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ABSTRACT. Let I' denote the modular group SL(2,Z) and Cy(I") the number of congruence

subgproups of I' of index at most n. We prove that nleoo (logls)gf;’l‘cgfogn = 3_2‘/5. Some

extensions of this result for other arithmetic groups are presented as well as a general conjecture.

§0. Introduction

Let k be an algebraic number field, O its ring of integers, S a finite set of valuations of
k (containing all the archimedean ones), and Og = {z € k | v(z) > 0, Yo ¢ S}. Let G
be a semisimple, simply connected, connected algebraic group defined over k with a fixed
embedding into GL,. Let I' = G(Og) = G N GL4(Og) be the corresponding S-arithmetic
group. We assume that I' is an infinite group.

For every non-zero ideal I of Og let I'(I) = Ker(T' — GLq(Og/I)). A subgroup of T' is

called a congruence subgroup if it contains I'(I) for some I. For n > 0, define
C,(I) = #{congruenee subgroups of T" of index at most n}

Theorem 1. There exist two positive real numbers a— and a4 such that for all sufficiently

large positive integers n

log n log n

nloglogna_ S Cn(F) S nloglogna+.

This theorem is proved in [Lu], although the proof of the lower bound presented there
requires the prime number theorem on arithmetic progressions in an interval where its

validity depends on the GRH (generalized Riemann hypothesis for arithmetic progressions).
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In §2 below, we show that by appealing to a theorem of Linnik [Lil, Li2] on the least prime
in an arithmetic progression, the proof can be made unconditional. Following [Lu| we define:
— log Cy, (I')

a4 (') = lim ) a_(I') = lim

log C,,(T")
A(n) 7

where \(n) = l(;zgh:;)z.

It is not difficult to see that a4 and a_ are independent of both the choice of the
representation of G as a matrix group, as well as independent of the choice of S. Hence
ay depend only on G and k. The question whether a4 (I') = a_ (") and the challenge to
evaluate them for I' = SLy(Z) and other groups were presented in [Lu]. It was conjectured
by Rademacher that there are only finitely many congruence subgroups of SLs(Z) of genus
zero. This counting problem has a long history. Petersson [Pe, 1974] proved that the number
of all subgroups of index n and fixed genus goes to infinity exponentially as n — oco. Dennin
[De, 1975] proved that there are only finitely many congruence subgroups of SLy(Z) of
given fixed genus and solved Rademacher’s conjecture. It does not seem possible, however,
to accurately count all congruence subgroups of index at most n in SLs(Z) by using the

theory of Riemann surfaces of fixed genus. Here we prove:
Theorem 2. o (SLy(Z)) = a_(SLy(Z)) = 3=2Y2 = .0428932. ..

We believe that SLy(Z) represents the general case and we expect that o = a_ for all
groups.

The proof of the lower bound in Theorem 2 is based on the Bombieri-Vinogradov Theorem
[Bo|, [Dal, [Vi], i.e., the Riemann hypothesis on the average. The upper bound, on the other
hand, is proved by first reducing the problem to a counting problem for subgroups of abelian
groups and then solving that extremal counting problem.

We will, in fact, show a more remarkable result: the answer is independent of O!

Theorem 3. Let k be a number field with Galois group g = Gal(k/Q) and with ring of
integers O. Let S be a finite set of primes, and Og as above. Assume GRH (generalized
Riemann hypothesis) for k and all cyclotomic extensions k((p) with £ a rational prime and

Co a primitive £ root of unity. Then

3— 22

at(5L2(0s)) = a-(SLx(0s)) = —

The GRH is needed only for establishing the lower bound. It can be dropped in many
cases by appealing to a theorem of Murty and Murty [MM] which generalizes the Bombieri—

Vinogradov Theorem cited earlier.
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Theorem 4. Theorem 8 can be proved unconditionally for k if either

(a) g = Gal(k/Q) has an abelian subgroup of index at most 4 (this is true, for example,

if k is an abelian extension);

(b) d =deg[k : Q] < 42.

We conjecture that for every Chevalley group scheme G, the upper and lower limiting
constants, a4 (G(Og)), depend only on G and not on O. In fact, we have a precise con-
jecture, for which we need to introduce some additional notation. Let G be a Chevalley
group scheme of dimension d = dim(G) and rank ¢ = rk(G). Let k = |®T| denote the
number of positive roots in the root system of G. Letting R = R(G) = d2—_/ =7

R= HTI, (resp.t,¢,0—1,3,6,6,9,15) if G is of type Ay (vresp. By, Cy, Dy, Ga, Fy, Eg, E7, Es).

we see that

Conjecture. Let k,O, and S be as in Theorem 3, and suppose that G is a simple Chevalley

group scheme. Then

2
(«/R(R 1) - R)
4R? )
The conjecture reflects the belief that “most” subgroups of H = G(Z/mZ) lie between
the Borel subgroup B of H and the unipotent radical of B. Our proof covers the case of

a+(G(0s)) = a—_(G(Os)) =

SLy and we are quite convinced that this will hold in general. For general G, we do not
have such an in depth knowledge of the subgroups of G(F,) as we do for G = SLs, yet we

can still prove:

Theorem 5. Let k, O, and S be as in Theorem 3. Let G be a simple Chevalley group scheme

of dimension d and rank £, and R = R(G) = %, then:

(a) Assuming GRH or the assumptions of Theorem 4;
2
NSy R) )

4R? T 16R?
(b) There exists an absolute constant C' such that

a_(G(0s)) > (

a4 (G(0g)) < C- (VA1) - F) :

4R?
Corollary 6. There erists an absolute constant C' such that for d = 2,3, ...
1 1
(1- 0(1))@ <a_(SL4(Z)) < ap(SLa(Z)) < Co

This greatly improves the upper bound a. (SLq(Z)) < 2d* implicit in [Lu] and settles a

question asked there.

As a byproduct of the proof of Theorem 2 in §7 we obtain the following.
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Corollary 7. The subgroup growth type of SL4(Z,) is at least n® where ¢ = (3 — 2v/2)d? —
2(2 —V2).

The counting techniques in this paper can be applied to solve a novel extremal problem in
multiplicative number theory involving the greatest common divisors of pairs (p — 1,p’ — 1)
where p,p’ are prime numbers. The solution of this problem does not appear amenable to

the standard techniques used in analytic number theory.

Theorem 8. For n — oo, let

M(n) = max{ H ged(p—1, p' — 1) | P = set of different primes where H p < n}

p,p'€P pEP
Then we have: lim 10%\%5") = lim % = 1, ( where A\(n) = (logn)?/loglogn).

The paper is organized as follows.

In §1, we present some required preliminaries and notation.

In §2, we prove the lower bound of Theorem 1. As shown in [Lu] this depends essentially
on having uniform bounds on the error term in the prime number theorem along arithmetic
progressions. The choice of parameters in [Lu] needed an estimate on this error term in
a domain in which it is known only modulo the GRH. We show here that by a slight
modification of the proof and an appeal to a result of Linnik the proof will be unconditional.
Still, if one is interested in good lower bounds on a_(I"), better estimates on the error terms
are needed. To obtain unconditional results (independent of the GRH), we will use the
Bombieri-Vinogradov Theorem [Bo], [Da], [Vi].

In §3, we introduce the notion of a Bombieri set which is the crucial ingredient needed
in the proof of the lower bounds. We then use it in §4 and §5 to prove the lower bounds of
Theorems 2, 3, 4, and 5. We then turn to the proof of the upper bounds. In §6, we show how
the counting problem of congruence subgroups in SLs(Z) can be completely reduced to an
extremal counting problem of subgroups of finite abelian groups; the problem is actually, as
one may expect, a number theoretic extremal problem - see §7 and §8 where this extremal
problem is solved and the upper bounds of Theorems 2, 3, and 4 are then deduced in §9. In
§10 we give the upper bound of Theorem 5. Finally, in §11 we prove Theorem 8.

§1. Preliminaries and notation

Throughout this paper we let

logn (logn)?
ln)=—7—"— Aln) = ———.
(n) loglogn’ (n) loglog n
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If f and g are functions of n, we will say that f is small w.r.t. g if lim 80 — 0 We say
n—oo logg(n)
t(n).

that f is smallif f is small with respect to n Note that if f is small, then multiplying
Cp(T") by f will have no effect on the estimates of a4 (I") or a—(I"). We may, and we will,
ignore factors which are small.

Note also that if £(n) is a function of n which is smaller than n

(i.e., loge(n) = o(logn)) then:

= log Cpe() (I')
(1.1) lim T?i)) = ay ()
and
log Coe () (T
(12) i ECE) o)
The proof of (1.1) follows immediately form the inequalities:
— log C,, (F) —— log Cns(n) (F)
I = lim =-—"~% < lim ——2~
a4 () im ) S im )
A(ne(n)) A(n)
< ag (D)1
= 04 (F)
Here, we have used the fact that lim W = 1, which is an immediate consequence of the

assumption that e(n) is small with respect to n. A similar argument proves (1.2).

