topic of [Mo]. Finally, we remind the reader
that by the Serre-Tate theorem, deformations of a tuple A € M (k) correspond to
deformations of A[p®°] with its Ok-structure and polarization. Moonen’s theory of
cascades supplies therefore “coordinates” at a p-ordinary point = € M°*4(k), rem-
iniscent of the Serre-Tate coordinates at an ordinary point of the usual modular
curve.

4.1.5. Duality. Finally, let us examine duality. Quite generally, the Cartier-Serre
dual of A[p>]is A'[p>]. A Z-polarization \ therefore makes A[p>] self-dual. In
the presence of an Of-action as above, the duality induced by A sets AB*] in
duality with A[J3>°]. Let p be the prime of L underlying 3. We distinguish two
cases.

(a) If pOx = PP is split, there are no further restrictions on AP>], but AP
is completely determined by A[P°°].

(b) If pOx = P is inert, A[P°] is self-dual. In this case let m = [k(p) : Fp] be the
inertia degree of p, so that [k(P) : F,] = 2m. Complex conjugation p € Gal(K/L)
fixes P, so induces an automorphism of (), and for 7 € F we have Top = ¢™or.
Recall that we denoted 7 by i and ¢ o7 by i + m. If A is uy-ordinary, the self-
duality of A[PB°] is manifested ([Mo] 3.1.1, Moonen’s ¢ = +1 in our case) in a
perfect symmetric W (k)-linear pairing

@ M(d,§) x M(d,f) — W(k)
such that

p(Fz,y) = p(z,Vy)?
plaz,y) = o(z,ay)

(a € Ok). This (or the relation r, 4+ r> = d) implies that (i) + f(i + m) = d. In
fact, M; is orthogonal to M, unless i’ = i+ m and we can choose the basis {e; ;}
in such a way that

SD(ei,j, ei+m,j’) = Ci,j(sj’,dqtlfj
with some ¢; ; € W(k)* (Jq,5 is Kronecker’s delta). This means that the Dieudonné

modules M (d, )’ and M (d,f)%**~7 are dual under this pairing. See [Mo] 3.2.3, case
(AU).

4.2. The V-foliations on the p-ordinary locus.

4.2.1. Construction. Consider the universal abelian variety A"V over M, which
we now denote for brevity A, and its Verschiebung isogeny

Ver: A®) = M Xo,, M A— A

The relative de Rham cohomology of A®), denoted #(?), may be identified with
@3, H, and its Hodge bundle w® with ®j,w. Letting a € Ok act on AP as
1P)(a) = 1 x1(a) we get an induced action ¢(?) of O on HP) and on w®). However,
for T € S

HIr|®) = 03, (HIr]) = KO [po 7],
because if z € H[r] and 1 ® € Op ®g,0,, H[T| = @3, (H[7]), then

Pa)(1ez)=107(a)z =10 @z =dor(a) - (1®x).
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The isogeny Ver commutes with the endomorphisms,
Ver o 1P)(a) = 1(a) o Ver,
and therefore induces a homomorphism of vector bundles
Vit = HO[r] = Hlg™ o],
and similarly on w[r] = P,
Vi Py (PW), = (Pyorer)).

We shall use the notation P(;p ) for the right hand side.

—lor
At a p-ordinary geometric point z € M°*4(k) we may identify the fiber H, =
H},(A;/k) with the (contravariant) Dieudonné module of A,[p], and the linear

map V : H, — ’Hg(cp ) with the ¢~ !-semilinear endomorphism V of the Dieudonné
module. Let 7 =i € #p. Recalling the shape of the Dieudonné module M(d,§) of
A, [B>°] we conclude that P, ,[V] =w,[7][V] =0 if f(i — 1) > §(¢), and
d—j(i-1)
'P-,—J[V] = Z kei,j
j=d—f(i)+1

if (4 — 1) < f(i). We recall that §(i) = r- and f(i — 1) = 74-15,.

The following is the main definition of the second part of our paper.

Definition 4.2.1. Let & C .#%t. Let® %5 C T be the subsheaf on M4 which is
the annihilator, under the pairing between 7 and Q},, of

KS| > (P-aP)VaV]
{r,7}ex

Our first goal is to prove that %y is a p-foliation. Note that at every x € M (k)
(4.3) Pro@PrzlVOV]=Pra[V]®Pr o+ Pro®Pra[V].

By the discussion above, if 2 € M°"(k), the first term is a subspace whose dimen-
sion is

max{0,7; —ry-1o,} - (d—17)
and the second is of dimension 7, - max{0,74-1o, — 7, }. Here we used the relations
¢ lor=¢ totop=¢ toTand r; = d—r,. At most one of the terms is
non-zero, and both are zero if and only if either 7. = ry-1,,,7- =0 or r, =d. In
particular,

dimy Prp @ Pr [V @ V]
is the same for all x € M° (k).

3The reader might have noticed a twist in our notation. While the foliations denoted #x on
Hilbert modular varieties, in the first part of our paper, grow with X, our current %y, become
smaller when ¥ grows. This could be solved by labelling our .#y5; by the complement of ¥, but as
the two types of foliations are distinct and of a different nature, we did not find it necessary to
reconcile the two conventions.



