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TESTABILITY OF RELATIONS BETWEEN PERMUTATIONS

OREN BECKER, ALEXANDER LUBOTZKY, AND JONATHAN MOSHEIFF

ABSTRACT. We initiate the study of property testing problems concerning relations between permutations.
In such problems, the input is a tuple (o1, . .., 04) of permutations on {1, ...,n}, and one wishes to determine
whether this tuple satisfies a certain system of relations F, or is far from every tuple that satisfies E. If this
computational problem can be solved by querying only a small number of entries of the given permutations,
we say that E is testable. For example, when d = 2 and E consists of the single relation XY = YX, this
corresponds to testing whether o109 = 0201, where o102 and o201 denote composition of permutations.

We define a collection of graphs, naturally associated with the system E, that encodes all the information
relevant to the testability of E. We then prove two theorems that provide criteria for testability and non-
testability in terms of expansion properties of these graphs. By virtue of a deep connection with group
theory, both theorems are applicable to wide classes of systems of relations.

In addition, we formulate the well-studied group-theoretic notion of stability in permutations as a special
case of the testability notion above, interpret all previous works on stability as testability results, survey
previous results on stability from a computational perspective, and describe many directions for future
research on stability and testability.

1. INTRODUCTION

In this paper we study the testability of relations between permutations. We consider problems where
several permutations are given in a black box form (e.g., as circuits or oracles), and one wishes to determine
whether they satisfy a fixed system of relations E or are far from doing so. For example, suppose that
E consists of the single formal relation XY = YX. The computational problem corresponding to E is to
test whether two given permutations A and B, over the same finite set, commute. More precisely, the
problem is to distinguish between the following two cases (i) AB = BA, and (ii) A and B are e-far in
the normalized Hamming metric (see (1.1) and Definition 1.5) from every pair of permutations A’, B’ that
satisfies A'B" = B'A’.

Testing whether AB = BA was shown in [10] to be achievable by an algorithm whose query and time
complexities are both polynomial in % In particular, we say that the system E = {XY =YX} is testable
since it has a testing algorithm whose query complexity depends only on &, and not! on the size n of the
domain {1,...,n} of A and B. Here, query complezity counts queries of the form “what is A(x)”
is B(x)” for x in the domain of the permutations.

On the other hand, consider the system of relations E = {XZ = ZX,YZ = ZY}. Testing F amounts to
testing, for three given permutations A, B and C, whether C' commutes with both A and B. Theorem 3
in the present paper, together with [25], imply that this system is not testable (see Example 2.4). In other

or “what

words, the query complexity of every testing algorithm for £ must depend on n and not just on e. Similarly,
the system E = {XY? = Y2X} is also not testable (this is also discussed in Example 2.4), even though it is
superficially similar to the system {XY = YX}.
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IMore generally, testing algorithms with query complexity sublinear in n are a fascinating topic for future research, but the
focus of the present paper is on testing with a constant number of queries. See also Section 2.2.3.
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In this work we go far beyond the systems of relations in the examples above. We establish a framework
and initiate a systematic study of the testability of systems of relations between permutations (also known as
equations in permutations). Given such a system E, we naturally associate with it a certain infinite family
of graphs GSolg (see Section 1.2), which contains both finite and infinite graphs. Our main results give
criteria for the testability and non-testability of E in terms of expansion properties of GSolg.

Definition 1.1 (Measures of expansion). Let G be a graph of bounded degree, with vertex set V. The
isoperimetric constant of G is

E(X X
@) = inf{w | X CV is finite and nonempty}.
If G is finite, its Cheeger constant is
EX,V\X |4
h(G) = inf{% X CVand1<|X|< %}

Here, E(X,Y) denotes the set of edges between the sets X and Y.

Note that if G is finite then ((G) is trivially 0 since the set X = V has no expansion. However, some
infinite graphs, such as the d-regular tree (d > 3), have a positive isoperimetric constant.

Our main positive theorem states that E is testable whenever GSolg is nonexpanding in the isoperimetric
sense.

Theorem 1 (Main positive theorem). If 1(G) = 0 for every G € GSolg then E is testable.

The notion of a testable system of relations is defined formally in Definition 1.6 in Section 1.1. The family
of graphs GSolg is defined in Section 1.2.

The aforementioned testability of {XY = YX} is a narrow special case? of Theorem 1.

Our main negative theorem states that nonexpansion in the Cheeger sense is a necessary condition for
testability.

Theorem 2 (Main negative theorem). Let FGSolg denote the set of graphs in GSolg that are finite and
connected. If FGSolg is infinite and inf{h(G) | G € FGSolg} > 0 then E is non-testable.

In Section 3 we will show how to associate a group® I'(E) with the system E. The expansion and
isoperimetric constants appearing in Theorems 1 and 2 have been studied extensively in the framework of
group theory, leading to numerous examples where the theorems are applicable, some of which are discussed
in Section 3 and Appendix A.

We note that, while Theorems 1 and 2 apply to many systems of relations, they do not provide a complete
classification. For example, the system consisting of the single relation XY? = Y3X is known to satisfy neither
the hypothesis of Theorem 1 nor that of Theorem 2, and the question of its testability remains open (see
Problem 2.11). In the spirit of well-known classification theorems, such as those concerning constraint-
satisfaction problems [13,43] and efficient testability of the H-freeness property of a graph [3], a prominent
objective of the present line of research is obtaining a complete characterization of testable systems of
relations. We elaborate on this goal in Section 2.2.1. We now turn to providing the necessary framework for
a precise statement of our results.

1.1. A framework for systems of relations between permutations. Fix a finite alphabet S =
{s1,...,84} throughout the introduction. Let S~ = {sl_l, .. .,sgl} be the set of formal inverses of the
letters in S, and write S* = SUS™.

2For E = {XY = YX}, it is not hard to verify directly that +(G) = 0 for all G € GSolg, but in fact it suffices to verify that
1(C) = 0, where C is the infinite grid in the plane. This suffices because C is the Cayley graph of the group Z? (see Section 3).
3The family GSolg is in fact the family of graphs whose connected components are Schreier graphs of the group I'(E).
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Definition 1.2. A relation is a formal equation of the form w;; = w; 2, where w; ; is a word over SE. A
system of relations is a finite set of relations.

Let Sym(n) denote the group of all permutations on [n] := {1 ...,n}. Fix a system of relations E =
{wi1 = wm}z:l. We think of the letters in S as variables, and study the space of assignments s; < 01,...,8q < 04
that satisfy all of the relations in F, where each o; is a permutation in Sym(n). In other words, we study
the space of simultaneous solutions for E inside (Sym(n))?. More precisely, we are interested in testability
problems related to this space of solutions. As an example, to fit the relation XY = YX into this framework,
we set d =2, 8 = {s1,82}, r =1, w11 = s152 and wy 2 = $281. Thus E = {s152 = s2s1} in this case. For
notational convenience we sometimes denote X = s1, Y = s9 and Z = s3.

Definition 1.3. For a word w over S* and a tuple & = (a1, ..., 04) € (Sym(n))%, n € N, write w(7) for the
permutation that results from applying the assignment s; < 0; to the word w.

Example 1.4. If S = {X,Y}, w = XYX"2Y" and 7 = ((123), (12)) € (Sym(3))* (where the permutations
are given in cycle notation), then w(e) = (123)(12)(123) ' (12)"" = (132).

Let dil denote® the normalized Hamming metric on Sym(n). That is,
1
(1.1) di(o,7) =d"%(o,7) = E|{:v €[n]|o(z)#7(x)} Vo,7 € Sym(n) .

Definition 1.5. Let n € N. We say that & € (Sym(n))? is a solution for E in (Sym(n))* (or that & satisfies
E) if w; 1(7) = w;2(7) for each 1 < ¢ < r, and write Solg(n) for the set of solutions for E in (Sym(n))®. For
>0, let

d
Solz*(n) = 4 (01,...,0a) € (Sym(n))* | > d*(0j,7;) = Y(r1,...,74) €Solg(n)
j=1
In the example where S = {X,Y} and E = {XY =YX}, the space Solg(n) is the set of pairs (A, B) €
(Sym(n))? such that AB = BA, and the space Sol7°(n) is the set of all pairs (A, B) € (Sym(n))? that satisfy
dH (A, A') + d" (B, B') > ¢ whenever (4’, B') € (Sym(n))? is a commuting pair.
The following is the main novel definition of this paper:

Definition 1.6 (Testable system of relations). An algorithm M that takes n € N and a tuple 7 =
(01,...,04) € (Sym(n))* as input is an (e, q)-tester for E if it satisfies the following conditions:

e Completeness: if 7 € Solg(n), the algorithm accepts with probability at least 0.99.
e c-soundness: if 7 € Sol%s(n), the algorithm rejects with probability at least 0.99.
e Query efficiency: the algorithm is only allowed to query q entries of o1, ...,04 and their inverses.

If for every € > 0 there are ¢ = ¢(e) € N and an (g, g)-tester M. for E = {w;1 = w;2},_, then we say that
E is q(e)-testable (or just testable) and that e — M, is a family of testers for E.

Note that in Definition 1.6 we allow the algorithm to have oracle access both to the entries of the given
permutations and to the entries of their inverses. Oracle access to inverses of permutations is in fact not
always necessary. Appendix B explains what can be done to circumvent the need to sample inverses.

In the sequel, it will be convenient to work with sets of relators rather than systems of relations, as
explained below. A word w over the alphabet ST is reduced if it does not contain any subword of the form
sisi_l or si_lsl-, 1 < i < d. Write Fg for the set of reduced words over S+ (in Appendix C we recall that
Fs has a natural group structure, making it the free group on S). Every word w over ST is equivalent
to a unique reduced word, obtained from w by repeatedly removing subwords of the form s;s; Lor s; Ls,,
1<i<d.

4We shall omit the subscript n when it is clear from the context.
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Let w be a word over S%. Write w = i ---s{, where £ > 0, ¢; € {+1,—1} and 1 < i; < d for all
1 < j <{. Then w has a formal inverse w™! = sl-_eef .

A system of relations E = {w;1 = wiﬂ};d gives rise to a subset Rp of Fg, defined to be the set of

.. 3;181
reduced words equivalent to wi;wm, .., w, yw,1. We say that Rp is the set of relators corresponding
to E (in general, a set of relators is just a subset of Fs). For example, if E = {XZ=72ZX,YZ=2ZY} then
Rp = {X71Z71XZ,Y~1Z71YZ}. Clearly, the system of relations E is equivalent to the system of relations
E'={w=1|w e Rg}. Indeed, Solg(n) = Solg:(n) and Sol7°(n) = Solz (n) for all n > 1 and € > 0. Tt is
generally more convenient to work with Rg rather than directly with E.