It follows that we can, and we will sometimes indeed, enlarge n a bit when evaluating
Cp(T"), again without influencing ay or a_. Similar remarks apply if we divide n by £(n)
provided e(n) is bounded away from 0.

The following lemma is proved in [Lu] in a slightly weaker form and in its current form

is proved in [LS, Proposition 6.1.1].

Lemma 1.1. (“Level versus index”). Let T' be as before. Then there exists a constant ¢ > 0
such that if H is a congruence subgroup of I' of index at most n, it contains I'(m) for some

m < cn, where m € Z and by I'(m) we mean I'(mQg).

n

Corollary 1.2. Let v,(T") = > s,(G(Os/mOs)), where for a group H, s,(H) denotes
m=1

77 log v, (T
—g;zng ) and

the number of subgroups of H of index at most n. Then we have a4 (I') = lim

o (1) = lim 50,

Proof. By Lemma 1.1, C,,(T") < 7., (T") for some ¢ > 0. It is also clear that v, (I') < n-C,(T).
Since ¢ = o(logn) (i.e., ¢ is small w.r.t. n), Corollary 1.2 follows by arguments of the type

we have given above. [
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The number of elements in a finite set X is denoted by #X or | X|. The set of subgroups
of a group G is denoted by Sub(G).

§2. Proof of Theorem 1

Before proving the theorem, a remark is in order (see also [Lu]): we may change S, as
long as I' = G(Og) is infinite, without changing a_ or a,. Also, by restriction of scalars
(and as we are not worried in Theorem 1 about the precise constants) we can assume k = Q.
The proof given here for Theorem 1 will follow the one given in [Lu| (and simplify it a bit).
The main new ingredient is the use of a deep result of Linnik [Lil, Li2] giving an estimate
for the number of primes in a short interval of an arithmetic progression. A result of that
kind was also used in [Lu], but because of a careless choice of the parameters, the interval
was very short, and the validity of the prime number theorem there is known only modulo
GRH.

We introduce some notation which is needed here and for the next section. Let a,q
be relatively prime integers with ¢ > 0. For = > 0, let P(x;q,a) be the set of primes p
with p < 2 and p = a( mod ¢). For a = 1, we set P(x;q) = P(x;q,1). We also define
I(z;q,a) = > logp.

pEP(x;9,a)
If f(x), g(x) are arbitrary functions of a real variable x, we say f(z) ~ g(z) as x — oo if

f(x)

Theorem 2.1 (Linnik, [Lil, Li2]). There exist effectively computable constants co,c1 > 1

such that if a and q are relatively prime integers, ¢ > 2 and x > ¢, then

X

19 x;q,a > T 5 7\
( ) c1q*¢(q)

where @ is the Euler function.

Let now  be a large number and ¢ a prime with ¢ ~ 2!/, Let X be a subset of P(z; q)
satisfying
1
Z logp ~ —at 0@,
C1

peEX

where 0 < 0(x) < % We also define P = [] p. It follows that
peX

1-6(x)
log P ~ L

&1
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Let now I'(P) be the corresponding principal congruence subgroup. It is of index ap-

proximately P4 in I' and by Strong Approximation, I'/T(P) = [] G(F,), where G
pEP(z;9)
is considered as a group defined over F,. (This can be done for almost all p’s and we can

ignore the finitely many exceptions). Moreover, by a theorem of Lang (see [PR, Theorem
6.1]) G is quasi-split over IF,, which implies that G has a split one dimensional torus, so
G(F,) has a subgroup isomorphic to Ff. The latter is a cyclic group of order p — 1. Since
qlp—1, G(F,) contains a cyclic group of order ¢ and I'/T'(P) contains a subgroup isomorphic
to (Z/qZ)* where L = #X.
It now follows from Theorem 2.1 and the choice of X, that
I xl—@(w) '
~ c1logx
On the other hand, the abelian group (Z/qZ)* has q%LZJrO(L) subgroups as L — oo (cf. [LS,
Prop. 15.2 ] or Proposition 7.1 below). Consequently, I" has at least q%L%“O(L) subgroups
of index at most P4 (),
Taking logarithms, we compute:
log(#subgroups) - ($L? + O(L))logq
(log(index))?/loglog(index) — (log(Pdim(©)))2/loglog(PdimG) —

1 (0= 2 1 1 3
Z(cﬂogz) 'aogw . 1—9(%) > (1_5)
dim(G)2 % ($179(x))2/(1 —0(2))logx 4eg(dim G)2 — deg(dim G)?2
€1
This finishes the proof of the lower bound with a_ = m for some constant c.

When one is interested in better estimates on «_, Linnik’s result is not sufficient. We
show, however, in the next two sections, that the Bombieri—Vinogradov Theorem, Riemann
hypothesis on the average, suffices to get lower bounds on a_ which are as good as can be
obtained using GRH (though the construction of the appropriate congruence subgroup is

probabilistic and not effective).

$3. Bombieri Sets.

Let a, ¢ be relatively prime integers with ¢ > 0. For = > 0 let

d(w;q,a) = Y logp,

p<z
p=a (mod q)

where the sum ranges over rational prime numbers p. Define the error term

E(z;q,a) = 9(z;9,a) — ﬁ,

where ¢(q) is Euler’s function. Then Bombieri proved the following deep theorem [Bo], [Dal.
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Theorem 3.1. (Bombieri) Let A > 0 be fized. Then there exists a constant c(A) > 0 such
that

x
max max |E(y;q,a)] < ¢(A) ——
Zﬁ y<z (a7q):1| (ig )‘ 4) (logz)A=5
7= (logac)A

as r — oQ.

This theorem shows that the error terms (mz)le E(x;q,a) behave as if they satisfy the
a7q =
Riemann hypothesis in an averaged sense.
Definition 3.2. Let = be a large positive real number. A Bombieri prime (relative to )
is a prime q < \/x such that the set P(x,q) of primes p < x with p =1 (mod q) satisfies
T

max [E(y;q,1)] < W'

y <
We call P(x,q) a Bombieri set (relative to x).

Remark. In all the applications in this paper, we do not really need ¢ to be prime, though it

makes the calculations somewhat easier. We could work with ¢ being a “Bombieri number”.

Lemma 3.3. Fix 0 < p < % Then for x sufficiently large, there exists at least one Bombieri

prime (relative to x) q in the interval

'Cl'/'p
<q<a’.
log
Proof. Assume that
x
max |E(y;q,1)| > ————
PP U= G og 2y

2" < ¢ < P, i.e., that there are no such Bombieri primes in the interval. In

for all primes ; <
ogx

view of the trivial inequality, ¢(q) = ¢ — 1 < ¢, it immediately follows that

1 - (log log x)?
x Z >x(og0g:c)

Z max |E(y; q,1)| > q 2p - (logz)3

, y<w (logz)?
P < g < g < g < g

logax — logaxz —

say, for sufficiently large x. This follows from the well known asymptotic formula [Lan] for

the partial sum of the reciprocal of the primes
1 1
g - = loglogY +b+0 | ——
q logY
qg<Y

as Y — oo. Here b is an absolute constant. This contradicts Theorem 3.1 with A > 8

provided z is sufficiently large. [
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Lemma 3.4. Let P(z,q) be a Bombieri set. Then for x sufficiently large

#P@a) - < 3 (amaee)

v
¢(q) logx
Proof. We have
_ Y(n;q,1) —9(n —1;,1)
Z L= Z logn

pEP(z,q) n=2

RS ‘ 1 1 Hx;q,1)
B ;ﬁ(n’ a:1) (log(n) log(n + 1)) log([z] + 1)

= _(nia 1) los (115 +"9<x;q’1)—19(m;q,1>< ool )

" lognlog(n +1) log © logz  log([z] +1)

It easily follows that

w g, 1 1 1 1
D e Zﬁ”‘b 7“9(96;%1)( - )
pEP(2,q) logx (logn)? logz log(z +1)

By the property of a Bombieri set, we have the estimate |¥(n;q,1) — ﬁ\ < W, for

. 1 1 _log(141) | 1 .
n < x. Since (@ — 10g(x+1)> = logxlog(erl) =0 2oz ) ) the second expression on the

right side of the above equation is very small and can be ignored. It remains to estimate

the sum > 9(n;q,1) This sum can be broken into two parts, the first of which
=2

1
n-(logn)?"

corresponds to n < L)g, which is easily seen to be very small, so can be ignored. We

(log =
estimate
e n - (logn) L~ _ oq) n(logn)
(logz)3 = "= (logz)3 = "'=
T 1
O .
+ Z #(q)(logz)?> n(logn)?
m<n<z
1 T
S
( Z 9(g)(log n)? 9(q)(log 2)?
log = 3 =""=
<3z
= 2¢(q)(logz)?’

which holds for z sufficiently large and where the constant % is not optimal. Hence
3 119(15U;q,1) < Z i’U .
Pl og T ¢(q)(log )
say. Since |[J(x;q,1) — %\ < J@yez? s Lemma 3.4 immediately follows.

g
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84. Proof of the lower bound over Q.