FOLIATIONS ON SHIMURA VARIETIES IN POSITIVE CHARACTERISTIC 29

Lemma 4.2.2. For {r,7} € 9% let

rF N 7} = max{0,7; —ry-10,} - (d —77) + 77 max{0,75-10, — 7.}

(this quantity is symmetric in 7 and 7). Over M°', the subsheaf Fs is a vector
sub-bundle of T of corank rv(X) = Z{r,f}ez raXd{r, 7}. Its rank is given by the
formula

rk(Fx) = Z TeTs + Z min{ry,ry-10,} - min{rs, ry-1.7}.
{r,7}¢% {r,7}ex
Proof. The sheaf 4, = (P, ® Pz)[V ® V] is a subsheaf of P, ® Pz, and Fy, the
annihilator of KS(E:{T,%}GE .) in T, is saturated. This is because Ops has no zero
divisors: if f € Oy, £ € T and f€ € Fyx, then for every w € KS(E:{Tj}GE Y,) we
have f <w7£> = <wvf£> =0, so <w7§> =0.

Quite generally, if M is a variety over a field k, F and G are locally free sheaves
of rank n, and T' € Homop,, (F, G) is such that the fiber rank rk(7,) = m is constant
on M, then ker(T) is locally a direct summand (i.e. a vector sub-bundle) of rank
n — m. Compare [Mu], II.5 Lemma 1, p.51. It is in fact enough to verify the
constancy of rk(T,) at closed points, because every other point y € M contains
closed points in its closure, and the fiber rank can only go up under specialization.
Applying this with F = P, @ P, G = F® and T = V ® V we deduce that %,
hence also %y, are vector sub-bundles.

The rank of Fy is
Z Ty — Z r“)fd{r, T}
{r,7}es+ {r,7}€X
For {7,7} € ¥ we first assume that 74-1,, < r,. We then have

Tt — TP, T} = 10rs — (Pr — Tgm107)T7 = Tg-107T7

But by our assumption r4-1,, = min{r;,74-1,,} and r= = min{rz,r4s-1,7}. The
case ry-1o,; > 77 is treated similarly.

4.2.2. Closure under Lie brackets and p-power.

Lemma 4.2.3. The vector bundle Fx is involutive: if £, 1 are sections of Fx, so
is [§,m].

Proof. The proof is essentially the same as the proof of Proposition 3 in [G-dS1].
For a € P, and 8 € P> we have the formula

(KS(a®@ B),€) = {Ve(a),Btir € Om

(loc. cit. Lemma 4). Thus, £ € %y if and only if for every 7 such that {7,7} € &
we have

Ve(P-[V]) L P-
under the pairing {, }ar : H[7] X H[T] — Ops. But the left annihilator of Pz is
P-. The Gauss-Manin connection commutes with isogenies, so in particular carries
H[V] to itself. It follows that & € Fx if and only if

(4.4) Ve(P-[V]) € P-[V]

for any 7 such that {7,7} € . The Gauss-Manin connection is well-known to be
flat, i.e.
Vignm = VeoVy = Vyo Ve,
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so if both € and 7 lie in .#yx, (4.4) implies that so does [¢,n)]. O
Lemma 4.2.4. The vector bundle Fy; is p-closed: if & is a section of Fs, so is &P.

Proof. Again we follow the proof of Proposition 3 in [G-dS1]. The p-curvature
P(€) = Vi = Ve

does not vanish identically, but is only a nilpotent endomorphism of H ([Ka-Tur],

§5). However, denoting by HP) = &%, H = H} (AP /M) (A = A™V) the relative

de Rham cohomology of A®) and by F the map induced by the relative Frobenius
Fr: A — A® on cohomology, we have

H[V] = F*H®).

Furthermore, since the Gauss-Manin connection commutes with any isogeny, the
following diagram commutes

F*

(4.5) HP) H

v<p)=vcanl Lv

HP) @ Qr RN ® Qs

Here V®) | the Gauss-Manin connection of A®) turns out to be the canonical
connection V.4, that exists on any vector bundle of the form ®3,H, namely if
f®aecOy 40y H,
Vean(f @) =df @

(that this is well-defined follows from the rule d(¢g?f) = gPdf). The commutativ-
ity of (4.5) implies that the restriction of V, the Gauss-Manin connection of A,
to F*HP) = H[V] is the connection denoted V.q, in [Ka-Tur|. It follows from
Cartier’s theorem (loc. cit. Theorem 5.1) that ¢ (£) vanishes when restricted to
H[V]. We conclude the proof as in the previous lemma, using the criterion (4.4)
for € to lie in Sy. O

Altogether we proved the following.
Theorem 4.2.5. The sheaf P, is a smooth p-foliation on M4,

We stress the difference between the tautological foliations on Hilbert modular
varieties, which were p-closed only if ¥ was invariant under the action of ¢, and
the V-foliations on unitary Shimura varieties that are always p-closed. The reason
lies in the last Lemma, in the delicate relation between the p-curvature of the
Gauss-Manin connection and the kernel of Verschiebung.

4.3. Relation with Moonen’s cascade structure.

4.3.1. Moonen’s cascade structure. In [Mo] Moonen generalized the notion of Serre-
Tate coordinates to any Shimura variety of PEL type in characteristic p. Here we
recall his results in the case of our unitary Shimura variety M.

Fix a p-ordinary geometric point x : Spec(k) — M. Let W = W (k) be the
ring of Witt vectors over k, and consider the category Cy of local artinian W-
algebras with residue field k&, morphisms being local homomorphisms inducing the
identity on k. Let FSy, be the category of affine formal schemes X over W with
the property that I'(X, Ox) is a profinite W-algebra (the last condition regarded as
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a “smallness” condition). By a theorem of Grothendieck, associating to X € FSy,
the functor of points R +— X(R) (R € Cyw ) identifies FSy, with the category of
left-exact functors from Cyy to sets. .