1.2. A graph-theoretic view. It will be beneficial to encode a tuple of permutations as an S-graph, defined
below.

Definition 1.7. An S-graph is an edge-labelled directed (not necessarily finite) graph®, where each directed
edge is labelled by an element of S, and each vertex has exactly one outgoing and one incoming edge labelled
s for each s € S.

Given n € N, write Gg(n) for the set of S-graphs on the vertex set [n]. In particular, Gg(n) consists solely
of finite S-graphs.

When referring to the connected components of an S-graph G, or to whether or not G is connected, we
disregard edge orientation and labels, and treat G as an undirected graph.

Let G be an S-graph. For s € S and a vertex x, we write sqz = y for the unique vertex y such that z——y
is an edge in G. We also define saly = x. When there is no ambiguity about the graph in context, we write
sx for sgx (for s € ST). For a word w = w; - - -w; (w; € ST) we recursively define wgr = wi(wy_1 ... w1x)
whenever t > 1. That is, wgz (or just wz) is the final vertex in the path that starts at = and follows ¢ edges
labelled according to w.

We next show how to encode a tuple & = (01, ...,04) € (Sym(n))? as an S-graph Gz. Let G € Gs(n)
denote the S-graph with vertex set [n] and edge set {ximl-x |z en],1<i< d}. Clearly, the map o —

Gz: (Sym(n))* — Gs(n) is a bijection.

Let E = {w;1 = w;2}7_; be a system of relations over S*. An S-graph G is said to belong to the class
GSolg if (wi1)gz = (w;2)cx for every 1 < i < r and vertex z. Equivalently, G € GSolg if wgx = z holds
for all w € Rp and every vertex x. In this case, we say that G satisfies E.

Example 1.8. Let S = {X,Y} and E = {XY =YX}. Let m,n > 1, and let G be the graph on the vertex set
V=A{0,....m—1} x {0,...,n — 1}, with the following edges: for each v = (a,b) € V, the X-labelled edge
originating from v terminates at (a+1,b), and the Y-labelled edge originating from v terminates at (a,b+1)
(where the addition is taken modulo m and n, respectively). Then G belongs to GSolg (note that G can be
embedded on a torus).

Denote GSolg(n) = GSolg NGs(n). Given & € (Sym(n))?, note that & € Solg(n) if and only Gy €
GSolg(n). In other words, G5 satisfies F if and only if & does the same. Importantly, the inclusion
Unen GSolg(n) C GSolg is strict since the latter set contains infinite S-graphs.

At this point, all notions in the statements of Theorems 1 and 2 have been fully defined. As these theorems
demonstrate, the power of the correspondence Solg(n) — GSolg(n), n € N, manifests in a connection
between the testability of E and the geometry of the (finite and infinite) graphs in GSolg.

5S—graphs are allowed to have self-loops and multiple edges, but as follows from the definition, two different edges directed
from vertex z to vertex y must have distinct labels.



As we will be working extensively with the graph encoding of a tuple of permutations, it will be convenient
to think of a tester as an algorithm whose input lies in Gg(n), rather than (Sym(n))d. We naturally define®

(1.2) dNG,G") = Z %|{x € [n]| sqz # sqrx}| VG,G' € Gs(n)

sES
and
GSolz*(n) = {G € Gs(n) | dM(G,G") > & VG’ € GSolp(n)} .

Note that
d
d"(Gz,G7) = > d"(0i,m)
i=1
for & = (01,...,04) and 7 = (71, ...,74) in (Sym(n))?, and that

GSolZ%(n) = {G; | 7 € SolZ* (n)} .
We can now restate Definition 1.6 in terms of S-graphs.

Definition 1.9 (Testable system of relations in terms of S-graphs). An algorithm M that takes n € N
and an S-graph G € Gg(n) as input is an (e, q)-tester for E = {w;1 = w;2},_, if it satisfies the following
conditions:

e Completeness: if G € GSolg(n), the algorithm accepts with probability at least 0.99.

e c-soundness: if G € GSOI%E(n), the algorithm rejects with probability at least 0.99.

e Query efficiency: the algorithm is only allowed to make ¢ queries, where each query is of the form

“what is sgz?”, x € [n], s € S*.

If for every € > 0 there are ¢ = ¢(¢) € N and an (g, ¢)-tester M. for F then we say that E is g(e)-testable
(or just testable) and that € — M. is a family of testers for E.

1.3. The Sample and Substitute algorithm, a first attempt at defining a tester. We turn to dis-
cussing algorithms for testing a given system of relations. Fix a system of relations E. The Sample and
Substitute algorithm with repetition factor k (denoted SASE), defined below, is arguably the most natural
candidate for an algorithm that tests whether an S-graph G lies in GSolg.

Algorithm 1 Sample and Substitute for E with repetition factor k
Input: n € N and G € Gs(n)

1: Sample (wy,z1), ..., (wk, zx) uniformly and independently from Rg X [n].
2: if w;x; = x; in the graph G for all 1 < j <k then

3: Accept.

4: else

5: Reject.

For example, when S = {X,Y} and E = {XY =YX} (and so Rp = {X~1Y~1XY}), the algorithm SAS}’
randomly samples k vertices z1,...,x; from [n]. It then substitutes each z; into the permutation of [n]
defined by X~Y~IXY and checks whether the result is x;. In other words, for each 1 < j < k, the algorithm
checks whether walking from z; along the edge labelled Y and then the edge labelled X, and then in the
reverse direction along the edge labelled Y and then the edge labelled X, leads back to x;. The algorithm
accepts if and only if this check succeeds for all 1 < j < k. For this specific system of relations, the query
complexity is 4k, since, to compute XY ~1XYz;, the algorithm first needs to query the vertex Yz;, then the

SIn words, d®(G, &) counts (with a % normalization factor) pairs consisting of a vertex x and letter s, such that the
respective s-labelled edges originating from z, in the graphs G and G’, disagree on their target vertex. Recall that the vertex
set of both G and G’ is {1,...,n}.



vertex X(Yz;), and so on, for a total of 4 queries. In terms of tuples of permutations (rather than graphs),
the input is (o1, 02) € (Sym(n))2, and the run of the algorithm is equivalent to sampling z1, . .., ) uniformly
and independently from [n] and accepting if and only if o7 la; Loy ooxj = x; (equivalently, o100z = 02012;)
forall1 <j<k.

For a general system of relations F, the query complexity of SASkE is Og(k) since, generalizing from the
case E = {XY = YX}, the algorithm requires |w,| queries in order to compute (w;)gz;, where we write |w|
for the length of a reduced word w. In particular, if k is independent of n then so is the query complexity.
If £ admits a family of testers consisting of SASkE algorithms, we say that E is stable. This is formalized in
the following definition, which is stated in combinatorial terms in [22, Definition 1] and in group-theoretic
terms in [6, Theorem 4.2] and [25, Definition 1.1]. Here the definition is given in computational terms:

Definition 1.10. The system of relations F is stable if there is a function k: Rso — N such that ¢ — SASkE(E)
is a family of testers for E. In this case we also say that F is k(e)-stable.

In particular, every stable system of relations is testable.

Note that for every k € N, the algorithm SASkE has perfect completeness, namely, when G € GSolg(n),
the algorithm always accepts. Thus, the question of whether a system F is stable is equivalent to the question
of whether there is a function € — k(e) such that SAS,CE(E) is e-sound for all € > 0.

The question of which systems of relations are stable has recently received a lot of attention (see Sec-
tion 2.1), yielding both positive and negative results. For example, the aforementioned testability of
E = {XY =YX} follows from the following stability result:

Example 1.11 ({XY =YX} is stable). Consider the system E = {XY =YX}. The main theorem of [6]
implies that there is a function k: Rso — N such that € — SAS%{;YX is a family of testers for XY = YX.
A later work [10] improved upon the result of [6] by showing that we may take k(e) = (%)O(l), where
the implied constant is absolute, and by providing a constructive’ proof. Thus, not only is E testable by

Sample and Substitute, but moreover, this testing can be done efficiently.

One natural question from the testing perspective is whether Sample and Substitute is universal,
namely, does every testable system of relations have a family of Sample and Substitute testers? In other
words, are testability and stability equivalent? As we shall see, Theorem 1 can be used to provide a negative
answer to this question. In Section 3.1 we give a concrete example of a system of relations which is testable
but not stable (see also Appendix A.1).

Fortunately, however, it turns out that a universal tester does exist. We turn now to describing this tester,
which we name Local Statistics Matcher®.

1.4. Local Statistics Matcher, a universal tester for relations between permutations. The idea
behind Local Statistics Matcher is as follows: Let G be a finite S-graph. For a vertex x of G and r > 1, we
consider the isomorphism class of the closed ball’” Bg(z,r) of radius r centered at x as a rooted directed
edge-labelled graph (the root is  and the orientations and edge labels are inherited from G, but the relevant
notion of a graph isomorphism ignores vertex labels). The graph G gives rise to a probability distribution
on the set of such isomorphism classes: Write N¢ , for the distribution of the isomorphism class of Bg(z, ),
where z is sampled uniformly from the set of vertices of G.

"That is, the proof in [10] provides an explicit algorithm that, given a graph G € Gg(n) that is accepted by SAS%{SYX with

high probability, produces a graph G’ € GSolg(n) close to G.

8Readers  familiar  with Benjamini—-Schramm  convergence will recognize a close connection between
Local Statistics Matcher and the Benjamini—Schramm metric.

9The ball Bg(z,7) is the graph whose vertex set V' consists of all vertices wz of G, where w is a word of length at most 7
over ST, and whose edge set consists of all the edges of G of the form w/z——sw’z, where s € ST and w’ is a word of length
at most r — 1.



Given a graph G € Gg(n), Local Statistics Matcher computes an approximation of the distribution Ng,,
(for a large enough 7, independent of n), which we denote by Ng?pirical. The algorithm accepts if and only
if there exists G’ € GSolg(n) such that the distributions Ngf;’pirical and N¢ , are at most d-far from each
other (for a small enough § > 0, independent of n). In other words, Local Statistics Matcher accepts with
high probability if and only if G and G’ are close together under the Benjamini-Schramm metric [2,12].

More precisely, Local Statistics Matcher is a parameterized family of algorithms, i.e., for k, P and § (see
below) we have a Local Statistics Matcher algorithm LSM,CE_’P_’(;. As we shall see in Theorem 3, Local Statistics
Matcher is universal in the following sense: the system E is testable if and only if for every € > 0 there are
k, P and ¢ such that LSMEPA is an (g, g)-tester for E, for some ¢ which depends only on &.