In this section we consider the case of k = Q and O = Z.

Fix a real number 0 < pg < % It follows from Lemma 3.3 that for x — oo there exists
a real number p which converges to pp, and a prime number ¢ ~ x” such that P(z,q) is a
Bombieri set.

Define

P = H p.

p € P(z,q)

It is clear from the definition of a Bombieri set that

x
logP ~ —— ~g!?
¢(q)

and from Lemma 3.4 that

T xl=r

L=#Plz.q) ~ o(q)logz ~ loga’

Consider I'(P) = ker(G(Z) — G(Z/PZ)) which is of index at most P4™(%) in I'. Note
that for every subgroup H/T'(P) in I'/T'(P) there corresponds a subgroup H in I' of index
at most P4™(G) in T,

By strong approximation

T/T(P)=G(z/PL)= ][] GF

peP(z,q)
Let B(p) denote the Borel subgroup in G(F,). Then

dim(G) + rk(G)
2

log (#B(p)) ~ log .

But
log (#G(Fp)) ~ dim(G) logp.
It immediately follows that (for p — o0)

dim(G) — rk(G)
2

log [G(F,) : B(p)] ~ log p,

and, therefore,
dim(G) — rk(G)
2

log [G(Z/PZ) : B(P)] ~ log P.
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where B(P) < G(Z/PZ) is:
BP)= [ BE,).
pEP(z:q)

Now B(p) is mapped onto F;rk(G) and, hence, is also mapped onto (Z/qZ)

#F, =p—1and p=1 (mod g). So B(P) is mapped onto

k() gince

(Z/qz)™ "

where
T xl=r

#(q)logz ~ logx

I':”#¢Kx7Q)N

For a real number 6, define [#] to be the smallest integer ¢ such that § <¢. Let 0 < o < 1.
We will now use Proposition 7.1, a basic result on counting subspaces of finite vector
spaces. It follows that B(P) has at least

qo(lfa)rk(G)QL2+O(rk(G)-L)
subgroups of index equal to
glo ™ML [G(Z/PZ) : B(P)].
Hence, for x — oo,

log (#{Subgroups}) = (a(l — 0)1k(G)*L? + O(rk(G) - L)) log q

0 x2—2p
~ o(1—o0)rk(QG) oz 22 -plogx,
while
log(index) = [0 - tk(G) - L] - log ¢ + %(dim(G) —1k(G)) log P
KO plogr + 3 (Am(@) — xk(c)) '~
r Ulogmp ogz + (dim r x
= <a -p-1k(G) + %(dim(G) - rk(G)))xl_p,

and

loglog(index) ~ (1 — p) log z.
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We compute

log (#{subgroups}) o(l—o0)-1k(G)?-p “ii;:

~

(log(index))Q/log log(index) <(0 -p-1k(G) + 1 (dim(G) — rk(G)))xl_P>2/(1 —p)logz

o(1—0)p(1 - p) - 1k(G)?
2
((O’p —3) -1k(G) + %dim(G))

~

as r — OQ.

We may rewrite

o(1 —a)p(1l - p) - 1k(G)* o(1—a)p(1l - p)
(o9~ 3) -r(G) + 3 dim(@)) (op + R)?

where

_ dim(G) - 1k(G)
R= =K@

Now, for fixed R, it is enough to choose o, p so that

o(1—0o)p(l—p)
(op+ R)?

is maximized. This occurs when

p=o=VERT - R

in which case we get

ol-ap(i-p) _ (VEERFD - R)z.

(cp+ R)? 4R?

Actually, we choose py to be \/R(R+ 1) — R, then we can take p to be asymptotic to

2
VR(R+1)-R
( (432) ) 16%2 holds for all R > 0. This

follows from the easy inequality /R(R+ 1) — R < % It is also straightforward to see that

2
R(R+1)-R
V/R(R+1) — R converges to 3 as R — oo hence ( (432) ) ~ Tom-

In the special case when R = 1, we obtain the lower bound of Theorem 2. For a simple

po as x is going to infinity. Note that

Chevalley group scheme over Q, this gives the lower bound in Theorem 5.
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85. Proof of the lower bound for a general number field.

To prove the lower bounds over a general number field we need an extension of the
Bombieri-Vinogradov Theorem to these fields, as was obtained by Murty and Murty [MM].

Let us first fix some notations:

Let k be a finite Galois extension of degree d over Q, g = Gal(k/Q), and O the ring of
integers in k. For a rational prime ¢ and z € R, we will denote by Py (z, q) the set of rational

primes p = 1( mod ¢) where p splits completely in k and p < z. Let

ﬁk(ﬁ,Q) = #75/6(:67Q)7 ljk(x>Q) = Z logpa

PEPk(2,q)

and,

Bi(w,q) = tn(x,q) — ﬁ(q)

We shall show that the following theorems follow from Murty and Murty [MM].

Theorem 5.1. Let k be a fixed finite Galois extension of Q. Assume GRH (generalized

Riemann hypothesis) for k and all cyclotomic extensions k((p) with £ a rational prime and

Co a primitive £ root of unity. Then for every 0 < p < % and x — o0, there exists a

rational prime q such that

(a) &5 <g<a’

(b) [7x(2.9) ~ rzors| < 3 (awtorer )

(c) r;lg;dEk(% DI = Bgtosor

Theorem 5.2. Theorem 5.1 can be proved unconditionally for k if either

(a) g = Gal(k/Q) has an abelian subgroup of index at most 4 (this is true, for example,

if k is an abelian extension);

(b) d =deg[k : Q] < 42.

Theorem 5.3. Theorem 5.1 is wvalid unconditionally for every k with the additional
assumption that 0 < p < %, where n is the maximum of 2 and d* — 2, and where d* is
the index of the largest possible abelian subgroup of g = Gal(k/Q). In particular, we may

taken =d* —2ifd* >4 and n =2 if d* < 4.
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Proof of Theorems 5.1 - 5.3. For any ¢ > 0, A > 0, under the assumptions of Theorem 5.1
or 5.2 (a), Murty and Murty [MM] prove the following Bombieri theorem:

¢l 1 x
(5.1 e, e 0) [ g0 < o

(a,9)=1 y<z

€

1_
q<xz2

1

Here C denotes a conjugacy class in G, n(y) = >_ -, 1,

7TC($7Q7Q) = Z 1,

p<x
(p,k/Q)=C

p=a (mod q)
p unramified in k
and (p, k/Q) denotes the Artin symbol.
In fact, under the assumption of the GRH, equation (5.1) holds, but without assuming
GRH they showed that (5.1) holds when the sum is over ¢ < z7° where 7 is defined as
follows: Let

(5.2) d" = m}}nmgx[G s Hlw(1)

The minimum here is over all subgroups H of Gal(k/Q) satisfying:

(i) HNC # 0, and

(ii) for every irreducible character w of H and any non-trivial Dirichlet character y, the
Artin L-series L(s,w ® x) is entire. Then the maximum in (5.2) is over the irreducible
characters of such H'’s.

Now
d*—2 if d* >4
= { 2 if d*<4
We need their result for the special case when C' is the identity conjugacy class. In this
case % = é and 7¢(y,q,1) = Tx(y,q). So for proving Theorem 5.3 we can take for H an
abelian subgroup of smallest index and then H satisfies assumption (i) and (ii). (Recall that
abelian groups satisfy (AC) - Artin conjecture, i.e. L(s,w ® x) are entire — see [CF]).
For Theorem 5.2(a), again take H to be the abelian subgroup of index at most 4. It
satisfies (i) and (ii) and this time n = 2.
For Theorem 5.2(b): Going case by case over all possible numbers d < 42, one can deduce
by elementary group theoretic arguments that every finite group g of order d < 42, has an
abelian subgroup of index at most 4, unless d = 24 and g is isomorphic to the symmetric

group Sy. But for this group, a highly non-trivial theorem of Tunnell [Tu] asserts that it
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satisfies the Artin conjecture. Moreover, every irreducible character of Sy is of degree at
most 4. Thus for g = 5S4 we have d* =4 and so n = 2.

The proofs of Theorems 5.1, 5.2 and 5.3 follow now in the same manner as in §3.