Equip FSy, with the flat topology and let ¥ = FSy be the topos of sheaves
of sets on it. Since the flat topology is coarser than the canonical topology, FSy,
embeds in FSy, (Yoneda’s lemma). In particular, we may consider Spf(@//,’x) as
a sheaf of sets on FSyy.

Let D = Def(X') be the universal deformation space of the pair

X/ — (A;nlv[poo] Lunlv).

For every X € FSy the deformations of X' over X make up the set D(X), and

D e F/‘gw. In fact, it is representable by a formal scheme in FSyy .
If X"P is the Cartier dual of X, with the Ox-action

Pla) = ua)?,

then Def(X" ") = D as well, since any deformation of X’ yields a deformation of
X"P and vice versa. (The cascade structures defined below will be dual, though.)
The polarization A%V : X ~ XP (intertwining the actions : and () induces an
automorphism

v :D = Def(X') ~ Def(X'"P) =D,
and the subsheaf D* = {z € D|vy(z) = x} of symmetric elements in D is the
universal deformation space of

X — (A;lniv [poo} Luniv’ A;niv)'

'Y

See [Mo], 3.3.1. Like D, its sub-functor D* € Ff‘éw, and is representable. Indeed,
D? is represented by the formal scheme Spf(O_ 4 ), and its characteristic p fiber

by Spf(Opr.z).

We refer to [Mo], 2.2.1, for the precise definition of an r-cascade in a topos T. A
1-cascade is a point, a 2-cascade is a sheaf of commutative groups, and a 3-cascade
is a biextension. The general structure of an r-cascade in ¥ generalizes these notions
(see below).

In [Mo], 2.3.6, Moonen defines a structure of an r-cascade on D, where r is the
number of slopes of X (see §4.1.4). Thus Spf(@//;@) (or rather, the sheaf that it
represents) is endowed with the structure of symmetric elements in the self-dual
r-cascade D.

4.3.2. Previous results. When K is quadratic imaginary and p is inert we showed
in [G-dS1|, Theorem 13, that the foliation we have constructed (denoted there
T ST, and here %) is compatible with Moonen’s cascade structure on M ord jp
the following sense. Let (n,m) be the signature, n > m, so that rk(ZFs) = m?.

Let * € M°4(k). The number of slopes of AU"V[p>] turns out to be three, and
Spf (5Mm) acquires from the cascade structure a structure of a @$2—t0rsor. The
formal torus @mz gives rise to an m?2-dimensional subspace of the tangent space
at x, and in loc. cit. we proved that this subspace coincided with the foliation.

We find that while the cascade structure “lives” only on the formal neighborhood
of x, and does not globalize, its “trace” on the tangent space globalizes to the
foliation that we constructed in the tangent bundle of M°™d,
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4.3.3. The general case: subspaces of the tangent bundle defined by the cascade.
We shall now describe how this result generalizes to the setting of our paper. For
simplicity let us assume that p is inert in L, pOp = p. Both the foliation and
the cascade structure break up as products of corresponding structures over the
primes p of L dividing p, so with a little more book-keeping the general case follows
the same pattern as the inert case.

We shall also assume that p splits in K, and write as before pOx = PB. The
other case (p inert in K) is a little more complicated, but can be handled in a
similar way. The assumption that p splits in K allows us to concentrate on the
deformation space of X = AWV[P>] as a p-divisible group with Og-action, and
ignore the polarization. The resulting deformation space is just an r-cascade Dgy.
Then, D = Dy x Dy, and the polarization induces an isomorphism Dy ~ Dy = Dig
that we denote z + ~(z); D* is the set of pairs (z,7(z)) € D, and is therefore
isomorphic to Dyg.

Because of the relation Zx,ux, = %x, N Fy, it is enough to determine the
relation of #; 71 to the cascade structure, and the general case will follow from it.
As we have seen in (4.2), the Kodaira-Spencer map yields an isomorphism

KS': T~ P PyYePy,
{o,0}est
and we may write
Tiooy = (KSY) "1 (P &P7).
We then have

(4.6) Firn= D Two ®6mn
{o.5}#{r.,7}

where &, 71 C T{ 7} is the annihilator of KS(P, @ Pz[V @ V). If we choose the
labelling so that r4-1,, < 7 then over M we have P, @ P- [V V] =P, [V]®P:
and

rk @@{T,‘F} =Tep-1r" (d - ’I“T).
Although our p-foliation is ., 71 and not &, 7y (the latter is an involutive sub-
bundle but need not be p-closed!), for our purpose it will be enough to relate &, 7}
to the cascade structure.

Choose the notation pOx = PP so that 7 € SHy and 7 € g Asin §4.1.3
let X(d,§) (now for f : #z — [0,d]) be the standard p-divisible group with Og-
structure over k whose Dieudonné module is M(d,f). As before, f(i) = r, if i =
o € . Let r be the number of distinct slopes of X (d, ) (not to be confused with
the CM type {rs}).

Fix # € M°*4(k). We recall some notation related to the cascade structure at .
There is a canonical r-cascade structure

¢ ={r@ ged1<a<b<r}
on the deformation space
Spf(On,z) = Dip.