Rather than working with isomorphism classes of balls, it is more convenient (and essentially equivalent)
to consider stabilizers:

Definition 1.12. For a vertex = of an S-graph G, let
Stabg(z) = {w € Fs | wgz = z} .

For P C Fg, write Ng p for the distribution (over the set of subsets of P) of Stabg(x) NP when z is sampled
uniformly from the set of vertices of G.

If P={weFs||w <r}, r> 1, then Stabg(z) N P determines the isomorphism class, as a rooted
directed edge-labelled graph, of the closed ball Bg(x,r/2) of radius /2 centered at z in the graph G.
Indeed, Stabg(z) N P determines the set

(1.3) {(w1,w2) € Fs x Fs | |wi], |wz| < /2, w1z = wezx} .

because wyx = wy if and only if the reduced word equivalent to wy 'wy is in Stabg (z) NP (when |w ], |ws| <
r/2). The set (1.3) encodes the isomorphism class of Bg(x,r/2).

Before formulating the algorithm we need some notation. Given a set A, we denote its power set by
Subsets(A), and write FinSubsets(A) for the set of finite subsets of A. When A is finite, we write U(A) for
the uniform distribution over A.

Denote the total-variation distance between two distributions 6, 65 over a finite set 2 by

1
drv(bh,02) = 3 Z|91(~”C) — b2(x)| .
e
The Local Statistics Matcher algorithm for a system of relations E takes three parameters in addition
to E: a repetition factor k € N; a finite word set P € FinSubsets(Fs); and a proximity parameter § > 0.
The algorithm, denoted LSMy, p 5, is defined as follows.

Algorithm 2 Local Statistics Matcher for E with with repetition factor k, word set P C Fg and proximity
parameter 0
Input: n € N and G € Gg(n)

1: Sample 1, ...,z uniformly and independently from [n].
2: For each 1 < j < k, compute the set Stabg(z;) N P by querying G.
3: Let Ng?}plmal be the distribution of Stabg(x;) N P where j is sampled uniformly from [k].
4: if
(1.4) min{ dry (NG, Ny p) | H € GSolu(n)} <6

then
5: Accept.
6: else
7 Reject.




In our proof of the universaility of Local Statistics Matcher, we only make use of sets P of the form
P ={we Fs | |w| <r}, r> 1. This restriction does not hurt the universality of the algorithm. For sets P
of this form, the algorithm can essentially be seen as sampling balls of radius 5.

The query complexity of LSME ps 1S O(k Y e P|w|), and in particular it is independent of n whenever
the same is true for k, P and 4. Indeed, to determine Stabg(z;) NP, 1 < j < k, it suffices to compute wgz;
for each w € P, and this can be done in |w| queries for any given w.

In contrast to Sample and Substitute, the Local Statistics Matcher algorithm is not necessarily
perfectly complete. Namely, for some systems of relations E, the algorithm may reject (with some small
probability) even if G € GSolg(n). This can happen in a run of Local Statistics Matcher only if

Ngf}}pmcal is not a good approximation of Ng p.

Remark 1.13. In a naive implementation of LSM,CE) p.s» the algorithm explicitly enumerates the elements of
GSolg(n) in order to compute the set of distributions {Ng p | H € GSolg(n)}. This results in running time
exponential in n. While the present work focuses on query complexity, we discuss possible significant time
complexity improvements in Section 2.2.4.

1.4.1. Statistical distinguishability and the universality of Local Statistics Matcher. To prove the uni-
versality of Local Statistics Matcher, we introduce the notion of a statistically distinguishable system
of relations (Definition 1.14). We then show (Theorem 3) that for a system of relations E, the following
implications hold:

FE is testable = F is statistically distinguishable = FE is testable by Local Statistics Matcher,

and thus the three statements are equivalent.

Definition 1.14. The system of relations E is statistically distinguishable if for every € > 0 there exist
P(e) € FinSubsets(Fs) and §(¢) > 0 such that drv (Ne, pe), Nu,pe)) = 6(¢) for every n € N, G € GSolg(n)
and H € (}Sol}%8 (n). In this case we also say that E is (P(e), §(¢))-statistically-distinguishable.

Remark 1.15. Given graphs G, H € Gs(n), we sometimes refer to d"(G, H) as their global distance, and to
drv(Ne,p, Nu,p) (where P € FinSubsets(Fs)) as their P-local distance. Thus, E is statistically distinguish-
able if whenever H is e-far from GSolg(n) in the global metric, it is also §-far from GSolg(n) in the P-local
metric, where § and P may depend on ¢.

Theorem 3. Fiz a system of relations E over an alphabet S*. The following conditions are equivalent:

(1) E is testable.

(2) There exist functions k: Rsg — N, P: Ryg — FinSubsets(Fs) and §: Rs — Rsq such that € —
LSMkE(E)ﬁp(E)ﬁ(;(E) is a family of testers for E.

(8) E is statistically distinguishable.

We prove Theorem 3 in Section 7. Note that, in addition to implying the universality of Local Statistics
Matcher, Theorem 3 reduces the question of testability to the notion of statistical distinguishability. The
latter is graph theoretic and geometric, rather than algorithmic. Our proofs of Theorems 1 and 2 rely on
this reduction.

1.5. Overview. Section 2 contains a survey of previous work, and discusses directions for future research.
Section 3 explains the powerful relationship between testability and group theory: each system of relations
E gives rise to a group I'(E), and the foundational Proposition 3.2 says that the testability of E depends
only on I'(E). Section 3 also reviews the relevant group-theoretic notions in a combinatorial language.

In Section 4 we prove Theorem 2 by a direct use of expansion in graphs. In Section 5 we prove Theorem 1
using deep results such as the Newman—Sohler Theorem [36] (see also [20]) and the Ornstein—-Weiss Theorem
[14,38]. In Section 6 we prove Proposition 3.2.



The proofs of Theorems 1 and 2 and Proposition 3.2 use the reduction from testability to the geometry
of graphs, as afforded by Theorem 3, which is proved in Section 7.

Appendix A.1 uses Theorem 1 to provide an example of a testable instable system of relations. Appendix
A2 gives an example of a system satisfying the hypothesis of Theorem 2.

2. A SURVEY OF PREVIOUS WORK AND DIRECTIONS FOR FURTHER RESEARCH

2.1. A survey of previous work on stability. The notion of testability of relations and the computational
perspective on stability are new concepts, introduced in this paper. Nevertheless, there is a lot of recent
research of stability in permutations from group-theoretic and combinatorial points of view. Most of the
existing literature on stability relies on the relation to group theory as explained in Section 3. We formulate
these results in the graph-theoretic language developed in Section 1.2.

2.1.1. The combinatorial definition of stability. Stability, as in Definition 1.10, has several equivalent defini-
tions (see [22, Definition 1], [6, Theorem 4.2], [25, Definition 1.1]). Below we recall one of them and prove
the equivalence.

Definition 2.1 (Combinatorial definition of stability). [22, Definition 1] Let £ be a system of relations over
S*, and let G € Gg(n). The local defect of G with respect to E is

Lg(G) = Z Pr [wgx # x].

wery P~
We say that F is stable if

inf{LE(G) | G € GSolz° (n),n € N} >0 Ve>0.
Remark 2.2. We use the notion of local defect in the proof of Proposition 3.2 (see Section 6).

For G € Gs(n), we have G € GSolg(n) if and only if Lr(G) = 0. Another way to state Definition 2.1
is: The system E is stable if and only if for every e > 0 there is § > 0 such that G ¢ GSolz*(n) whenever
n € N, G € Gs(n) and Lg(G) < 6. That is (informally), E is stable if every graph which approximately
satisfies F is close to a graph which fully satisfies E.

For G € Gs(n), it is easy to see that the probability that SASY rejects G is WllLE(G), and that SASY can
be implemented by running SAS‘lE for k independent iterations and accepting if all iterations accept. These
observations are used in the proof of the following claim.

Claim 2.3. A system of relations F is stable in the sense of Definition 2.1 if and only if it is stable in the
sense of Definition 1.10.

Proof. Suppose that E is stable in the sense of Definition 2.1. For € > 0, write

5(e) = ﬁ inf{ Lo(G) | G € GSolz"(n),n € N} > 0

and

k(e) = {1og175(5) 0.01—‘ .

We claim that ¢ — SASkE(E) is a family of testers for £. Let n € N and G € GSol%E (n). Then SAS¥ rejects
G with probability ‘%'L £(G) > 6(¢). Thus, the probability that SASF accepts G is at most

(1=6(e)* < (1 =68(e)) B0 =01 .

Conversely, suppose that F is stable in the sense of Definition 1.10, and let € — SASkE(E) be a family of
testers for F, k: Ryg — N. Take G € GSol%E(n). Write p; (resp. pi(e)) for the probability that SAS‘lE (resp.
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SASkE(E)) rejects G. On one hand, p; = ﬁLE(G) and py(cy > 0.99. On the other hand, py) < k(¢) - p1 by
the union bound, and thus Lg(G) > 0'2?!?‘. Hence

0.99|E|

ke >0.

inf{ Li(G) | G € GSolz*(n),n € N} >
O

2.1.2. Stability under the hypothesis of Theorem 1. Let E be a system of relations satisfying the hypothesis
of Theorem 1. That is, «(G) = 0 for every G € GSolg. Theorem 1 says that F is testable. However, E
is not necessarily stable. In fact, there is a group-theoretic criterion that determines whether a system F,
satisfying the hypothesis of Theorem 1, is stable (see Theorem [9, Theorem 1.3(ii)]'"). See Section 3.1 and
Appendix A.1 for an explicit example of a stable non-testable system.

Example 2.4 (Baumslag—Solitar relations). Fiz m,n € Z, and consider the system E,, , = {XY™ = Y"X},
consisting of a single relation. Then E, ,, is stable if and only if [m| <1 or |n| < 1. Indeed:

The case m =n =0 is clear.
Ifm =0 and n # 0 then E,, ,, is stable by [22, Theorem 2].
If Im| =1 or |n| =1 then E,,, is stable by [9, Theorem 1.2(ii)].
If Iml|,|n| > 2 and |m| # |n| then En, . is not stable by [6, Example 7.3] (see also [9, Theorem
1.3(1)]).
o If |m|,|n| > 2 and |m| = |n| then Ey, . is not stable by [25, Corollary B(3)].