Using Theorems 5.1, 5.2, 5.3, we can now prove the lower bounds of Theorem 3 and 4

just as in §4. Note that every prime p € 75k(x, q) gives d prime ideals 71, ..., 74 in O with
d

[O:m;)| =p,m NZ=pZ and [] m; = pO. Now let Px(z,q) be the set of all prime ideals in
i=1

O lying above the primes in Py(z, q), and

pP= H pO = H .

pEPk(z,q) TEP(2,q)

Then
T

€ _
loglO : P~ o5 a0, L= [Pela, )l ~ i

?(q)

and

Go/p)= ] Go/m=~ ][] c@/pz

TEPk(w,q) PEP(2,q)
We can now take for every rational prime p € Py (z,q), the Borel subgroup B(p) as in §4
and define:
BPr)= ][] B®»"
PEPK(,q)
Then B(P) is mapped onto (Z/qZ)™ (%)L and

dim(G) — rk(G)

log [G(O/P) : B(P)] ~ 5

log P.

Thus, by exactly the same computations as in §4, we can show that

O > (x/R(R 1) - R>2‘

- 4R?

The lower bounds of Theorems 3, 4, and 5 are now also proved. We now turn to the proof

of the upper bounds.

§6. From SLs to abelian groups

In this section we show how to reduce the estimation of oy (SL2(Z)) to a problem on
abelian groups.
Corollary 1.2 shows us that in order to give an upper bound on a4 (I") it suffices to bound

$n(G(Z/mZ)) when m < n. Our first goal is to show that we can further assume that m
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is a product of different primes. To this end denote m = [[p where p runs through all the
primes dividing m.

We have an exact sequence
1 — K — G(Z/mZ) -~ G(Z/mZ) — 1

where K is a nilpotent group of rank at most dim G. Here, the rank of a finite group G is
defined to be the smallest integer r such that every subgroup of G is generated by r elements,
(see [LS, Window 5, §2]).

Lemma 6.1. Let 1 - K — U — L — 1 be an exact sequence of finite groups, where K is
a solvable group of derived length ¢ and of rank at most r. Then the number of supplements
to K in U (i.e., of subgroups H of U for which m(H) = L) is bounded by \U|3’”2+€’”.

Proof. See [LS, Corollary 1.3.5].

Corollary 6.2. s, (G(Z/mZ)) < mf'(dimG)leglogs mg ((7/m7Z)) where f'(dim G) depends
only on dimG.

Proof. Let H be a subgroup of index at most n in G(Z/mZ) and denote L = w(H) <
G(Z/mZ). So L is of index at most n in G(Z/mZ). Let U = n~1(L), so every subgroup H of
G(Z/mZ) with w(H) = L is a subgroup of U. Given L (and hence also U) we have the exact
sequence 1 — K — U - L — 1 and by Lemma 6.1, the number of H in U with n(H) = L
is at most |U|*/(") where ¢ is the derived length of K, » < dimG is the rank of K and
f(r) < f(dim G) where f is some function depending on r and independent of m (say f(r) =
3r2 + 7). Now |U| < m¥m% and K being nilpotent, is of derived length O(loglog |K|). We
can, therefore, deduce that s, (G(Z/mZ)) < mecdimGf(dimG)(loglogmtlogdim &) g (7 /m7))

for some constant ¢ which proves our claim.

Corollary 1.2 shows us that in order to estimate a.(G(Z)) one should concentrate on

sn(G(Z/mZ)) with m < n. Corollary 6.2 implies that we can further assume that m is a
t
product of different primes. So let us now assume that m = [] ¢; where the ¢; are different
i=1

primes and so G(Z/mZ) ~ [[G(Z/q:;Z) and t < (1 + 0(1))log)igorgnm' We can further assume

that we are counting only fully proper subgroups of G(Z/mZ), i.e., subgroups H which do
not contain G(Z/q;Z) for any 1 < i < ¢, or equivalently the image of H under the projection

¢

to G(Z/qZ) is a proper subgroup (see [Lu]). Thus H is contained in [[ M; where M, is a
i=1

maximal subgroup of G(Z/¢,Z).

Let us now specialize to the case G = SLs, and let ¢ be a prime.
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Maximal subgroups of SLs(Z/qZ) are conjugate to one of the following three subgroups
(see [La, Theorem 2.3])

(1) B = By-the Borel subgroup of all upper triangular matrices in SL,.

(2) D = D, -a dihedral subgroup of order 2(¢+ 1) which is equal to N(7}) the normalizer
of a non-split torus T,. The group 7, is obtained as follows: Let F,2 be the field of order
¢, F qx2 acts on F,2 by multiplication. The latter is a 2-dimensional vector space over F,.

The elements of norm 1 in ]FqX2 induce the subgroup T; of SLy(F,).
(3) A= Ag-a subgroup of SLy(Z/qZ) which is of order at most 120.

In cases B, D there is just one conjugacy class and in case A only boundedly many. Also,
the number of conjugates of every subgroup is small, so it suffices to count only subgroups
of SLy(Z/mZ) whose projection to SLs(Z/qZ) (for g|m) is inside either B, D, or A.

Let S C {q1...,q} be the subset of the prime divisors of m for which the projection

of H is in Ay, and S the complement to S. Let m = [] ¢ and H the projection of H to
qes

SLy(Z/mZ). So H is a subgroup of index at most n in SLo(Z/MZ) and the kernel N from

H — H is inside a product of |S| groups of type A. As every subgroup of SL(Z/qZ) is

generated by two elements, H is generated by at most 2102)5) ;”m < 2101;%0 gn generators. Set

k=2 102)1%) o) and chose k generators for H. By a lemma of Gaschiitz (cf. [FJ, Lemma
15.30]) these k generators can be lifted up to give k generators for H. FEach generator
can be lifted up in at most |N| ways and N is a group of order at most 120/°1 < 120 <
120101;1%_ We, therefore, conclude that given H the number of possibilities for H is at most

1202(1‘)g")2/(1‘)g logn)? which is small w.r.t. nf("™.

We can, therefore, assume that S = ¢ and all the projections of H are either into groups
of type B or D.

Now, B, , the Borel subgroup of SLy(Z/qZ), has a normal unipotent cyclic subgroup
U, of order ¢q. Let now S be the subset of {¢i,...,¢} for which the projection is in B

and S-the complement. Then H < [[ B, x [[ D,. Let H be the projection of H to
qeSs q€eS

II B;/Uy x [1 Dg. The kernel is a subgroup of the cyclic group U = [][ U,. By Lemma

qes qes qes

6.1 we know that given H, there are only few possibilities for H. We are, therefore, led to
counting subgroups in L = [[ B,/Uyx [[ Dy. Let E now be the product [[ B,/Uyx [[ T,
qes q€S qes qeS
and for a subgroup H of L we denote H N E by H.
Our next goal will be to show that given H in E, the number of possibilities for H is
small. To this end we formulate first two easy lemmas, which will be used in the proof of

Proposition 6.6 below. This proposition will complete the main reduction.
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Lemma 6.3. Let H be a subgroup of U = Uy x Us. For i = 1,2 denote H; = m;(H) where
7; is the projection from U to U;, and H? = H N U;. Then:
(i) H? is normal in H; and H,/HY ~ Hy/HS with an isomorphism ¢ induced by the
inclusion of H/(HY x HY) as a subdirect product of Hy/HY and Hy/HY,
(ii) H is determined by:
(a) H; fori=1,2
(b) H? fori=1,2
(c) the isomorphism ¢ from Hy/HY to Ho/HY.

Proof. See [Su, p 141]. O

Definition 6.4. Let U be a group and V' a subnormal subgroup of U. We say that V is
co-poly-cyclic in U of co-length £ if there is a sequence V. =Vy Vi3 < ... <V, =U such
that V;/V;_1 is cyclic for everyi=1,... L.

Lemma 6.5. Let U be a group and F a subgroup of U. The number of subnormal co-poly-
cyclic subgroups V of U containing F and of co-length { is at most |U : F|°.

Proof. For £ =1, V contains [U, U]F and so it suffices to prove the lemma for the abelian
group U = U/[U,U]F and F = {e}. For an abelian group U, the number of subgroups V'
with U/V cyclic is equal, by Pontrjagin duality, to the number of cyclic subgroups. This is
clearly bounded by |U| < |U : F|. If £ > 1, then by induction the number of possibilities
for V; as in Definition 6.4 is bounded by |U : F|*~!. Given Vi, the number of possibilities
for V is at most |Vi : F| < |U : F| by the case £ = 1. Thus, V has at most |U : F|*
possibilities. [

Proposition 6.6. Let D = Dy x ... X Dy where each D; is a finite dihedral group with a
cyclic subgroup T; of index 2. Let T =Ty x ... x T, so, |D : T| = 2°. The number of
subgroups H of D whose intersection with T is a given subgroup L of T is at most |D|822$2.
Proof. Denote F; = [] D;. We want to count the number of subgroups H of D with
Jj>i
HNT = L. Let L; = projg, (L) i.e., the projection of L to F;, and L;y1 = L; N Fiyq,
SO I~/i+1 C L;y1. Let H; be the projection of H to F;. Given H, the sequence (H; =
H,H,, ..., Hy) is determined and, of course, vice versa. We will actually prove that the

number of possibilities for (Hy, ..., Hs) is at most \D|82252.