The I'(®?) are formal schemes supported at z, and I:7) = Dg. They are equipped
with (left and right) morphisms

A F(a,b) — ]_-\(a,bfl), p: F(a,b) N ]_-\(aJrl,b)’
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satisfying A o p = po A (where applicable). Each I'(“:?) is endowed with a structure
of a relative bi-extension of
(a+1,b)

F(a’bil) Xp(at1,—1) I'

by a formal group that we denote by G(?) (in the category of formal schemes over
[(e+1.5-1)) " See the following diagram.

T(ab)
,b)
\
T(ab=1) « 1(a+1,b)
T(at1,b—1)
F(a,bfl) F(aJrl,b)
\ /
F(a+1,b—1)

In fact, G(@") = Ext(X@ X(®) where X*) is the v-th isoclinic component
of AWV[PR>] ~ X(d,f). This identification should be interpreted as an identity
between fppf sheaves of Ox-modules; each X (), with its Og-structure, is rigid,

)

so admits a unique canonical lifting X}(%V to any local artinian ring R with residue

field k£, and
G@Y(R) = Extp(X4), XW).
Let
T = kerd(), p)
where d(\, p) is the differential of the map
()\,p) : F(a’b) — F(a’b_l) X(at1,b—1) F(a+1’b).
This is the subspace of the tangent space of T'(%:?) “in the direction” of G(**). Thus,

ab) _ (a) (b)
7;( ) = Eth[S](Xk[E]7Xk[g])

is the k-vector space of all the extensions, over the ring of dual numbers k[e], of the
formal @ g-module X (® by the formal O g-module X ®).
Using these spaces we define subspaces

7;[a,b] c 7;

by a descending induction on b —a for 1 < a < b < r. First, 7;[“} = E(l’r).
Suppose 7;[a’b} have been defined when b —a > s, let b — a = s and consider
U="T./ Z[a,b]g[a’,b'] ’7;[(1 ] Then a;(a’b) is a subspace of U and we let 7;['1’“ be its
preimage in 7,, so that
7;(a,b) — 7;[(1,1)]/ Z 7;[11’,1)’].
[a,b]Cla’,b']

For example, if r = 3 then Spf (5 a.2) = D) has the structure of a bi-extension of
[(12) x 723) phy g3 T3 is the tangent space to G(1:3), ’7;[1’2]/7;[1’3] = 7%

is the tangent space to I'™?) and, likewise, 7;[2’3]/7;[1’3] = 7;(2’3) is the tangent
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space to I'>3) (all tangent spaces are at the origin). In general, we have defined a
collection of subspaces of T, indexed by closed intervals [a,b] with 1 < a < b <,

so that 7. D 7.7 whenever I C J. The filtration of T, by the T34 is not linearly
ordered, but its graded pieces are the 7;(‘1"1’), the tangent spaces to the G(@).

4.3.4. The relation between the cascade and &, 7. Depending on our 7, we define
two integers 0 < p; < ¢; < r. Recall that the v-th isoclinic group X () is of the
form

x® — X(d”,f(”)) — X(l,g(”))du
with g : Ay — {0,1}, @) = @¥g®), and gtV > g If r =i € Sy we let

br = #{V| g(y)(z) = 0}7 dr = Pyp—1tor = #{V‘ g(U)(Z - 1) = 0}7
so that f(i) = >-,_, ., d” and similarly f(i — 1) = 3° dv.

r
v=q,+1

Proposition 4.3.1. The fiber of &, 7y at x coincides with the subspace ’E[p”qT—H] N

Tir7ya If pr =0 or g =1 this is 0.

We can summarize the situation as follows. The Kodaira-Spencer isomorphism
induces a “vertical” decomposition of the tangent bundle into the direct sum of the
Tio,5)- The foliation F =y is “vertical” in the sense that it combines the subspace
&tr7y C Tirzy with the full T¢, 5y for all {o,6} # {7,7}. The cascade structure,
on the other hand, results from the slope decomposition of X(d,f), and induces a
“horizontal” filtration by the 71** on the tangent bundle. The proposition describes
the way these vertical decomposition and horizontal filtration interact.

Proof. We first compute the dimension of 7,774 ™1 0 Tir7},0- The graded pieces

of 7;[p7’q7+1] are the E(a’b) for 1 <a < p;and g +1 < b < r. The dimension of
7;(a’b) is the dimension of the formal group
GHP = Ext(X), X)) = Ext(X (1,9), X (1,8") """,
which is d®d” Yiesy (g (i) — g'@(i)). The dimension of 73779 ™ is therefore
YooY dd Yy V) -,
1<a<p, g, +1<b<r i€y

and the dimension of 7;[1)”%“] N T¢r7},2 is the contribution of ¢ = 7 to this sum.
But from the way p, and ¢, were defined it follows that for the particular index i

corresponding to 7 we have, for all a and b in the above range, g® (i) = 1 and
g(® (i) = 0. It follows that

dm TN T o= Y > dd =y (d—1r) =1k Erpy.
1<a<p; ¢, +1<b<r
To conclude the proof of the Proposition it is therefore enough to show the inclusion
Wy = TP PN T 0 C Ery,
i.e. that W, annihilates KS(P.[V] ® P;). Let
116 < Spf(@MJ)
be the infinitesimal neighborhood of z in the direction of W,,. More precisely,

& = Spf((Onr,e/m2)/((ma/m2)[Wa]))
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where (m,/m2)[W,] is the subspace of the cotangent space at z annihilated by
W, C Tz To conform with [G-dS1] we introduce the following notation. Let A =
i*Auniv’

H=Hip(A/S) = i*Hig(A™ /Oy.), P=i"Py, Po=P[V], Q=i"P;.