As for the testability of Ey, n, the stable cases are clearly testable. Testability in the case |m|,|n| > 2 and
|m| # |n| is an interesting open question (see Section 2.2.1).

In the remaining case, |m|,|n| > 2 and |m| = |n|, it turns out that E, . is not testable. Indeed, by
[25, Theorem D] there are 9 > 0 and finite S-graphs in GSOI%Zﬂ with local statistics approximating a

certain'! infinite vertea-transitive S-graph H arbitrarily well. On the other hand, it is well-known that there

are also finite S-graphs in GSolg,, , whose local statistics approximate the same infinite graph H arbitrarily
well*?. Thus E,, n is not statistically distinguishable*®, and hence it is not testable by Theorem 3. In fact,
Epn is not even flexibly testable (see Section 2.1.3) because the argument above remains true even with a
flexible definition of GSOlJZE:)n by [25, Theorem D].

By the above, the systemyof relations Eoo = {XY? = Y2X}, mentioned in the beginning of Section 1, is
not flexibly testable. By a similar argument, also based on [25, Theorem D] and Theorem 3, the system

{XZ =ZX,YZ = ZY} is also not flexibly testable.

2.1.3. Flexible stability (and testability). A slightly weaker form of stability, called flexible stability [8, Section
4.4], has led to fascinating research. Here we define this notion in the language of the present paper. We
also introduce a new, more general, notion of flexible testability.

For G € Gg(n) and G’ € Gs(N), N > n, let
| sgx # sqra}| + (N —n)
I .

dH(G, G/) — dH(G/,G) _ Z |{ZE € [TL]

seS

Then d" is a metric on the disjoint union [],, .y Gs(n) [7, Lemma A.1], extending (1.2). Note that d*(G,G’) €

a"(G,¢")

[0,1S]], and that if ¥(G, G”) is close to 0 then ¢ is close to 1 (indeed, 1 — —Er S < 1). For a system

10T heorem 1.3(ii) of [9] characterizes stability among systems E for which the group I'(E) is amenable (see Section 3)
11Namely, H is the Cayley graph of the Baumslag—Solitar group BS(m, n)

12This follows from the group BS(m, n) being residually finite when |m/| = |n| [31, Proposition 2.6(3)]

13This argument is similar to the proof of Theorem 5 using Lemma 4.3 in Section 4
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of relations E over S*, let

GSolZ=1% (n) = {G €Gs(n) | dN(G,G) > V&' e [] GSolE(m)} :
meN
Definition 2.5 (Flexibly-testable system of relations). An algorithm M that takes n € N and an S-graph
G € Gs(n) as input is an (g, q)-flexible-tester for E if it satisfies the following conditions:

e Completeness: if G € GSolg(n), the algorithm accepts with probability at least 0.99.
e c-soundness: if G € GSol="1*(n), the algorithm rejects with probability at least 0.99.
e Query efficiency: the algorithm is only allowed to make ¢ queries, where each query is of the form
“what is sqz?”, = € [n], s € S*.
If for every ¢ > 0 there are ¢ = ¢g(e) € N and an (¢, ¢)-flexible-tester M. for F then we say that E is
q(g)-flexibly-testable (or just flexibly testable, or testable under the flexible model) and that ¢ — M, is a

family of flexible testers for F.

Clearly, every testable system of relations is also flexibly testable. As shown in Example 2.4, not every
system of relations is flexibly testable.

Definition 2.6 (Flexibly-stable system of relations). We say that F is flexibly stable if there is a function
k: R<o — N such that € — SAS,CE(S) is a family of flexible testers for F.

Clearly, if F is stable then it is flexibly stable. The converse is still open:
Problem 2.7. Is there a flexibly-stable system of relations that is not stable?

An open problem similar to Problem 2.7, in the context of testability, is stated and discussed in Section
2.2.7.

Remark 2.8. We note that the sufficient condition for instability in [9, Theorem 1.3(i)] is in fact sufficient
for flexible instability (this follows directly from the proof given in [9] which was written before the notion
of flexible stability was defined formally).

The following deep result provides examples of flexibly-stable systems, none of which are known to be
stable.

Example 2.9. [27, Theorem 1.1] For g > 2, the system E, = {[s1, s2][s3, S4] - - - [S2g—1, S24] = 1}, consisting
of a single relation, is flexibly stable. Here [a,b] :== aba=*b"1.
More precisely, € — SASkE(QE) is a family of flexible testers for Ey for k(e) = O(% log %)

We refer the reader to [8, Section 4.4] and [25, Section 3] for further information regarding flexible stability.

2.1.4. Query efficiency. It is interesting to study the query complexity of a stable system of relations E in
terms of . That is, how small can k(¢) be such that & — SASkE(E) is a family of testers for E.
When |S| =d, d > 1, and
E={ss=5's|s s €8S},
the main result of [10] (see Example 1.11) gives an upper bound on k(e) which is polynomial in L. On the
other hand, [10, Theorem 1.17] shows that k(e) > Q((%)d) if d > 2. As for a lower bound on k(g) under

the flexible model, we know that k() > Q((%)Q) if d > 2 (stated without proof in [10, Section 6]). In
particular, the bound k(g) < O(% log %) in Example 2.9 does not hold when g = 1.

2.1.5. Stability of an infinite system of relations. Our definition of a system of relations F requires E to be
finite. It is possible to define stability even when F is infinite: E is stable if € — SASkE(;()S )
testers for F for some k: Ryg — N and E’: Ryy — FinSubsets(E). Examples of stable infinite systems,
which are not equivalent to any finite system, are given in [42, Theorem 1.7], [29] and [30], using [9, Theorem

1.3(ii)].

is a family of
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2.1.6. Matrices instead of permutations. The general question of whether approximate solutions are close to
solutions, in various contexts, was suggested by Ulam [39, Chapter VI]. Definition 2.1 puts the notion of
stability in permutations into this framework, and follows the earlier notion of stability in matrices. The

classical question in the latter context is whether for all n x n matrices A and B such that |AB — BA| < ¢

there are n xn matrices A’ and B’ such that A’B’ = B’A" and |A—A’||+| B—B’|| < ¢, where ¢ = (9) 2290,

The answer depends on the type of matrices considered (self-adjoint, unitary, etc.) and the matrix norm
used. See the introduction of [6] for a short survey of stability of the relation XY =YX in matrices, and
[8,15,16,19,21, 24,32, 35,37] for newer works that consider more general relations.

2.2. Directions for further research. This work originated from the observation that stability, which
has been studied extensively in the context of group theory, admits a natural equivalent definition in the
language of property testing (Definition 1.10). This gave rise to the more general notion of testability of
relations between permutations (Definition 1.6).

We hope that the present paper will stimulate more work on testability of relations. While Theorems
1 and 2 generate large families of testable and non-testable relations, many fundamental questions remain
open. Below we present suggestions for further research (see Section 3 for several additional open problems).

2.2.1. A complete characterization of the testable systems of relations. The most direct goal of our line of
research is to classify every system of relations as either testable or non-testable. We do not know whether
this problem is computable, namely, it may be undecidable to determine, given a system of relations E as
input, whether F is testable. Regardless of this potential obstacle, we seek a natural characterization for
testability, and note that such a characterization need not necessarily be computable.

Problem 2.10. Obtain a natural geometric characterization for testable systems of relations (i.e., a char-
acterization in terms of properties of the graphs GSolg)

The present work advances us towards this goal via Theorems 1 and 2, which yield large natural sets
of positive and negative examples, and hint at a complete characterization in terms of the geometry of the
graph family GSolg.

A natural approach to Problem 2.10 is concentrating on systems of relations that have evaded our methods
so far. Perhaps the most prominent candidates are the Baumslag-Solitar systems of relations (see Example
2.4):

Problem 2.11. Let m,n € Z. Is E, , = {XY™ = Y" X} testable? If not, is it flexibly testable?

The only open cases in Problem 2.11 are when |m| and |n| are distinct and larger than 1 (see Example
2.4). In all of these open cases, Ey, » is not flexibly stable (see Example 2.4 and Remark 2.8).

2.2.2. Query efficiency. A testable system of relations F, as in Definition 1.6, is a system that admits an
(e, q)-tester M. for all € > 0, where ¢ depends only on ¢ and E (but not on the input size n). From a
computational perspective, it is desirable to derive explicit good upper bounds on ¢ in terms of . Examples
1.11 and 2.9 establish results of this kind in the context of stability, as discussed in Section 2.1.4. It is
interesting to study the quantitative aspect in the broader context of testability. One natural question is
whether Theorem 1 can be extended to a quantitative statement.

Problem 2.12. Let E satisfy the hypothesis of Theorem 1. What is the minimum query complexity of a
tester for E7

See Section 3.3 for a conjecture about Problem 2.12.
In line with Examples 1.11 and 2.9, it is interesting to find additional families of poly(1/¢)-testable and
poly(1/¢e)-stable systems of relations.

Problem 2.13. Which systems of relations are O(poly(%))—testable?

12



The more refined question of the degree of polynomial stability or testability is also interesting. The
following is still open.

Problem 2.14. What is the minimal'* D such that E = {XY = YX} is O((%)D)-stable?

As discussed in Section 2.1.4, the minimal D is at least 2. One can derive an explicit upper bound on D
by following the proof of [10, Theorem 1.16].

Another question is whether there are systems of relations that are stable, but where an algorithm different
than Sample and Substitute would yield better query complexity. For example:

Problem 2.15. Let D be minimal such that F = {XY =YX} is O((%)D)—stable. Is there some D' < D?
such that E is O((%)D/)—testable?

In the context of lower bounds, the following is also still open.
Problem 2.16. Is there a system of relations E which is testable, but not O((%)D)—testable for any D?
Similarly, is there E which is stable but not O((%)D)-stable for any D?

2.2.3. Allowing the query complexity to depend on n. In this work, as in, e.g., [4,5,36], the query complexity
of a tester must not depend on the input size. In general, however, testers whose query complexity depends
on the input size in a sublinear fashion are widely studied (see, e.g., [23]). Allowing such testers raises many
interesting questions, such as the following.

Problem 2.17. Consider the system of relations £ = Fj3, discussed in Section 3.2 and defined in Appendix
A.2. This system satisfies the hypothesis of Theorem 2 and thus it is not testable. Is there a probabilistic
algorithm that distinguishes between elements of GSolg, (n) and GSolgj (n), in the sense of Definition 1.6,
by making only ¢ = ¢(e,n) queries? Here g must be sublinear in n for a result to be interesting, and the
question is how small can ¢ be in terms of n (the same question is open for every other system F that satisfies
the hypothesis of Theorem 2).