Assume now that H;yq is given. What is the number of possibilities for H;? Well, H;
is a subgroup of F; = D; X F;y; containing L;, whose projection to Fjy; is H;11 and its
intersection with Fj;;q, which we will denote by X, contains I~/i+1. By Lemma 5.2, H; is
determined by H;11, X, Y, Z and ¢ where Y is the projection of H; to D;, Z = H; N D; and
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¢ is an isomorphism from Y/Z to H;y1/X. Now, every subgroup of the dihedral group is
generated by two elements and so the number of possibilities for Y and Z is at most |D;|?
each, and the number of automorphisms of Y/Z is also at most | D;|?.

Let us now look at X : X is a normal subgroup of H;; with H;;1/X isomorphic to
Y/Z, so it is meta-cyclic. Moreover, X contains l~)i+1. So by Lemma 5.3, the number of
possibilities for X is at most |H;1 : ii+1]2.

Now |[Hiy1 : Liy1| < [His1 @ Ligal|Lig1 ¢ Lig1). We know that |Hipy : Liyi| =
|projp,,, (H) : projp,,, (L)| < |H : L| <2° and |Liq; : Lit1| = |projr,,, (Li) + Fiyr N Ly <
|Ds|. So, |[Hiy1: Liy1| < 2°-|Dyl.

Altogether, given H; ;1 (and L and hence also L;’s and zi’s) the number of possibilities for
H; is at most |D;|82%5. Arguing, now by induction we deduce that the number of possibilities
for (Hi,...,H,) is at most |D[8225" as claimed. [

Let’s now get back to SLs: Proposition 6.6 implies, in the notations before Lemma

6.3, that when counting subgroups of L = [[ B,/U, x [[ Dy, we can count instead the
qu qe§
subgroups of E = [[ B,/U, x [[ T, where T} is the non-split tori in SLs(Z/qZ) (so Ty is
qeS q€eS
a cyclic group of order ¢ + 1 while B, /U, is a cyclic group of order ¢ — 1).

A remark is needed here: Let H be a subgroup of index at most n in SLy(Z/mZ) which

is contained in X = [[ B, x [[ Dq and contains Y = [[ U, xv [] {e}. By our analysis in
qes q€sS qes qes
this section, these are the groups which we have to count in order to determine oy (SL2(Z)).

We proved that for counting them, it suffices for us to count subgroups of Xy/Y where

Xo = ][ By x [I T,- Note though that replacing H with its intersection with Xy, may
qes qes
enlarge the index of H in SLo(Z/mZ). But the factor is at most

2logm/ loglogm _ ml/log logm nl/log logn
As n — o0, this factor is small with respect to n. By the remark made in §1, we can deduce
that our original problem is now completely reduced to the following extremal problem on

counting subgroups of finite abelian groups:

Let P = {q1,...,q:} and PL = {q},...,q, } be two sets of (different) primes and let
P =P_JP;+. Denote

t t’
f(n) = sup{s,(X)|X = [[ Cou1 x [[ a1}
i=1 i=1
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t t’

where the supremum is over all possible choices of P_, P, and r such that r [] ¢; [ qg- <n,

=1 j=1
(and C,,, denotes the cyclic group of order m).

Corollary 6.7.

a4 (SLy(Z)) = limsup w.

A(n)

§7. Counting subgroups of p-groups

In this section we first give some general estimates for the number of subgroups of finite
abelian p-groups which will be needed in §8. As an application we obtain a lower bound for
the subgroup growth of uniform pro-p-groups (see definitions later).

For an abelian p-group G, we denote by €;(G) the subgroup of elements of order dividing
p'. Then Q;(G)/Q_1(G) is an elementary abelian group of order say p*¢ called the i-th
layer of G. We call the sequence A\; > Ay > ... > A, the layer type of G. It is clear that this

sequence is decreasing.

Denote by [i} the p-binomial coefficient, that is, the number of v-dimensional subspaces

p
of a A-dimensional vector space over Z/pZ.

The following holds (see [LS, Proposition 1.5.2]).

Proposition 7.1.
(i) pr* ) < [i] <p”-pO

(i) max m

is attained for v = [3] in which case [i\] = piNHOMN) nolds as A — oco.

p p

We need the following well-known formula (see[Bu]).

Proposition 7.2. Let G be an abelian p-group of layer type \1 > Ao ... > X\.. The number
of subgroups H of layer type vy > vy ... is

Hpui+1()\i—w) |:)‘l - Z/i+1:| ) n
p

Vi — Us
i>1 7 1+1

(In the above expression we allow some of the v; to be 0.)
We need the following estimate.
Proposition 7.3.

I/l(>\zfl/l) < Vi+1(>\i77/i) )\l - V’i+1 < 121 l/l(>\zfl/l)
Hp _Hp |:Vi_Vz’+1 p_p Hp

i>1 i>1 i>1
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Proof. By Proposition 7.1 we have

le/i+1(>\i_ui) |:>‘i - Vi+1} < le/i+1(>\i_ui) .p(l’i_VH—I)((Ai_Vi+1)_(Vi—Vi+1)) ,p(Vi—Vi+1)
p

Vi —Vit1

i>1 i>1

— pV1 le/i+1(>\z‘*w) ,p(l/z'*l/wrl)()\i*w) — pV1 le/i(Az‘*Vq‘,)_
i>1 i>1

The lower bound follows in a similar way. [
Corollary 7.4. Let G be an abelian group of order p® and layer type A1 > Ao > ... > A
Then |G|~L T] p*i/4 < |Sub(@)| < |G)2 ] p*i/* holds.

i>1 i>1

Proof. Considering subgroups H of layer type [%] > [%] > ... we obtain that

[Sub(G)| > T] pIFIC—IF]) > pr I1 »'/4 which implies the lower bound.
i>1 i>1

On the other hand, for any fixed layer type 11 > v5 > ... the number of subgroups H
with this layer type is at most

YL Hpui(xﬁw) < |q Hp,\f/z;_
i>1 i>1
The number of possible layer types 1 > vo > ... of subgroups of G is bounded by
the number of partitions of the number « hence it is at most 2¢ < |G|. This implies our
statement. [J
Let us make an amusing remark which will not be needed later.
If G is an abelian p-group of the form G = Cy, x Cy, x ... x Cy, then it is known (see

[LS]) that |[End(G)| = ][] ged(xj,xr). Noting that [[ ged(xj,xr) = [] pM we obtain
g k=1 Jk>1 i>1
that

GI7HEnd(G)[ < [Sub(G)| < |GP[End(G)]%.
These inequalities clearly extend to arbitrary finite abelian groups G.

For the application of the above results to estimating the subgroup growth of SL4(Z,) we
have to introduce additional notation .For a group G let G* denote the subgroup generated
by all k-th powers.For odd p a powerful p-group G is a p-group with the property that G/GP
is abelian.(In the rest of this section we will always assume that p is odd,the case p = 2
requires only slight modifications.) G is said to be uniformly powerful (uniform [for short)
if it is powerful and the indices \Gpi : Gpiﬂl do not depend on ¢ as long as i < e, where p°
is the exponent of G .

Now let G be a uniform group of exponent p® , where e = 2¢ , with d generators. Then
GP is a homocyclic abelian group of exponent p* and d generators (i.e. it has layer type
d,d,...,d with i terms) (see[DDMS]).
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Consider subgroups H of GP' of layer type v,v,...,v (i terms).The number of such
subgroups is at least p?*(¢=*) by Proposition 7.3. . The index n of such a subgroup H in G
i pdit(d—v)i Vé;l:z).
Substituting v = [d(2 — v/2)] we see that x can be as large as (3 — 2v/2)d — (v/2 — 1).

Let now U be a uniform pro-p-group of rank d , i.e. an inverse limit of d-generated finite

. Hence the number of index n subgroups in G is at least n* where x =

uniform groups G.Then we see that for infinitely many n we have s, (G) > n(3-2V2)d=(V2-1),
Now SL4(Z,) is known to have a finite index uniform pro-p- subgroup of rank d? — 1
(see[DDMS]). This proves the following

Proposition 7.5. SL4(Z,) has subgroup growth of type at least n(3-2v2)d’-2(2-v2)

B. Klopsch proved [K]] that if G is a residually finite virtually soluble minimax group of
Hirsch length h(G) then its subgroup growth is of type at least n"(©)/7. By using the above

argument one can improve this to nB-2VDh(G)=(vV2-1),

§8. Counting subgroups of abelian groups

The aim of this section is to solve a somewhat unusual extremal problem concerning the
number of subgroups of abelian groups. The result we prove is the crucial ingredient in
obtaining a sharp upper bound for the number of congruence subgroups of SL(2,7Z).