Over M4 the p-divisible group A"V[3>] has an Ox-stable slope filtration by
p-divisible groups

g{'(?“) C %(Tflﬂ“) Cc.--C %(177’) _ Auniv[moo]’
characterized by the fact that at each geometric point € Mo
gbrx(a,r) _ X(a) NI X(r)’

where X ) is the v-th isoclinic factor of AUV[P>] (the slopes increasing with v).
Let

0 C Fil? = i* (2 @+t c Fil' = i* (2 P+ c Fil° = A[P>).

It follows from the construction of the cascade ¥ = {I'®")} that while the full
A[P>] does deform over &, its subquotient p-divisible groups Fil' and Fil®/Fil?
are constant there: they are obtained (with their Og-structure) by base change
from the fiber at x. Indeed, as the only non-zero graded pieces of 7;[” 791 are the
E(a’b) for a < p, and ¢, +1 < b, only extensions of X by X®) for ¢ an b in these
ranges contribute to the deformation of A[P>] over &. But such an X(*) does not
participate in Fil', and X® does not participate in FilO/FﬂQ.

It also follows from our choice of p, and ¢, that Py pairs trivially with the
tangent space to Fil?, so can be considered a subspace of the cotangent space of
the p-divisible group G = Fil’/Fil®. Let D(G) = D(G)gs be the evaluation of the
Dieudonné crystal associated to G on &. This is an Og-module with Og-action,
and it is equipped with an integrable connection V. We have D(G) C D(A[p*]) =
Hl.(A/&)=H and

V:D(G) — D(G) Q&

is induced by the Gauss-Manin connection on H. Therefore, the diagram

P =wyelr] € H[r)

KSA/Gl iv

Qv@QlG%wv\flf/G[T](@QlG -~ H[T]@Qle

used to compute KS 4/, can be replaced, when we restrict to Py = P[V], by the
diagram

Py ——— D(G)[7]

Ksi |v

Qv @0y <—— D(G)[r]® Q.
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However, by the constancy of G = Fil / Fil*> over G, the left arrow vanishes. We
must therefore have KS 4, (Po ® Q) = 0. By the functoriality of Kodaira-Spencer
homomorphisms with respect to base change we conclude that W,, the tangent
space to &, annihilates KS guniv /5 (P [V]® Pr) C Q}Wk, i.e. is contained in &, 73,
and this completes the proof. ([

4.4. The extension of the foliations to inner Ekedahl-Oort strata.

4.4.1. The problem. This section is largely combinatorial. The variety M has a
stratification by locally closed subsets M,,, of which M° is the largest, called the
Ekedahl-Oort (EO) strata of M. They are labelled by certain Weyl group cosets w
(or by their distinguished representatives of shortest length), recalled below. They
are characterized by the fact that the isomorphism class of A [p], with its Og-
structure and polarization, is the same for all geometric points x in a given stratum,
and the strata are maximal with respect to this property. See [Mo2, Wed2].

Consider a (not necessarily closed) point @ € M. Let k(z) be its residue field.
By (4.3) and the fact that

Pr,w[v] ® P?,a: N P‘r,z 0 ,Pim[v] = Pr,x[v] Y P{—@[V],
the dimension of ker(V @V : (Pr @ Pz)z — (Pd()p) ® Pd(fi)lo;-)m) is given by

@.7) ry{r,7}Hz) =dim P, 4[V] - rz + 7, - dim Pz, [V] —dim P, . [V] - dim Pz ,[V].

This quantity depends only on A%™V[p], and is therefore constant along each EO
strata. At x € M°' it was expressed in terms of the CM type by the formula

rd N 7} = max{0,7; —ry-10,} - (d —77) + 77 max{0,74-15, — 7}

(We did it at geometric points, but the same works at every schematic point of M4,
not necessarily closed.) Since ry{7,7}(x) can only increase under specialization,

rord{r, 7} is the minimal value attained by it, and

(4.8) Ms, = {z € M|ry{r,7}(x) = r&4r,7} V{r,7} € £}
is a Zariski open set, which is a union of EO strata. Clearly,
MEluEg = MEl N MEQ.

In our earlier work [G-dS1|, where there was only one ¥ to consider, this set was
denoted by Mj.
The proof of Lemma 4.2.2 shows that over My the sheaf
1

(4.9) Fe=KS| Y (P,eP:)[VeV]

{r,7}ex

remains a vector sub-bundle of 7 of corank ry(X) = > ¢ ~ien rord{7 7}. The
properties of being involutive and p-closed extend by continuity from the open
dense p-ordinary stratum. We conclude:

Theorem 4.4.1. The vector bundle Fx, extends as a smooth p-foliation to the
Zariski open set Msx..

Our task is therefore to calculate ry{7,7}(z) at © € M, for the different EO
strata M,,, and see for which of them it equals r{f4{7,7}. This will give us an
explicit description of Ms:.
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4.4.2. Previous results. When L = Q and K is quadratic imaginary, and when
pOk =B is inert (the split case being trivial for quadratic imaginary K'), we showed
in [G-dS1] that there exists a smallest EO stratum M! in My. Any other stratum
lies in Mj if and only if it contains M™! in its closure. In this case ¥ = {7, 7}, and
writing (r,,77) = (n,m) we may assume, without loss of generality, that n > m.
We find that ry (3) = (n — m)m, hence
tk Fs, = m2.