2.2.4. Running time efficiency. Another aspect that we do not pursue in this work is the time complexity
of our testers. In the case of the Sample and Substitute algorithm, the time complexity is easily seen to be
identical to the query complexity, so not much remains to be optimized.

On the other hand, as explained in Remark 1.13, a straightforward implementation of Local Statistics
Matcher requires time exponential in n to determine whether Condition (1.4) holds. However, when the
graphs in GSolg are “well behaved”, the set of distributions {Ng p | G € GSolg(n)} may be structured
enough to allow this condition to be checked much more efficiently, perhaps even in time independent of n.

Problem 2.18. For which testable systems of relations E, having ¢ — LSME(€)7P(€)75(E) as a family of
testers, does there exist an implementation of LSMkE(g))P(S))(;(E) that is time-efficient in terms on n (or better,
has running time independent of n)?

Additionally, despite the universality of Local Statistics Matcher (see Theorem 3), it may also be worthwhile
to seek other, more time-efficient, testing algorithms.

In the context of Problem 2.18, it is worth noting that for a k(¢)-stable system F, € — LSM,CE(E))REQ is
a family of testers (here we plug R itself into LSM in the role of the word-set parameter P). Calculating
the left-hand side of (1.4) in LSMkE(s),RE,o is trivial because Ng, g, is the Dirac distribution concentrated on
Rp for each H € GSolg(n), n € N. Thus, in this case the running time discussed in Problem 2.18 does not
depend on n. Problem 2.18 asks if there are also testable instable systems with this property, or at least
with running time depending weakly on n.

L\ ore precisely, we ask about the infimum of the set of all D such that F is O((%)D>—stable (we do not know if the

minimum is attained).
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2.2.5. Uniform testability. Following [36, Definition 2.4], our notion of testability from Definition 1.6 is
nonuniform in e, in the sense that it requires a family of testers, one for each . In the more standard notion
of testability, which we refer to as uniform testability (see [23, Definition 1.6]), there is just a single tester,
and it takes € as input. To upgrade our testability to uniform testability, we need the function € — M.,
that chooses the tester according to ¢, to be computable.

We would like to understand which systems of relations are uniformly testable, and whether there is a
gap between the uniform and nonuniform notions. In particular,

Problem 2.19. Can Theorem 1 be strengthened to prove uniform testability for some systems of relations?
This problem is further discussed in Section 3.4.

2.2.6. POT-testability and fixed-radius sampling. Proximity Oblivious Testability (POT) is a stronger form
of testability. A system of relations FE is POT-testable if it can be tested by repeating the same random
boolean subroutine A for k(¢) independent iterations, and accepting if the number of iterations in which
A returns true is above a certain threshold. Notably, A itself must not depend on e. See [23, Definition
1.7] for a precise definition of POT testability in a general context. A stable system of relations is POT-
testable because SASkE can be implemented by running SAS{E for k independent iterations, and accepting if
all iterations accept.

A related notion is that of fized-radius sampling (FRS). We say that a system of relations F is FRS-testable
if it admits a family of testers € — M, such that M., in its run on G € Gg(n), repeats the same subroutine
A for k(e) independent iterations and accepts or rejects according to the results of these iterations. Again, A
must be independent of €, but unlike the case of POT-testability, A does not have to be a boolean subroutine,
and M. does not have to decide on its return value according to a threshold. The term fized radius comes
from the fact that each iteration of A on its input G may only examine a constant (i.e., independent of ¢)
number of vertices of the graph G. Without loss of generality, we may assume that it examines a constant
number of balls in this graph of some fixed radius r. Thus, the tester M. has information about k(¢) balls
of radius r in the graph G.

Clearly, every POT-testable system of relations is also FRS-testable. In addition, if E is testable by the
family € — LSME(€)7P75(8) where P is constant, k: Rsg = N and 6: Ryg — Ry, then £ is FRS-testable.

We have thus established the hierarchy:

(2.1) stability = POT-testability = FRS-testability = testability .

As discussed earlier, there are systems of relations that are testable but are not stable (see Section 3.1).
Thus, the class of stable systems of relations is strictly contained in the class of testable systems of relations.

Problem 2.20. Determine which of the inclusions arising from (2.1), if any, are equalities.

2.2.7. The flexible model. Consider the flexible model of stability and testability as in Section 2.1.3. In line
with Problem 2.7, we ask:

Problem 2.21. Are there flexibly-testable systems of relations which are not testable?

We note that Theorem 2 provides non-testable (and thus also instable) systems in the strict model, as in
Definition 1.6, but the proof of Theorem 2 does not rule out flexible testability. Finding a flexibly-testable
system satisfying the hypothesis of Theorem 2 will solve Problem 2.21.

Another possible source for a positive answer to Problem 2.21 is Example 2.9, which provides systems
which are flexibly stable (and hence are flexibly testable). It is not known whether these systems are testable.

3. THE CONNECTION TO GROUP THEORY

Most of the previous study of stability of relations between permutations has been done through a con-
nection between stability and group theory. This section reviews this connection, introduces the connection
between testability and group theory, and gives a brief introduction to the relevant group-theoretic notions.
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Let E be a system of relations over S*. Then E gives rise to a finitely-presented group I'(E) by means
of a group presentation. For example, the system E = {XY =YX} over S = {X,Y} gives rise to the group
['(E) = (X,Y | XY = YX) = Z2. More generally, we define I'(E) := (S | E) (this is the group generated by
S subject to the relations E; see Appendix C for a reminder about group presentations). The association
E — T'(E) is many-to-one. That is, different systems of relations may give rise to isomorphic groups. The
starting point of the group-theoretic approach to stability is the following observation from [6] (see also
[10, Proposition 1.11]).

Proposition 3.1. [6, Section 3] Let E; and Es be systems of relations (over possibly different sets of
variables) such that the groups T'(Ey) and T'(Es) are isomorphic. Then Ey is stable if and only if Es is
stable.

In Section 6 we lay the foundations for the study of testability via group theory by proving the following
analogue of Proposition 3.1.

Proposition 3.2. Let E; and Es be systems of relations (over possibly different sets of variables) such that
the groups T'(E1) and T'(E2) are isomorphic. Then Ej is testable if and only if Es is testable.

Propositions 3.1 and 3.2 suggest that one can study the stability and testability of the system E by
studying the group I'(E). The following theorem is an example of this strategy.

Theorem 4. [6] If the group T'(E) is abelian, then E is stable.
Furthermore [10, Theorem 1.16], in this case ¢ — SASkE(E) is a family of testers for E, where k(g) <

C- (%)D. Here C depends on E, and D depends only on the isomorphism class of the group T'(E).

Theorem 4 applies to the system of relations
(3.1) Eomm = {sisj = sjsi | 4,5 € [d]}
since I'(EL ) = Z% is abelian. In particular, the theorem applies to E2 . = {XY = YX}.

Classical group properties can also be used to prove instability. For example, the instability of Es 3 =
{XY2? =Y3X} [22, Theorem 2] follows from properties of the group BS(2,3) := (X,Y | XY2 =Y3X) (more
preciesely, Es 3 is not stable because BS(2, 3) is sofic but not residually finite).

Our main theorems, namely, Theorems 1 and 2, can be formulated in group-theoretic terms, and these
formulations allow us to find many systems of relations to which the theorems apply. For this we need the
notions of amenability and property () (the latter is a variant of the well-known Kazhdan property (T)).
One of the reasons for the wealth of examples and applications of these notions is that each of them has
many equivalent definitions. For groups of the form I'(F), i.e., for finitely-presented groups, we give simple
definitions, using the isoperimetric quantities presented in the introduction, as follows'.

The group I'(E) is amenable if and only if ¢«(G) = 0 for every G € GSolg. Thus Theorem 1 is equivalent
to the following theorem:

Theorem 1’ (Main positive theorem in group terms). If the group T'(E) is amenable then E is testable.

It is worth noting that the Cayley graph C' of the group I'(F) belongs to GSolg, and that if «(C) =0
then ¢(G) = 0 for each G € GSolg. Thus the hypothesis of Theorem 1 can be reduced to an assumption
about the Cayley graph of I'(E) only, rather than the family GSolg of graphs.

The group I'(E) has property (7) if and only if inf{h(G) | G € FGSolg} > 0. Furthermore, FGSolg is
infinite if and only if the group I'(E) has infinitely many finite quotients. Thus, Theorem 2 is equivalent to
the following theorem:

15The definitions given here of amenability and property (7) for a group of the form I'(E) refer to E itself. There are
equivalent definitions of amenability and property (7) for a group A that are intrinsic to the group and do not refer to a system
of relations E such that A 2 T'(E). See [17, Chapter 18], [11] and [33] for more information on amenability, property (T) and
property (7), respectively
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Theorem 2’ (Main negative theorem in group terms). If the group T'(E) has property (1) and infinitely
many finite quotients then E is non-testable.

The rest of this section discusses applications of Theorems 1 and 2 and other aspects of testability related
to the connection to group theory.

3.1. Theorem 1 yields testable instable systems of relations. The class of amenable groups is vast
and contains all solvable groups, and thus, by Theorem 1’; E is testable whenever I'(E) is solvable. But even
in this case, E is not necessarily stable. Indeed, [9, Theorem 1.3(ii)] provides a group-theoretic condition (x)
such that if I'(E) is amenable then E is stable if and only if I'(E) satisfies (x). Using this characterization
of stability, [9, Theorem 1.2(iii)] provides an instable system of relations E,, for each prime number p, such
that I'(E),) is solvable. But Ej, is testable by Theorem 1°. Thus we have infinitely many examples of instable
testable systems of relations. An explicit description of E, and I'(E,) is given in Appendix A.1.

3.2. Theorem 2 yields non-testable systems of relations. The class of finitely-presented groups with
property (7) is also vast, and contains all finitely-presented groups that have property (T). For example,
the finitely-presented group SL,, Z, m > 3, has infinitely many finite quotients and has property (T), and
thus, by Theorem 2’, E is non-testable if I'(F) = SL,, Z. In Appendix A.2 we describe a system E,, such
that T'(E,,) = SL,, Z.

3.3. Query efficiency and group theory. Let E; and F5 be systems of relations such that T'(Fy) = T'(FE»).
Proposition 3.1 states that if F; is stable then so is F2. Furthermore, [10, Proposition 1.11] strengthens
Proposition 3.1 by showing that if E; is g(g)-stable then E5 is cg(e)-stable for a constant ¢ = ¢(E1, E2)
(except for in the trivial case where GSolg, (n) = Gs(n) for all n € N).