We will use Propositions 7.2 and 7.3 in conjunction with the following simple (but some-
what technical) observations.

Let us call a pair of sequences of integers {\;},{v;} goodif \y > X g > ... >\ > 1,11 >
vo>...2v,>land \; >y fori=1,2,... 7.

Proposition 8.1. Let a,t be fived positive integers. Consider good pairs of sequences
{Ni} {vi} such that Y~ (N +v;) < a and A\ < t.

i>1
Under these assumptions the mazimal value of the expression Y, v;(\i—v;) is also attained
i>1
by a pair of sequences {\;},{v;} such that

(i) t=XA=Xa=...=X-_1 (i.e. only \., the last term can be smaller than t).
(ii) for some 0 < b <r —1 we have

VN=vy=...=Vpy =V +1l=...=v,1+1

If A =t then we also have v1 = v, or vy = v, + 1.

(iii) We have v; > [L

5] ewcept possibly for i =1 if A, <t, in which case we have

52 )
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Proof. Suppose that the maximum is attained for {\;},{v;}. Let j be the smallest index
such that we have ¢ > X\; > X;j;1 > 1 (if there is no such j then (i) holds). Assume that
Ajt1=...= Ajpp and A\jip > Ajppq1 or j + k= r. The condition v; > v; 4 implies that

vi((Aj +1) = v5) + vjpr (Ve — 1) — vigw)

> vj(Aj = V) + Virk(Njsk — Vjgk)-

If \j4r = vjyr then (by deleting some terms and renumbering the rest) we can clearly replace

our sequences by another good pair for which ) A; is strictly smaller and ) v;(\; — 1) is
i>1 i>1
the same. Otherwise, replacing A\; by A; +1 and A\j4 by A\j4r — 1 we obtain a good pair of

sequences for which {)\;} is lexicographically strictly greater and for which > v;(\; — v;) is
i>1
at least as large (hence maximal).

It is clear that by repeating these two types of moves we eventually obtain a good pair
{\i}, {vi} satisfying (i).
Nowset 8 =v1 +v9+ ...+ v-_1. Then

S v —v) =tB— (W . ) (A — ).

i>1

It is clear that if the value of such an expression is maximal, then the difference of any
two of the v; with j <r —1is at most 1. Part (ii) follows.

Let us assume now that A, < ¢. Suppose that p = 441 = ... = vy < [£]. This implies
that o < [£] — 1 and hence 3p <t — 2.

We claim that p(t —p) < (p+1)((t —1) — (w+ 1)). This reduces to

pt—p) < (p+ 1) —p) —2(p+1)
2u+2<t—p and
3u < t — 2 which is true.

By the claim, replacing v; by v; +1 and A\; by t =1 for b+ 1 < j < r — 1 we obtain a
good pair of sequences for which Y v;(\; — v;) is strictly greater, a contradiction.
i>1

Hence we have v,_1 > [£] > [%] Using this, a similar argument establishes that v, > [%]

(note that if v, < [%] then replacing A, by A\, — 1 and v, by v, + 1 we obtain a good pair
of sequences).

Suppose now that v, > (%} This implies v, > [%] 41 and hence 3v, > A\, + 2.
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We claim that v, (A, — ;) < (v — 1)((A\r + 1) — (v, — 1)). This reduces to

ve( A — 1) < (vr —1)(A — 1) +2(vp — 1)
A —Vp <20, —2 and

A+ 2 <3, which is true.

By the claim replacing v, by v,. — 1 and A, by A, + 1 we obtain a pair of good sequences
for which > v;(A; — v;) is strictly greater, a contradiction.
i>1

Hence we have v, < [%} as well.

Finally if A\, = t then (setting p = vp41 = ... = 1) the first part of the previous argument
establishes v, > [£]. O

Proposition 8.2. Let x1,xo,...,x; be positive integers such that at most d of the x; can

t £\
i];[lxi > (a)

be equal. Then

holds.

Proof. 1f say, x; is the largest among the x; then x; > 3. By induction we can assume that

‘ t—1
[Tz > (%) holds. Then
=2
ﬁx'>£ t—l t—1>e i t—l t—1>e i t t—l t—l_
e "= d\ ed - ed ed - ed t o
t\" e t\*
<ed> ( . )H - (ed) ’

as required.
The main result of this section is the following.

Theorem 8.3. Let d be a fixed integer > 1. Let n,r be positive integers. Let G be an
abelian group of the form G = Cy, X Cy, X ... x Cy, where at most d of the x; can be equal.

Suppose that r|G| < n holds. Then the number of subgroups R of order <1 in G is at most
RO+ hore  — 32V

Proof. We start the proof with several claims.

Claim 1. t < (14 o(1))¢(n).
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Proof. By Proposition 8.2 we have (%)t < n. This easily implies the claim.
Claim 2. In proving the theorem, we may assume that ¢t > v¢(n).

Proof. For otherwise, every subgroup of G can be generated by ~f(n) elements hence
|Sub(@)| < |G < ptm),

Now let a(n) be a monotone increasing function which goes to infinity sufficiently slowly.
For example, we may set a(n) = loglogloglogn.
Let G, denote the Sylow p-subgroup of G and let A} > XJ > ... denote the layer type of

G,. Altogether the layers of the G, comprise the layers of G;. We call such a layer essential

4(n)
a(n)”

of a certain subgroup E, of G, (which equals Q;(G),) for the largest ¢ such that A >
Let us call E = [] E, the essential subgroup of G.
P

if its dimension A is at least Clearly the essential layers in G, correspond to the layers

L(n
atn))-

Claim 3. Given E N R we have at most n°“(") (i.e., a small number of) choices for R.

Proof. 1t is clear from the definitions that every subgroup of the quotient groups G,/ E, and
hence of G/FE can be generated by less than % elements. Therefore the same is true for

R/R N E. This implies the claim.

By Claim 3, in proving the theorem, it is sufficient to consider subgroups R of E.

Let v denote the exponent of E. Then F is the subgroup of elements of order dividing v
in G. Now v is the product of the exponents of the F,, hence the product of the exponents
of the essential layers of G. It is clear from the definitions that we have v/(")/¢(") < hence
v < (logn)*™. Using well-known estimates of number theory [Ra] we immediately obtain

the following.

log v a(n)loglogn
loglogv — logloglogn °

Claim 4. (i) the number z of different primes dividing v is at most

ca(n)

(ii) The total number of divisors of v is at most pTogioss < log neeezlozn for some constant
c> 0.
Claim 5. |G : E| > (logn)(1+0(1))t_

Proof. Consider the subgroup E* = ENC,,. It follows that E* is the subgroup of elements

of order dividing v in C,,. Set e; = |E?| and h; = x;/e;. It is easy to see that E = [] E*,
i>1
hence |G : E| = [] hs.
i>1
By Claim 4(ii) for the number s of different values of the numbers e; we have s =
(logn)°®. We put the numbers z; into s blocks according to the value of e;. By our

condition on the z; it follows that at most d of the numbers h; corresponding to a given
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block are equal. Hence altogether ds of the h; can be equal. Using Proposition 8.2 we obtain
that |G : E| > H hi > (eds) :

Since sd = (log n)°(1) and by Claim 2 t > ’ylolgolgogn we obtain that |G : E| > (logn)(tt+e()?
as required.

Let us now choose a group G and a number r as in the theorem for which the number
of subgroups R < F of order dividing r is maximal. To complete the proof it is clearly
sufficient to show that this number is at most n(y o)),

Denote the order of the corresponding essential subgroup E by f and the index |G : E|
by m.

Using Propositions 7.2 and 7.3 we see that apart from an n°(“(")) factor (which we ignore)

the number of subgroups R as above is at most

(5.) [T I w0

p i>1
for some 17, \¥ where {\'}, {v*} is a good pair of sequences for every p, [[ [ p* divides f
p i>1

and [ [] p¥i divides r. Assuming that fr is fixed together with the upper bound ¢ for all
p i>1
the \?, let us estimate the value of the expression (8.1).

By Proposition 8.1 a maximal value of an expression like (8.1) is attained for a choice of
the A\ v

P vl (for the sake of simplicity we use the same notation for the new sequences) such

that for every p there are at most 3 different pairs (p*' ,p*! ) equal to say
@Y, L"), and (p7,pto)

where p? > [%], TP < t and [%1 > pp > [%] = puf for all p.