The dimension of M™! is also m?, while the dimension of M itself is nm. For
example, for Shimura varieties attached to the group U(n, 1), the foliation extends
everywhere except to the lowest, O-dimensional, EO stratum, consisting of the so-
called superspecial points.

In case K is quadratic imaginary, the labelling of the EO strata of M is by
(n,m)-shuffles. We review it to motivate the type of combinatorics that will show
up in the general case. A permutation w of {1,...,n+m} is called an (n, m)-shuffle
if

wl) < <win), wlin+l) < - <w Hn+m),
i.e. w interlaces the intervals [1,n] and [n + 1,n + m] but keeps the order within
each interval. If w is an (n, m)-shuffle and M, is the corresponding EO stratum,
then its dimension is equal to the length of w
n
dim(M,,) = £(w) =Y (w™'(i) — i).
i=1

The unique w for which this gets the value nm is

1 m m+1 -+ n+m
ord __
(4.10) v _<n—|—1 o m4m 1 n )

and the corresponding M,, is M. The formula for rv{r,7}(x) at © € M,(k)
reads

{7, T} @) = a(w) m= {1 <i<n[l<w (@) <n}f-m
(compare [G-dS1] (2.3)). For example, for w° this is (n —m)m. It is readily seen
that there is a unique (n, m)-shuffle w! for which a(w) is still n —m, but for which
dim(M,,) = m? is the smallest possible. This is the permutation

fol (1 - mn—m n—m+1 --- n n+1 n—i—m)
w )

“\1 - n-m n+1 - on+m n—-m+1 .- n
whose corresponding EO stratum is ML

4.4.3. Weyl group cosets and EO strata. We return to a general CM field K. Denote
by IL. 4—. the set of (e,d — e)-shuffles in the symmetric group &4. They serve as
representatives (of minimal length) for

66 X Gd—e \Gd.
For an (e, d — e)-shuffle 7 let

T = Wy oo wy
where wo(v) = d + 1 — v is the element of maximal length in &4. This 7 is a
(d — e, e)-shuflle, and 7 — 7 is a bijection between I, 4_. and II4_. .. Explicitly,

M d+1—-v)=d+1 -7 (v).
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Let w = (w;)res where w, € Il 4, and wsz = w,. Note that w, and ws,
being conjugate by wg, have the same length.

Let k be, as usual, an algebraically closed field containing . Consider the fol-
lowing Dieudonné module with Og-structure N,, attached to w:

o Ny =P, @jzl ke; j, Ok acting on @?:1 ke;; viai: Og — k.

. o 0 1fwz()<f()
F(ei;) { eivtm i wi(j) =) +

0 if j<d—f(
o V(eit1,;) = L= F0)
€in if j =d— (i) +w;(n).
This N, is endowed with a pairing, setting its 7 and 7-components in duality, but

we suppress it from the notation, as it is irrelevant to the computation that we have
to make.

Proposition 4.4.2. ([Mo2|, Theorem 6.7) The EO strata M, of M are in one-
to-one correspondence with the w’s as above. If x € M, (k) is a geometric point,
the Dieudonné module of AV [p] is isomorphic, with its O -structure, to N,. The
dimension of M,, is given by

(4.11) dim(M,) = L(w) == Y L(w,).

{r,7}est

As an example, the p-ordinary stratum M°™d corresponds to w = w4 =
(we*);e » where w9 is given by (4.10) with (n,m) = (§(i),d — §()).

We now consider ry{7,7}(x), as in (4.7), for € M,, (k). As usual we write 7 =i

and r, = f(i). We have
dm Py [V] = {1 < rgmrom wr () < 72}
(4.12) = [{jlj £ d—§(i = 1), wi(j) <F(@)}]
> max{0, (i) — f(i — 1)},

and
dim Pr o [V] = [{jlj < rg-107, w f(J)<rT}|
= [{l]£ <z wit(0) < Tgror )]
= {1€ < 7z, 071 (0) < 7gmr0r}]
(4.13) =[{mld+1-m<r:, d+1—w;'(m) <ry-10.}|

= [{jlrg-10r +1 <4, rr +1 < w(5)}]
={ild=§i—1) +1 <7, f(i) + 1 < wi(5)}
> max{0, f(i — 1) — §(i)}.

Lemma 4.4.3. We have ry{r,7}(z) = 47,7} precisely when the following
conditions are satisfied:

o If (i — 1) <7(3),
(4.14) ilg <d =50 = 1), wi(4) <§0)} = §(@) —§(i — 1),
o If f(i) < f(i — 1),
(4.15) {ild =56 = 1) +1 <7, §() + 1 < wi(5)} = §(i = 1) — §(0).
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Proof. We begin by noting that when f(i — 1) = f(¢) the two conditions agree with
each other, since each of them is equivalent, in this case, to w; = w™, so the
Lemma is consistent.

Let us dispose first of the cases where (i) € {0,d}. In these extreme cases P, or
P~ are zero, so

rv{r, 7}x) = rZYr, 7} =0
for all . The conditions of the Lemma also hold then, trivially, everywhere. We

therefore assume from now on that 0 < (i) < d.
Suppose f(i — 1) < §(4). If (4.14) holds then

dim P ;[V]® Pro = (f(i) = §(i = 1)) - (d = () = rP {7, 7}.