Assuming that E; is testable (and thus, so is FEs), Proposition 6.1 describes a quantitative relationship
between the statistical-distinguishability parameters of E; and Es. It would be interesting to find an explicit
quantitative relationship between the query complexities required to test these systems of relations. Such a
result may be relevant to the problems discussed in Section 2.2.2.

In the context of Problem 2.12, it is worthwhile to mention the Fgilner function [40] of the group I'(E)
with respect to S. Informally, assuming that E satisfies the hypothesis of Theorem 1, the Fglner function
measures “how quickly” E does so. We conjecture that E as above is g(e)-testable for some function g(¢),

given in terms of S|, >7 cp_|w| and the Fglner function.

3.4. Uniform testability and group theory. For systems F; and Es such that T'(E;) = I'(E»), if E;
is uniformly testable (see Section 2.2.5) then the same is true for F3. This follows from the method of
Section 6 (see the explicit bounds in Proposition 6.1). It is interesting to study which systems of relations
are uniformly testable. In particular, we would like to know if there is a uniform version of Theorem 1, as
asked in Problem 2.19. We suspect that if the Fglner function of I'(E) is computable then E is uniformly
testable.

4. PROOF OF THEOREM 2
Here we prove Theorem 2, which is equivalent, in light of Theorem 3, to the following result.

Theorem 5. Fiz a finite alphabet S. Let E be a system of relations over S* such that FGSolg is infinite
and

(4.1) inf{h(G) | G € FGSolg} > 0.
Then E s not statistically distinguishable.

The rest of this section is devoted to proving Theorem 5. Our proof strengthens the argument of [8,
Theorem 1.4], which proves, under similar assumptions, that E is not stable.
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We start with a proof sketch. Let E be as in Theorem 5. For every P € FinSubsets(Fs), we need to
produce a sequence of graphs (Gp,) > _,, Gm € Gs(nm), nm € N, such that

m=1’
(4.2) drv(Ne,..p. Na: p) 2500

for some G, € GSolg(n.y,), but

(4.3) dN (G, GI) > e Ym € N VG, € GSolg(nm) ,

where g9 > 0 depends only on F. That is, G,, is close to some solution for F under the P-local metric, but
far from every solution under the global metric (see Remark 1.15).

To produce G,,, we take a connected graph G,, € GSolg(nm +1), nm € N, nyy, "% 50, make a
local change such that n,, + 1 becomes an isolated vertex, and then remove the vertex n,, + 1 and obtain
G € Gs(nm). Then

(4.4) drv(Na,p Na, p) "5 0,
but, as shown by Lemma 4.1 below,
1
(4.5) dN (G, G > mh(E) VG, € GSolg(nm)

for all large enough m, where
h(E) = inf{h(G) | G € FGSolg}.

Set g9 = +h(E). By (4.1), g9 > 0, and thus (4.4) and (4.5) almost prove the desired (4.2) and (4.3), with
the caveat that G,, € GSolg(nm, + 1), while we need this graph to be in GSolg(n,,). Lemma 4.3 helps us
overcome this final difficulty. We now give a complete proof based on the proof sketch above.

For n > 2, define a function res, : Gg(n) — Gs(n — 1) by letting G = res,, (G) be the graph on the vertex
set [n — 1] such that

sqx sgr #n
SG,T =

SGSGTX SGgIr =n

for all z € [n — 1] and s € S. That is, the edge set of res, (G) consists of all edges of G that are not incident
to the vertex n, and all edges of the form salnimgn for all s € S such that sgn # n.

The following lemma shows that res, (G) is far from GSolg(n — 1) whenever E satisfies (4.1). The lemma
and its proof can be seen as a combinatorial version of ideas from [8].

Lemma 4.1. Let E be a system of relations over S*. Take a connected graph G € GSolg(n), n > 2, and
denote G = res, (G). Then

dH(é,G’) SME) L e GSolun—1) .

=18l n-1
Proof. Take G’ € GSolg(n — 1). Consider the product S-graph G’ x G. This is the S-graph on the vertex
set [n — 1] x [n] such that
sarxa(,y) = (sar, sqy) -
Write X7, ..., X, for the connected components of G’ x G, and let D = {(z,z) | z € [n — 1]} C [n — 1] X[n].
We claim that
1

Let 1 <i<c. If DNX; = () we are done. Otherwise, fix an arbitrary (z,z) € X;, ¢ € [n — 1]. The connected
component Y of z in G’ clearly has at most n — 1 vertices. On the other hand, the connected component
of z in G has exactly n vertices because G is connected. Accordingly, [Fs : Stabg/(z)] = |[Y| < n —1 and
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[Fs : Stabg(x)] = n by the Orbit-Stabilizer Theorem'®, and so Stabg:(z) is not contained in Stabg(z).
Thus, the inclusion in

Stabglxg((x,x)) = Stabg- (:E) N Stabc;(x) C Stabgr (I)
is strict, and therefore m := [Stabg () : Stabgrxa((x, 2))] is at least 2. Using the Orbit—Stabilizer Theorem
again,

|X1| = [FS : Stabglxg((x,x))] = m[FS : Stabgr (:Z?)] > 2|Y| .
Thus (4.6) follows since |D N X;| < |Y] (because Y is image of X; under the projection onto the first
coordinate [n — 1] x [n] — [n — 1], and this projection is injective on D).
Since the graph X; is a connected solution for E (namely, it is in FGSolg), (4.6) implies that

Y lserxac(DNX)\ (DN X)| > h(X)DNX| VI<i<e

sES
Thus
> l(serxaD)\ D| = ZZ| saxa(DNX))\ (DN X))
sES i=1 s€S
(4.7) >Zh )|DN X[ >nE) |D|
=n—1
where the equality on the first line follows since X7y, ..., X, are disjoint and sgxgX; = X; forall 1 <1 <ec.
On the other hand,
Z| sexaD)\ D| = Z|{x €n—1]]|sg:xz # sgr}|
ses seS
< Z‘{x €n—1]|sga #sgx or saw # squl|
sES

< Z Hzen—1]|sex#squ|+|{z€n—1] sz #sqr}|

s€s —(n-1)d" (GG <1
(4.8) <Il(tn—1)d(G.6") +1) .
The claim follows from (4.7) and (4.8). O

Let G € Gg(n), write G = res,,(G), and take P € FinSubsets(Fs). Denote
C= {valn | v is a suffix of at least one w € P} .

Then wgz = wegx for each € [n—1]\ C, and thus Stabg(x) N P = Stabg(z) N P. Since |C| <
(TotalSize(P))?, one can easily deduce the following lemma.

Lemma 4.2. Let G € Gs(n), write G = res, (G), and take P € FinSubsets(Fs). Then
1
drv (NG,P,NQP) <Op (ﬁ) :

Let P € FinSubsets(Fs). For an S-graph G, we view Ng p as a vector in R
the compact set Prob(Subsets(P)) = {f Subsets(P) = [0,1] | 3 gesupsets(p) f (@) = } For a sequence

of S-graphs (Gj)p—, the sequence (Ng,, ) _, is said to converge if it converges as a sequence of vectors
in RSubsets(P) - Intuitively, this means that the S-graphs (Gi)pey tend toward having the same P-local

Subsets(P) ' helonging to

16The theorem says, in our terminology, that the index [Fs : Stabg (x)] of the subgroup Stabg(z) of Fgs is equal to the
number of vertices of H for every connected S-graph H and vertex x of H.
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statistics. This notion of convergence is used in the proof of Theorem 5 below. We use the fact that
HPGFinSubscts(Fs) Prob(Subsets(P)) is compact'”.
We also use the following lemma.

Lemma 4.3. [9, Lemma 7.6] Let E be system of relations over S~, and let (Gi)pey, Gr € GSolg(ly),
I, € N, be a sequence of S-graphs such that the local statistics sequence (Ngmp)zozl converges for each

P € FinSubsets(Fs). Take a sequence (my)g—, of integers such that my, 2% 50. Then there is a sequence
(Hi)peq, Hr € GSolg(my), such that (N, p)re, and (Nu, p)r., converge to the same limit for each
P € FinSubsets(Fy).

Proof of Theorem 5. By our assumption that FGSolg is infinite (and thus contains graphs of unbounded
cardinality), and the compactness of [ [ pc pinsunsets(rs) ProP(Subsets(P)), there is a sequence of connected S-
graphs (G)re,, Gk € GSolg(ng), ng "% 50, such that (Na,.,p)pe., converges for each P € FinSubsets(Fy).
Let Gy, = resy, (Gy). By Lemma 4.2,

Jm Ne,p = Jim Ne.p -
Write h = h(F). By Lemma 4.1,
(4.9) G € GSolZM/1SI=V/ =Dy 1) VkeN.

By applying Lemma 4.3 to the sequence (G)pe ,, with my = nj — 1, we obtain a sequence of graphs (Hy),,
such that

(410) Hy € GSOlE(nk — 1)
and
(411) lim NHk,P = lim NGk,P VP € FinSubsets(FS) .
k—o0 k—o0
Thus
(4.12) lim Ny, p = lim Ng_p VP € FinSubsets(Fs) .
The system F is not statistically distinguishable by (4.9), (4.10) and (4.12). O

5. PROOF OF THEOREM 1

Let S be a finite alphabet and let E be a system of relations over S*.

The proof of Theorem 1 relies on two deep results: The Ornstein-Weiss Theorem [38] (see also [14])
and the Newman—Sohler Theorem [36] (see also [20, Theorem 5]). These theorems are used together in
[9, Proposition 6.8] in a simple manner to prove the following theorem (stated here in the language of the
present paper).

Theorem 6. Assume that ((G) =0 for every G € GSolg. Then for every € > 0 there are r € N and § > 0
such that d*(G,G") < € whenever n € N, G € GSolg(n), G’ € Gs(n) and drv(Ne,B,, No'.B,) < & (where
B, ={w € Fg | |lw| <r}).

Theorem 1 follows immediately from Theorems 3 and 6.