Exchange the pairs equal to the first type for pairs equal to (pt, p“p) and the pairs of
the third type for pairs equal to (p™",p*’). We obtain an expression like (8.1) (where for
every p the {\P'}, {v} still forms a good pair of sequences) such that the ratio of the two

[T <.

p i>1

expressions is at most

If now there are say aP pairs with (p*,p”f) equal to (pf,p"") then take 3” to be the
largest integer with 27° < p®” and set g = [logz p]. (Note that for every p there is at most
one pair of the form (p™,p"1).)

Consider the expression

(8.2) H 9BP P (t—pP) BT u (TP —py)
p=1
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Its value may be less than that of (8.1) but in this case their ratio is bounded by (22%)"n

(where z is the number of primes dividing v). Hence this ratio is at most
9(2H+o()e(n)? SEARERES < ) (2o afogtogn — poé(n))

To prove our theorem it is sufficient to bound the value of (8.2) by n(y+e(1)én),

It is clear that the value of (8.2) is equal to the value of another expression

(8.3) H oV (Ak—vk)

E>1

which has Y (8P + 1) terms and for which [] 2*+** < f.r . By the definition of (8.2) it is
P

k>1
also clear that for this new pair of sequences {\}, {vi} we either have A\, =t and vj, > [£]
or \p <tand vy, = [g—’“} This ensures that if {\;} is decreasing then {vy} is decreasing as

well i.e. our sequences form a good pair.

By Proposition 8.1 such an expression attains its maximal value for some sequences
{Ak}, {vk} such that all but one of the A, say A\,+1 are equal to ¢ and we have
m=vo=...=vp=14+1vp41 =...= 1+ v, for some b < a.

Consider now the expression

(8.4) T] 2%

E>1

where

a

t=XN=...=X, (A, =0)

andv, =vy =vy=...=v, (V1 =0).

It casily follows that the value of (8.3) is at most 22 times as large as the value of (8.4)
and 22° = o) Hence it suffices to bound the value of (8.4) by nyte(m)en),

To obtain our final estimate denote 2% by y, m!'/* by w (where m = |G : E|) and set
rT=y-w.

For some constants between 0 and 1 we have y = 2” and v| = ot. Then
1—p

w=zx"r= Yy o
We have n > m.f.r > w' - y" - 47" hence logn > ¢ -logy(1 + o + 252).
By Claim 5 we have w > (logn)"*°(") hence (1 + o(1))loglogn < logw = *3*logy.

Therefore
1—py2
(logn)? _ t*(logy)*(1+ 0+ =2) 5 l—psy , p
> 1+0(1)) = (1+0(1))t°lo 140+ . .
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The value of (8.4) is y7tt=9t) which as we saw is an upper bound for the number of subgroups

R (ignoring an n°“(™) factor). Hence

log (number of subgroups R)
( (log n)? )

loglogn

t20(1 — o) logy
t2logy(l1+ o+ l;pp)2(ﬁ)
o1 - o)(122)

(L+o+ ey

< (1+0(1))

o(1-0)p(1 - p)

= (1+0(1)) e

— (1+0(1))

o(1—0)p(l—p)

(+po)2 is v. The proof of the theorem is

As observed in §4 the maximum value of
complete. [

By using a similar but simpler argument, one can also show the following

Proposition 8.4. Let G be an abelian group of order n of the form
G =Cy, X Cyy X ... x Cy, where x1 > x93 > ...x¢. Then |[Sub(G)| < n(16+o()E(n)  This

bound is attained if x; =1t -1 for all i.

Combining this result with an earlier remark, we obtain that n(xtoM)4n) ig the maximal

value of [[ gcd(x;, x;) where the z; are different numbers whose product is at most n.
1,3
Note that |Sub(G)| is essentially the number of subgroups R of order [1/|G|] (see [Bu] for
a strong version of this assertion). Hence Proposition 8.4 corresponds to the case r ~ nt/3

of Theorem 8.3.

§9. End of proofs of Theorems 2, 3, and 4.

Theorem 2 is actually proved now: the lower bound was shown as a special case of
R = R(G) = 1in §4. For the upper bound, we have shown in Corollary 6.7 how a (SL2(Z))

is equal to limsup % (see Corollary 6.7 for the definition of f(n)). But Theorem 8.3

implies, in particular, that f(n) is at most n(Fe)n) where v = 3_421—‘/5. This proves that
a4 (SL2(Z)) < v and finishes the proof.

The proof of Theorem 3 is similar, but several remarks should be made: The lower bound
was deduced in §5. For the upper bound, one should follow the reductions made in §6. The
proof can be carried out in a similar way for SLy(O) instead of SLy(Z) but the following
points require careful consideration.

1) One can pass to the case that m is an ideal which is a product of different primes m;’s
in O, but it is possible that O/m; is isomorphic to O/m;. Still, each such isomorphism class

of quotient fields can occur at most d times when d = [k : Q].
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2) The maximal subgroups of SLy(F,) when F is a finite field of order ¢ (¢ is a prime
power, not necessarily a prime) are the same B, D and A as described in (1), (2), and (3)
of §6.

The rest of the reduction can be carried out in a similar way to §6. The final outcome
is not exactly as f(n) at the end of §6, but can be reduced to a similar problem when f(n)
counts s,(X) when X is a product of abelian cyclic groups, with a bounded multiplicity.
Theorem 8.3 covers also this case and gives a bound to f(n) which is the same as for f(n).
Thus o (SLy(0)) < = 3=2Y2,

We finally mention the easy fact, that replacing O by Og when S is a finite set of primes
(see the introduction) does not change ay or a—. To see this one can either use the fact
that for every completion at a simple prime 7 of O, G(O;) has polynomial subgroup growth
and then use the well known techniques of subgroup growth and the fact that

G(O) = G(Og) x wesﬁ\/@o G(Or)
to deduce that a(G(0)) = a(G(Os)).

Another way to see it, is to observe that G(Qg) is a quotient of G(O), and, hence,
at(G(0)) > a4 (G(Og)). On the other hand, the proof of the lower bound for a(G(0O))
clearly works for G(Og). Theorem 3 is, therefore, now proved, as well as Theorem 4 (since

we have not used the GRH for the upper bounds in Theorem 3).

§10. Chevalley groups.

In this section we prove the upper bound of Theorem 5. In view of the results of [Lu]
it is sufficient to consider classical groups of large rank. For simplicity of notations we will
treat the case k = Q. The general case is similar with minor changes.

We first prove the result for SL4(Z). To this end, we will use two facts on subgroups of
“small” index in SL4(q):

Proposition 10.1. Let F be a finite field of order q, V = F% and
G =SL(V)=SL4F).
(a) Every proper subgroup of G is of index at least ¢*~% (unless G = SLy(9)).
(b) Let H be a subgroup of G of index smaller than q%dZ. Then V' has a sequence of
F[H]-submodules {0} =V < V! < ... <V*® =V such that:
(i) for every j =1,...,s, VI/VI=1 is a simple H-module.
(ii) There exists j € {1,...,s} such that W = VI /VIi=! has dimension at least 2d
and the induction of H on W contains SL(W).

Proof. (a) is well known - see [KL]. (b) is proved in [Lie]. O
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Note that (10.1)(b) implies that H can be put in a block form with one large block and
the others much smaller.

We will also need a simple number theoretic lemma. Let € > 0 be a constant such that
the product of the first ¢ primes is at least e=¢1°8¢ for all £ > 2.

Lemma 10.2. Let q1,...,q; be different primes. Let x1,...,x; and d be natural numbers
t

such that z; < d. If [ ¢i* < m, then
i=1

Zwi < —6 ) + d+/logm

Proof. Let t; (j = 1,...,d) denote the number of indices ¢ for which xz; > j. Clearly

d ¢ d
t=1t >ty > >tg>0and Y. t; = > z;. It follows that [] esiloeti <[] ¢7* <m
j=1 i=1 j=1 i=1

d
hence ¢ ) t;logt; <logm holds.
j=1
T
Choose r such that logt, > %log logm > logt,1. Then € ) t;logt; < logm implies
j=1

that Z tj < iblglgogm On the other hand for j > r + 1 we have t,,1 < /logm. Therefore

]_

Z xT; = Z t; < %E(m) + d+/log m as required. [
j=1

Now, our goal is to bound s,,(SL4(Z/mZ)) where m < n (see Corollary 1.2 ). By
¢
Corollary 6.2, we can assume that m is a product of different primes, m = [] ¢;. Moreover,
i=1
we count only the fully proper subgroups (see §6) so if H is a subgroup of

G = SLy(Z/mZ) = HSLd YALYAR

of index at most n, we can assume that the projection of H to each factor SLy(Z/q¢;Z) is a
proper subgroup. Thus, by Proposition 10.1(a), the index of H in G is at least qufl, SO

dlie m<nd1

n>m
Let H now be a subgroup of G and ¢; one of the prime divisors of m. The projection
of H to SLq(Z/q;Z) will be denoted by H(g;). We can bring H(g;) to a block form as in
(10.1)(b(i)). .
Now if the index of H(g;) is smaller than qi%d there is a large block of dimension d; > %d.
We call the other blocks small. Set x; = d — d; or x; = d if there is no large block. We see

2 g
that the index of H(q;) in SLq(Z/q;Z) is at least g dri
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t oo t
We obtain that [] ¢ di <mn,thatis [ ¢/" < n3i. By Lemma 10.2 this implies
i=1 i=1

t
9
in < E—dé(n) + +/5d logn,
i=1

which is less than say 13/(n) for n large enough (and d fixed).