We claim that |{j|d — f(i — 1)+ 1 < 4, (i) + 1 < w;(j)}| = 0, and therefore
Ps.[V] = 0and ry {7, 7}(x) = r%F4{r, 7} as desired. Suppose, to the contrary, that
for some j we had d — (i — 1) < j and §(i) < w;(j). Then there would be fewer
than f(¢ — 1) values of j such that d —f(i —1) < j and w;(j) < (), hence more than
(i) — f(¢ — 1) values of j such that j < d—f(i — 1) and w;(j) < f(¢). This would
violate condition (4.14).

Conversely, still under f(i — 1) < f(¢), assume that ry {7, 7}(z
(f(¢) — §(i — 1)) - (d — §(¢)). Since we assumed that d — f(i) # 0
dim P, .[V] > f(i) — f(¢ — 1) and condition (4.14) must hold.

The arguments when (i) < §(i — 1) are analogous. O

) = rpin 7 =
we can not have

It is easy to see that if f(i — 1) < §(4) the (f(i),d — §(i))-shuffle w!°! given by
(1 MOTID KOSre ey e i) o
Lo @) —§@-1) f(i) + 1 d f3) —fi-1)+1 -+ §(9)
satisfies (4.14), and this is the (f(¢), d — f(i))-shuffle of smallest length satisfying it.

Its length is then
C(wih) = (d = §(i)f(i - 1).
Similarly if f(i) < f(i — 1) letting g(i) = d — (i) the same holds with w!°' given
by
(s 10 o@Dy SOTDET eI sGne e )
@) +1 e ali=1) + 1) 1 7(i) gli-V+i@)+1 - d )

In this case the length is
Uwi) = §(i)(d — (i - 1)).

We arrive at the following result.

Theorem 4.4.4. The EO stratum M,, C My if and only if for every {r,7} € %,
writing T =i, "L oT =14 — 1 as usual, (4.14) or (4.15) hold.

There exists a unique FO stratum M,, C Mx, of smallest dimension. It is given
by the following recipe: w; = w;cOl if {T,7} € ¥ and w; = id. otherwise. Denote this
M, by Mg’l. Its dimension is given by

dim M = Z min(rr, rg-10,) - MiN(re, ry-17).
{r,7}€x

Any other EO stratum M, lies in My if and only if M lies in its closure.
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Proof. By the computations above, the unique M,, of smallest dimension which is
still contained in My, i.e. for which ry{r,7}(z) = r&¥4{r, 7} for all {r,7} € ¥, is
obtained when w; = w{®' whenever {7, 7} € ¥ (this condition is symmetric in 7 and
7), and w; = id. otherwise. Its dimension follows from (4.11), and the computation
of the lengths of the w°l.

If M&! lies in the closure of M, then for x € M&¥! and y € M,, and {r,7} € &
we have

ryHr 7 < rv{n THy) < rv{n THe) = g, 7}
so equality holds and M,, C Myx. Conversely, suppose that M,, C My. Assume,

without loss of generality, that 74-1,, < r7. Then condition (4.14) holds, so writing
T =4, we must have that w; is the permutation

( Lo ) = §6-1)  f(@) —fG-1)+1 - d—fE-1) d—fG-1)+1 - d )
Koo * * * fi) = fE-1+1 - §(@)

Since the blocks [1,f(i) — f(¢ — 1)] and [f(¢) + 1, d] must appear in the bottom row
in increasing order (but interlaced), it is easy to check that the permutation w! is
smaller than or equal to w; in the Bruhat order on the Weyl group of GL,4. This is
enough (although in general, not equivalent) for M! to lie in the closure of M,,.

(For the closure relation between EO strata, see [V-W].) O

4.4.4. Integral varieties. The results of §2.3 imply that integral varieties of the
foliation .5, abound. Nonetheless, it’s interesting to identify specific examples. By
Lemma 4.2.2, when ¥ = ., dim Mg)l =rk %x. We expect M{?l to be an integral
variety of Fx in this case. This has been proved when K is quadratic imaginary in
[G-dS1], Theorem 25, and would be analogous to Theorem 3.5.1 above. The proof
of Theorem 25 in [G-dS1] was not conceptual, and involved tedious computations
with Dieudonné modules.

4.5. The moduli problem M* and the extension of the foliation to it.

4.5.1. The moduli scheme M™. As we have seen in the previous section, .%s;, defined
by (4.9), is a p-foliation on all of M, but is smooth only on the Zariski open Msy:.
Our goal is to define a “successive blow-up” § : M> — M, which is an isomorphism
over My, and a natural extension of .#x, to a smooth p-foliation on M*. See [G-dS1]
§4.1 for K quadratic imaginary, where M> was denoted M?*.

Fix {7,7} € ¥, and assume that 7,-1,, < 7, (otherwise switch notation between
7 and 7). Consider the moduli problem M™7 on k-algebras R given by

M™™(R) = {(A,N)|A € M(R), N C P,[V]asubbundle of rank r, — To-1or}/ .
The forgetful map 3 : M™7 — M is bijective above My, since
tk(Pr[V]) = 7rr —rg-10r

holds there.

Let (n,m) = (r;,74-1o,) and consider the relative Grassmannian Gr(n —m, P;)
over M, classifying sub-bundles A/ of rank n —m in the rank n bundle P,. This is a
smooth scheme over M, of relative dimension (n —m)m. As the condition V(N') =
0 is closed, the moduli problem M7™7 is representable by a closed subscheme of
Gr(n—m,P,). The fiber M7>T = 37 !(z) is the Grassmannian of (n—m)-dimensional
subspaces in P; ,[V].
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Suppose © € M, where w = (Wy)pe.s, Wo € Iy, 4—r, and ws = W,. As we have
computed in (4.12)

dim P, [V] = ar(w) = |{j1j < d = rg-107sw,(j) 7} = 0 —m,

and consequently
dim M7™ = (n — m)(a,(w) —n +m).