Proof of Theorem 1. Assume that (G) = 0 for every G € GSolg. By Theorem 6, there are functions
r: Rsg— Nand §: Ryg — Rsq such that E is (BT(E), 5(5))—statistically-distinguishable. Thus F is testable
by Theorem 3. O

" This is equivalent to the fact that the space of S-graphs is compact under Benjamini—Schramm convergence, and to the
fact that the space IRS(Fs) of invariant random subgroups is compact.
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6. PROOF OF PROPOSITION 3.2

Fix finite alphabets S = {s1,...,84,} and T = {¢t1,...,tq, }, and consider two systems of relations E; and
Ey over S* and T, respectively, such that the groups I'(E;) and I'(Ey) are isomorphic. By Theorem 3, in
order to prove Proposition 3.2, we need to prove that if F5 is statistically distinguishable then so is ;. This
is achieved by Proposition 6.1 below. Our strategy is to show how to map Gs(n) to Gr(n), and vice versa,
for all n € N, in a way that preserves certain desirable properties. We define these maps in Sections 6.1 and
6.2, and then prove the relevant invariants in Section 6.3

Given a finite set of words P, denote

TotalSize(P) = Z|:v| .
zeP
Proposition 6.1. If Ey is (Pa(e), 02(¢))-statistically-distinguishable for Py: Rso — FinSubsets(Fr) and
d2: Ryg — Rxg, then Ey is (Pi(g),01(¢))-statistically-distinguishable for some Py: Rso — FinSubsets(Fg)
and 01: Rsg — Rx>¢ such that

(6.1) TotalSize( P (€)) = Og, g, (TotalSize(Ps(¢)))
and
(6.2) 01(e) = QE, B, (min(d2(e), €))
for every e > 0.
Explicitly,

Pi(e) = A2(Pa(e)) U R,

. 3 €
51 (E) = m1n<52 (E) 5 2—6'2) B

for Ao as defined below and positive constants C; and Co that depend on E1 and Es.

and

The rest of this section is devoted to proving Proposition 6.1.

6.1. A homomorphism view of Gg(n). For n € N, let Hg(n) be the set of homomorphisms Fg —
Sym(n). For the sake of proving Proposition 6.1, it will be convenient to encode an S-graph in Gg(n) as a
homomorphism in Hg(n), in a manner which we now describe.

For G € Gs(n), let fa € Hs(n) be the F's — Sym(n) homomorphism that maps w € Fyg to the permutation
i — wgi. Note that the map G +— fg: Gs(n) — Hs(n) is a bijection'®

We translate some of the notions from the introduction to the language of homomorphisms. Given
f.g € Hs(n), define

af9) = d(F0) = 3 ~{w € [n] | Fls)a # gs)a}]

Let
HSolg(n) = {f € Hs(n) | f(w) =id Yw € Rg},
HSolz"(n) = {f € Hs(n) | d"(f, ') > e Vf' € HSolg(n)} .

For z € [n], let Staby(z) = {w € Fs | f(w)z =z}. For P € FinSubsets(Fs), let Ny p be the distribu-
tion of Stabs(x) N P, where x is sampled uniformly from [n]. Then HSolg(n) = {fe | G € GSolg(n)},

HSol2% (n) = { folGe GSo1§€(n)}, Staby, (z) = Stabg(z) and Ny, p = Ng.p for G € Gs(n). We also
denote HSol3 (n) = Hs(n) \ HSolZ® (n).

18This can be seen easily using the universal property of the free group Fsg, which amounts to a bijection (Sym(n))? — Hg(n),
as recalled in Appendix C, and the bijection &@ — G%: (Sym(n))? — Gg(n) defined in Section 1.2.
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6.2. The maps A} and \5. To prove Proposition 6.1 we define two maps, A\f: Hr(n) — Hg(n) and
As: Hs(n) — Hr(n), that behave nicely (see Section 6.3) with respect to the spaces HSolg, (n) and
HSolg, (n), and also with respect to HSol5?(n) and HSolg (n), € > 0.

We begin with the definitions of A7 and \5. Write my: Fg — I'(Fy) and ma: Fp — I'(E2) for the quotient
maps (see Appendix C), and fix an isomorphism 6: T'(E;) — T'(F2). We “lift” the group isomorphisms
0:T(E1) — I'(Ey) and §~1: T'(Ey) — T'(Ey) to group homomorphisms

A: Fs — Fr and \y: Fr — Fg .
More precisely, we fix homomorphisms A\; and A2 such that each of the two squares in the following diagram
commutes (i.e., T2 0 Ay = fom and 7 0 Ay = 071 o my):

A1 A2

(6.3) Fs Fr Fs
T
L(E) —————[(Ey) ——=T'(£y)

Such maps A; and Ay exist (but are generally not unique). Indeed, for 1 < i < dy we set A (s;) € Fr
to be an arbitrary word such that ma(A1(s;)) = 6(m1(s;:)), and note that A; extends uniquely to a group
homomorphism. We construct e similarly.

The maps A\; and A2 are not mutual inverses in general, but they enjoy inverse-like properties. By the
commutativity of the diagram, m 0 g0\ = 0 tomo); = Lofom = m;. In particular, (A2 o A\1)(s;) € Fs
and s; € Fg belong to the same left coset of (Rpg,)) in Fg for each 1 <4 < dy. That is,

(6.4) (A2 o M)(si) = si [ [ warioi)

j=1
where m; >0, v; ; € Fg, 1, € Rg, and ¢;; € {£1}. Set Q; == {v;; | 1 <j < m,;}.
For n € N, the homomorphisms A1 : Fs — Fr and \o: Fr — Fg give rise to maps
Al Hr(n) = Hg(n) and
As: Hs(n) = Hr(n)
given by
Ath=ho) Vh € Hr(n) and
MNf=fod  VfeHsn).
Under the bijections Hg(n) <> Gg(n) and <> Hr(n) <> Gr(n) of Section 6.1, A7 and A} give rise to maps

between Gg(n) and Gr(n). For this section, the homomorphism view suffices, but the reader may find it
instructive to spell out the definitions of A and A3 in terms of graphs.

6.3. Properties of A\] and \5. We analyze the behavior of A\] and A5 with regard to both the global
metric d¥(f, g), and the P-local metrics drv(Ny,p, Ny p), P € FinSubsets(Fs) (see Remark 1.15). Due to
symmetry, the claims in this section remain true if we swap the roles of S, F1, A\; and T, Es, As.

6.3.1. The global metric.

Definition 6.2. Given f € Hg(n), let Badg, (f) = {z € [n] | Fw € RE, f(w)x # z} .

Remark 6.3. For f € HSolg, (n), the probability distribution Nr g, over Subsets(Rg, ) assigns probability
1 to Rg,. Thus,

Badg, (g
drv (Nf’REl ’ NngEl) - z~§(r[n])(8tabg(x) N Rp, # Rp,) = Uﬂ

for all g € Hg(n).
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The following lemma shows that A} and A} enjoy inverse-like properties. More precisely, the lemma gives
a tool for bounding the distance between f and Aj\;f for f € Hg(n).

Lemma 6.4. Let f € Hgs(n). Then (MA5f)(si)x = f(si)x for every 1 < i < dy and x € [n] such that
z ¢ Upeq, (f(v) Badg, (f))-

Proof. For 1 <i<d; and x € [n],

(ML) (si)x = f((A2 0 Ad1)(s4))x

(Hf 'Uzj 8” f(vi,jl)) z . by (6.4)

Thus, (AfASf)(s:)x = f(s;)x if
Fr) fi e =flo )z VI<j<m.
The latter condition is equivalent to
f(ri)j)f(vul):v—f(vi_jl)x V1i<j<m,.
This holds whenever f(v) 'z ¢ Badg, (f) for all v € Q;, i.e., when z ¢ Uypeg, (f(v) Badg, (f)). O
We conclude the following.

Corollary 6.5. The image of HSolg, (n) under A} is contained in HSolg,(n). Furthermore, the restriction
of A5 to HSolg, (n) is a bijection A3 |usoly, (n): HSolg, (n) — HSolg,(n) whose inverse is A} |usolp, (n)-

Proof. Let f € HSolg, (n) and v € Rg,. Then m(A2(v)) = 07 (m2(v)) = 07 (1r(g,)) = lre) by (6.3).
Thus A2(v) € kerm = ((E1)), and so (A5 f)(v) = f(A2(v)) = 1. Hence A f € HSolg,(n). We proved that

A5 (HSolg, (n)) € HSolg, (n) .

Similarly,
A} (HSolg,(n)) € HSolg, (n) .

Since f € HSolg, (n) we have Badg, (f) = 0. Consequently, Lemma 6.4 implies that Aj A5 f = f. Similarly,
A3ATh = h for h € HSolg, (n), and the claim follows. O

If f € Hs(n) is not necessarily a solution for Ej, but the set Badg, (f) is small, the following corollary
shows that A3 f is close to f.

Corollary 6.6. For f € Hg(n),

LA ) (Z|Q |> Bade ()]

Proof.

B NNS) ZdH ), (NTASF)(s4))

< Z U (f(v) Badg, (f)) by Lemma 6.4
i=1 vEQR;

<Z Z If ) Badg, (f)]
= 1’UEQ¢

(ZIQ |> Beds, ()]
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Next, we study the interaction between A\] and the Hamming metric.
Lemma 6.7. Let h,h' € Hp(n). Then dA(\ih, Aih') < Cd' (b, 1), where C = (ZiillAl(sz-)l)-

Proof. For w € Fr, let A, = {z € [n] | h(w)z = h'(w)z} and D,, = [n] \ A,. Write suff;(w) for the suffix
of length j of w (e.g., suffg( b_lc_l) = b~ te7l). Write last;(w) for the j-th letter of w, counting from the

end (e.g., lastg(abte™t) =b71).

For 1 <i <dy,
d"((ATh)(si), (AR (s4))
1
=—[Dx,(s)
1 [A1(si)l
< (Asutt; 1 (1 (50)) N Dsutt; (1 (1))
j=1
[w]
(since D, C U Agutt;_ 1 (w) N Dsugt, (w) for w € Fr)
j=1
1 [A1(s:)]
< |[Asutt;—1 (na(s0)) N Dsutt; (0 (s:) |
j=1
1 [A1(s:)] )
= ‘Asuﬁ'j,l()\l(si)) N h(suff;—1(A1(5:)) " Diast; (A (s:))
j=1

(since z € Ay, implies 2 € Dy, < 2 € h(w) ' D, for w € Fr,s € Si)

A1 (s
1
Z E|Dl<xstj A1 sl))‘

—_——
<dH(h,h')

<|Ai(s)|dH (b, 1) .
Thus

dR(Nih, AR ZdHAh ), (A\F (Z|Alsz>dHhh)

Lemma 6.8. For f € Hg(n) and h € Hr(n),
Bad
) < Otz 1) + 0 B
where C1 = Z‘f;lp\l (si)| and Cy = Zf;1|Ql|
Proof. By the triangle inequality, Corollary 6.6 and Lemma 6.7,
d(f,ATh) < dU(FAASF) + dH()\*)\Efa Ath)
Bad
(Zl@ |> [Badz, ()] (ZM )dH (Asf.h) -
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6.3.2. The P-local metric. For a probability distribution 6 over a set © and a function ¢: Q — Q') write .0
for the distribution of p(z) when z ~ 6.