The number of block forms is small, so we can assume we are fixing the block form and
count only H with H(g;) of a given block form. Then H(g;) is a subgroup of the parabolic
subgroup P(q;) of SL4(Z/q;Z) corresponding to the block form. The number of choices for
P(g;) of a given block form is at most ¢¢° (since GL is flag-transitive) hence the number of
choices for P = [ P(gq;) is small. If R(g;) denotes the unipotent radical of P(g;) then it is
clear that H(q;)R(q:)/R(¢;) is a fully reducible group. The group R = [] R(¢;) is nilpotent
of rank < d2. Now H is a subgroup of P and using Lemma 6.1 (again) we see that it is
sufficient to count the number of possibilities for the quotient group H = HR/R inside
P = P/R. Note that P acts faithfully on the direct sum of all the modules Vij / Vij “lina
natural way and H acts as a fully reducible subgroup of P.

Now H contains the normal subgroup N = [[SL(W;) (where the W; are the large
irreducible modules). By a theorem of Aschbacher-Guralnick [AG] (cf. [LS, Window 1,
Theorem 15]), H is generated by a subgroup S > N such that S/N is solvable, plus one
element. Clearly it is sufficient to count the number of choices for S.

Now S acts faithfully on the direct sum of the H-modules Vij / Vij ~!. For every ¢ and
7 we can choose a sequence of S-submodules of Vij / V;j ~! such that the quotients between
consecutive submodules are simple S-modules. The number of such choices is small.

Using again Lemma 6.1 we can replace S by a quotient S which acts as a fully reducible
group on the direct sum of these simple S-modules (as we did before with H).

Note that S acts as a subgroup of GL(W;) containing SL(W;) on the large modules and
acts like an irreducible solvable group on the other “small” modules.

The sum of the dimensions of the small modules over Fy, is ;.

We claim that S can be generated by % Xt: x; +t elements together with N = [] SL(W;).

Indeed let U be one of the small moduigs1 of dimension say y and let K be the kernel of
the action of S on U. By a result of Kovécs-Robinson [KR] the fully reducible linear group
S/K can be generated by %y elements. K acts trivially on U and by Clifford’s theorem fully
reducibly on all the other S-modules. Continuing in a similar way (stabilising small modules
one by one) we eventually reach a subgroup Ky of S where N < Ky < [[ GL(W;) such that
S can be generated by Ko and most 3 3 z; elements. Since each GL(W;)/SL(W;) is cyclic

we obtain our claim.
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For each small S-module U we fix a maximal solvable subgroup M of GL(U) containing
the image of S in GL(U). Since dim(U) < d by [Py, Lemma 3.4] the number of choices for
M is at most |U|*® for some absolute constant c.

Altogether the number of choices for all the maximal solvable subgroups M is at most
m°? so we can fix them when we count the groups S.

By the Palfy-Wolf theorem (cf. [LS, Window 3, Theorem 6]) the order of each such M is
at most |U|>. Denote by D the direct product of the groups M (for small modules U) and
of the GL(W;) (for large modules W;).

As we saw above we can assume that S is a subgroup of D containing N = [[ SL(W;). It
follows that |D/N| < m-[[¢>* < na7 -n3i. On the other hand by the above claim S/N
can be generated by ¢+ 3 3" z; elements which is less than -15¢(n) + 3 (154(n)) for large n.

Hence the number of choices for S is at most nd%f(n) for some absolute constant c¢. This
completes the proof of Theorem 5 for SLy(Z).

Remark. The above proof relies on the Classification of Finite Simple Groups (CFSG)
via the Aschbacher-Guralnick theorem. However this can be avoided, since all the groups
which appear in the proof are linear of bounded dimension and such groups have bounded
index subgroups with “known” simple composition factors by a deep but CFSG-free result
of Larsen-Pink [LP].

The other classical groups can be handled by essentially the same methods. In each
case we need a version of Proposition 10.1. Appropriate bounds for the indices of proper
subgroups appear in [KL]. Analogues of Proposition 10.1 (b) appear in [Lie].

Actually the symplectic groups are not considered there, hence it seems appropriate to
sketch an argument in this case (along the lines of [Lie]).

For our purposes it is sufficient to consider G = Spa,.(q) for ¢ odd and r > 4. By a result
of Kantor [Ka] if I is an irreducible subgroup of G then its index is at least gz,

Let V = V(d,q) be the underlying symplectic space (where d = 2r). Then V has a
standard basis {e1,..., e, fi..., fr} with (e;,e;) = (fi, f;) = 0 and (e;, fj) = d;;.

Let K be the stabilizer in Spy(q) of a totally isotropic subspace of dimension a. Then

a—1 a—1
Spaq) : K| = [[ (@ = 1)/ TJ(¢" 7 = 1) > ¢""%) > ¢%.
J=0 J=0

Let H be a subgroup of Sp4(q) such that |Spy(q) : H| < q% and let V! be a maximal
totally isotropic H-subspace of V. Then dim(V!) < 4. Now V!4 /V! is a direct sum of
minimal H-invariant non-degenerate subspaces W', ..., W*. Assume, say, that W' has
the largest dimension and let V2 > V! be the subspace corresponding to W!. Let us set

b= d—dim(W1'). An easy calculation shows that the index of H is at least ¢ . Therefore we
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have b < 4. Now, using the above result of Kantor [Ka] we see that H acts on W = V2/V?
as the full symplectic group Spg—p(q).

We return to our proof of Theorem 5 in the symplectic case. We can assume that H is a
fully proper subgroup of index n in Spg(Z/mZ) where m < n and m is a product of different

t
primes m = [] .
i=1

Consider H as a subgroup of SLy(Z/mZ). Now each projection H(g;) can be put in a

block form such that the largest block has dimension d; > %d and on the corresponding

large module W; the group H acts as Sp(W;).

t Lgx.
By the above discussion we have [] ¢} i

i=1
we replace H by its fully reducible quotient H and set N = [] Sp(W;). We can finish the

proof by the same argument as in the case of SLy(Z). The remaining classical groups can

< n, hence t = O(%6(n)) as n — co. Now

be handled in essentially the same way.

§11. An extremal problem in elementary number theory.

The counting techniques in this paper can be applied to solve the following extremal
problem in multiplicative number theory.

For n — oo, let

M (n) = max{ H ged(ai, aj)

1<3,j<t

t
O<tar<as <...<a; €7, Hai<n},
i=1

My(n) = max{ H ged(p—1, p' —1)

p,p'EP

P = set of different primes where H p < n}
peEP

We shall prove the following theorem which can be considered as a baby version of Theorem
2 (compare also to Theorem 8.3 ). Note that Theorem 11.1 immediately implies Theorem
8.

Theorem 11.1. Let A\(n) = 1%2%;;): Then

log M1 (n) —Tim log Ms(n) _ 1

fn A(n) A(n) 4

Proof. Recall that if a1, as,... ,a; € Z and G = C,, X Cy, X --- X Cy, is a direct product of
cyclic groups then by §7,

1

G End(G)[T < [Sub(G)| < |G [End(@)]7,
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and
End(G)| = ] ged(a;a;).
1<i,j<t

Proposition 8.4 implies that oo .

—lo n

lim g}\Tl)() < T
It is clear that Ma(n) < Mj(n), so to finish the proof it is enough to obtain a lower bound
for My (n).

P
Now, for x — oo and

< g < af (with 0 < p < 1) choose

lca)vgw —
P="P(x,q) = {pgzv ‘pz 1 (mod q)},

to be a Bombieri set relative to x where ¢ is a prime number (Bombieri prime). By Lemma

3.4 we have the asymptotic relation #P(zx,q) ~ . In order to satisfy the condition

x
¢(q)log =
II » < n, we choose z ~ glogn. Without loss of generality, we may choose ¢ = x* for
peEP

some 0 < p < % It follows that

_ log logn x (1 —p)logn
=r 1 1 ~ P =#P ~ ~ .
! st o8r 1—p # #P(z,q) #(q) log x loglogn
Consequently
2 (1-p)%(logn)? p(1—p) (log n)2
H ged(p—1, p'—1) > q(#P) > (xP) Goglogm)?  ~ ¢ Toglogn
p,p'€P

Let now p go to % and the theorem is proved. [
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