Denote by M7;™ = 371(M,,). We have shown that it is smooth of relative dimen-
sion (n—m)(a,(w) —n+m) over M,,. When the EO strata undergo specialization,
this dimension jumps.

The main result concerning M™7 is the following.

Theorem 4.5.1. The scheme M™7 is a non-singular variety, and B induces a
bijection between its irreducible ( = connected) components and those of M. In
particular, MT™ T is dense in M™T.

Proof. This is, mutatis mutandis, the proof of Theorem 15 in [G-dS1] §4.1.3, and
we refer to our earlier paper for details. (I

Corollary 4.5.2. The moduli problem which is the fiber product of the M™™ over
M, for all {T,7} € %, is represented by a smooth r-variety M>. The map B :
M*® — M induces a bijection on irreducible components, and is an isomorphism
over Ms,. In particular, M>°" is dense in M>. Over an EO stratum M, that is
not contained in My, the map B is no longer an isomorphism, but it is smooth of
relative dimension

Z (rr = rg-10r)(ar (W) = 17 + Tp-107).
{r,7}€eX
Here for each pair {T,7} we choose T so that v+ > ry-15,, and
ar(w) = [{jlj < d—ry-ror,wr(j) < 72}
We can also draw the following corollary.

Corollary 4.5.3. The open set Mx, C M 1is the largest open set in M to which the
foliation Fx, extends as a smooth foliation.

Proof. We have already noted that #x is a saturated foliation everywhere on M.
Outside My the dimension of its fibers is strictly larger than their dimension over
M°™, so Fs, can not be a vector sub-bundle on any open set larger than My, O

Remark 4.5.4. Since 3 : M* — M is a birational projective morphism between
non-singular varieties, it follows from the general theory ([Stacks] 29.43 and [H]
Theorem 7.17 and exercise 7.11(c)) that 3 is a blow up at an ideal sheaf supported
on M — Mg.

4.5.2. Extending the foliation to M*. Above My, the map f is an isomorphism
M* > 7Y Ms) ~ My,

so the foliation .Z5 induces a foliation on 8~1(Ms). We now explain how to extend
it to a smooth foliation on all of M>.

Let k be, as usual, an algebraically closed field containing , and y € M*(k) a
geometric point, with image « = B(y) € M (k). The point y “is” a pair (A", N,)
where NV, = (N, -). Here
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e 7 range over representatives of the pairs {7,7} € X, chosen in such a way
that ry—1o, <77,
° Ny,—r C Py [V]isanr, — r4-1,--dimensional subspace.
Let H, = H}n(AM™V/k) and w, = H°(AY, Q). The polarization A, on AUV
induces a perfect pairing
O twy X HyJw, — K

satisfying {¢(a)u,v}x = {u,t(a)v}y for a € Ok. Adapting the proof of Theorem 15
in [G-dS1] §4.1.3 to our situation, we see that the tangent space ’7'MyE at the point
y can be described as the set of pairs (¢, ) where

e v € Homop, (w,, Hs/w,)¥™ is an Og-linear homomorphism from w, to
H, /w, which is symmetric with respect to {, }, i.e. satisfies {u, p(v)}r =
{v, p(u)} for u,v € w,. By Kodaira-Spencer, such a ¢ represents a tangent
vector to M at x, and the projection (p,1)) — ¢ corresponds to the map
df : TM? — TM,. We can write ¢ as a tuple (¢,) where 7 € . and
¢, € Hom(Py »,Hy - /Ps,r). The symmetry condition and the fact that
{; }x induces a perfect pairing between P, > and H, /P, . for every 7 €
&, imply that ¢; is determined by ¢,, and that for a given choice of
representatives 7 for the pairs {7,7} € .7 the ., may be chosen arbitrarily.
e ¢ € Homo, (Ny, H.[V]/N,) satisfies p|n, =1 mod w,.
The second condition means that 1) = (¢,) where the 7 range over the same set
of representatives for {r,7} € X as above, ¢, € Hom(N,, ;, H, [V]/N,,-) and
orln,. =¥, mod Py ;.
The tangent space to the fiber 371(x) is the space of (¢,) with ¢ = 0, or,
alternatively, the space

{7 € Hom(Ny,'ra Pz,T[VVNy,T)}-

Theorem 4.5.5. There exists a unique smooth p-foliation F* on M* , charac-
terized by the fact that at any geometric point y € M>(k) as above, %f is the
subspace

Fy ={(p,¥)|¢ =0}
The foliation F* agrees with Fx, on ~1(My) ~ My, and, in general, is transversal

to the fibers of 3.

Proof. A straightforward adaptation of the proof of Proposition 20 in [G-dS1] §4.3.
O

Intuitively, 7 > are the directions in TM, > in which N, does not undergo any
infinitesimal deformatlon By the alluded transvelrsahty7 its projection to T M, is
injective, and identifies ﬁyz with the subspace of ¢ = (¢;)rc.# such that for every
{r,7} € ¥ (and 7 a representative as above) ¢, (N, ) = 0. This subspace, however,
varies with y € 371(x).
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