Lemma 6.9. Let 6 and 0’ be probability distributions over the finite sets Q and SV, respectively, and take a
function p: Q — Q'. Then

drv (e, 0.0") < drv(6,0") .

Proof. By the triangle inequality,

Arv(pab,0.0) = 5 S loably) ~ 00 ) =5 S| 3 0@~ 3 0@

ye ye| z€Q TEQ
fl@)=y f@)=y
1 1
<52 D 0@ =@ =5 Y 16(x) = 0'(x)] = drv (6,0).
ye fzce)sz zEQ
z)=y

In the rest of the section we make frequent use of the notation N¢ p (see Definition 1.12).
Corollary 6.10. Let S be a finite alphabet and take P, P* € FinSubsets(Fs) such that P* C P. Then
drv(Ne,p+, Nar,p+) < drv(Ng,p, No',p)
for alln € N and G,G" € Gg(n).

Proof. The claim follows from Lemma 6.9 because Ng px = ¢.Ng, p and Ng/ px = ¢ Ng p for p: Subsets(P) —
Subsets(P*) given by p(M) = M N P*. O

Lemma 6.11. Let P, € FinSubsets(Fr). Then
drv (N)\fopw N>\§f/7P2) < drv (va)@(Pz)’ Nf’,)\2(P2))
for all f, f' € Hg(n).
Proof. Define ¢: Subsets(A2(P;)) — Subsets(P) by
(6.5) o(V)={we Py | Xa(w) eV} =X (V)N P VYV C Xa(P).

By Lemma 6.9, it suffices to show that Nx:r p, = @ulNyp x,(p,) and Nazpop, = @uNypi y,(p,)- Thus, it is
enough to prove that Stabx;n(x) N P2 = ¢(Stabp(x) N A2(P2)) for all h € Hs(n) and = € [n].
First, Stabxss(z) = Ay ' (Staby(z)) because (A\jh)(w)z =z <= h(X2(w))z =z for w € Fr. Thus,

Stabxsn(z) N Py = Ay ' (Staby(2)) N P
= \; }(Staby(x) N Ao (P2)) N Py
= o(Staby (z) N A2 (P2)) .
O

6.4. Proof of Proposition 6.1. Suppose that Es is (Pa(e), d2(¢))-statistically-distinguishable. We claim
that F; is (P1(g), d1(¢))-statistically-distinguishable, where

Pl({:‘) = )\Q(PQ(E)) U RE‘l

. 9 3
51(8) = min (62 (2—611) N E) 5
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for C7 and Cy as in Lemma 6.8. First, note that
TotalSize( Py (g)) = Z |w]
we Py (g)
< TotalSize(Rg, ) + Z [ A2 (w)]
we P (e)

< TotalSize(Rp,) + Y max|As (1) o]
wE P3 (&) e ——
:203
= TotalSize(Rg, ) + Cs5 - TotalSize(Ps(e)) .
Hence (6.1) and (6.2) are satisfied. Take ¢ > 0, f € Hs(n) and f’ € HSolg, (n) such that
drv (Nypy(e)s N py () < 01(e) -

It suffices to show that f € HSolg%(n). Let h be an element of HSolg, (n) that minimizes d™ (A3 f, h). Then
Aih € HSolg, (n) by Corollary 6.5, and thus it suffices to show that d™(f, \ih) < e.
Now, A3 f’ € HSolg,(n) by Corollary 6.5. Furthermore,

drv (Naz 1,220 Nag £1,12()) < d1v (Npxa(pa(e))s Nor o (ae))) by Lemma 6.11
< dov (N pie): Niropi(e)) by Corollary 6.10

g
< R
< 51(8) < 52(201) ,

and thus A f € HSOIE;TI (n) since Ej is (Ps(g), 62(e))-statistically-distinguishable. In other words,

: dTOSf,R) < ——
Now,
Bad
% = drv(Nyrp, Ny ki, ) by Remark 6.3
< drv(Nype)s Ny py (o) by Corollary 6.10
6.7 <9 < — .
(6.7) 1(e) < 2
Hence,
Bad
(N ) < Cud (3£, ) + G 2 ] by Lemuma 6.8
<e. by (6.6) and (6.7)

7. ANALYSIS AND UNIVERSALITY OF THE LSM ALGORITHM

Let S = {s1,...,54} be an alphabet, and fix a system of relations E over S*. The goal of this section is
to prove Theorem 3, which follows immediately from the following two propositions.

Proposition 7.1 (Statistical distinguishability implies testability). If E is (P, d)-statistically-distinguishable

. . SIP@)I
then € — LSMf(a),P(a),@ is a family of testers for E, where k(e) = [%]
2l Pl
In particular, by the query-complexity analysis in Section 1.4, Proposition 7.1 implies that F is O <Z‘”€P§%) -

testable. We prove Proposition 7.1 by reduction to hypothesis testing.

Proposition 7.2 (Testability implies statistical distinguishability). Suppose that E is q(¢)-testable, q: R~ —
N. Then, E is (ng(a) UFE, q(s)’c'q(s))—statistically—distinguishable, where ¢ > 0 is a universal constant.
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Here By denotes the ball of radius k£ in Fg, namely,
Bkz{w€F5||w|§k}.

To prove Proposition 7.2, we first use a variation of Yao’s minimax inequality to reduce testability to
a statement about deterministic (rather than randomized) testers (Lemma 7.3). We then formalize the
intuitive idea that runs of a determinstic tester of small query complexity only “care about” a small part of
the input S-graph (Lemma 7.11). This allows us to relate these runs to statistical distinguishability, which
is a local notion.

7.1. Proof of Proposition 7.1. Assume that F is (P, §)-statistically-distinguishable, P: R~ — FinSubsets(Fy),
§: Rsg — Rsg. Fix g9 > 0 and denote Py = P(gp) and dg = §(eg). Let k = [%22%‘—‘. Fix G € Gg(n) such
that either G € GSolg(n) or G € GSol%EO (n). We wish to show that LSMkE)PO 5 returns a correct result in
its run on G with probability at least 0.99.
If G € GSolg(n), set Ag = GSolg(n) and A; = GSolz™(n), and otherwise set Ay = GSolZ(n) and
A1 = GSolg(n). Then

(71) dTv(Ngﬁpo,Nglﬁpo) > 50 VG € A1

because E is (P(¢), d(e))-statistically-distinguishable.
Let x1, ...z € [n] denote the random variables sampled in Step 1 of a run of LSMkE,PO,%“ (see Algorithm
2) on G. Denote T = (z1,...,21) € [n]", and let NE™PT he the distribution, over Subsets(Py), of
Stabg (z;) N Py where i ~ U([k]). Recall that this run of LSMkE,PO,%O accepts G if and only if Condition (1.4)
is satisfied, namely, if
: Empirical do
(72) mln{dTv (Nf P ,NH)p()) | He GSOIE(TL)} < 5 .

In particular, the run returns a correct result on G whenever

(7.3) dry (NP‘“P““&I, Nc;,po) < 50/2 .

x

Indeed, if G € GSolg(n), then (7.2) holds by (7.3), and so the run is accepting. If G € GSolZ™(n) then
(7.2) does not hold by (7.1), (7.3) and the triangle inequality, and so the run is rejecting. Thus, it suffices
to show that

Pr (dTV (Ngmpimal, NGVPO) < o /2) > 0.99 .
z~U([n]*)

For a fixed Y € Subsets(P), the random variable k- NE™P (Y. [n]* — Zs (that is, “k times NE™Pirieal(y)»)

is distributed Binomial(k, Ng p,(Y)) when z ~ U([n]k) In particular, EENU([n]k) [k; . NTEmpirica](Y)} =

kNG, p,(Y). Hence,

2. By ((NfEmpirical(Y) - NG,PO(Y))Q)

Y €Subsets(Py)

Empirical
Ey (e (IVE™P = N, p.I3)

Empirical
:k% Va‘riNU([n]k) (k;N?mplrlca (Y))

_ Z NGJDO(Y)(lk_ NG;PO(Y))

Y €Subsets(Py)

1

z > Nep(Y)
Y €Subsets(Py)

1

IN
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By the Cauchy—Schwartz inequality,

mpirica; 1 mpirica 1 1 mpirica
dry (NE Nesp, ) = S INE™P = No |1 < 5[Subsets(Ro)|* - [ NE™"! = N p

.92 ‘P ”NEmplrlcal

1
5 NG;P0||2 :

Thus,
Pr (dTV (N;]mpiricahNG’PO) > 50/2) < Pr (”N;]mpirical Ne.p 2> 2 \P0|52)
3 ()
9| Pol
=R
<0.01.

(by Markov’s inequality)

7.2. Testability implies statistical distinguishability. We prove Proposition 7.2 in Section 7.2.5 after
making the necessary preparations.

7.2.1. A minimax principle. The following lemma, a variant of Yao’s minimaz inequality [41], enables us to
reduce Proposition 7.2 to a statement about deterministic, rather than randomized, algorithms.

Lemma 7.3. Fize > 0 and g € N. The following conditions are equivalent:
(1) There exists an (g, q)-tester for E.
(2) For every distribution D on |J,cy (GSOlE(n) U GSol}ZEE(n)), there exists a deterministic algorithm
M, limited to making at most q queries of G, such that

GPrD[./\/l solves the input G correctly] > 0.99 .
Proof. Let A denote the set of all deterministic algorithms, with input in (J,, .y Gs(n) and boolean output,

heN (GSOIE(n) u GSOI%E(TL)). Let D4 (resp. Dp)
denote the set of all probability distributions over A (resp. B). For M € A, G € B, let

limited to making at most ¢ queries in a run. Let B =

1 if M solves the input G correctly
CM.G = .

0 otherwise

A randomized algorithm can be viewed as a distribution over A. Hence, the first condition in the statement
of the proposition is equivalent to

. i =1|>0.
(7.4) Jnax min MPNrD[CM’G 1] >0.99 ,

while the second condition can be written as

. i P =1]2>0.99.
(75) B2, MR L lemee =112 099

Observe that the left-hand side of (7.4) is equal to

70 B, B, o leme =1
M~D’

Indeed, Pr g~ D [em,e = 1] is linear in D’, and hence the minimum in (7.4) is obtained at a vertex of the

M~
simplex Dpg. Slmllarly, the left-hand side of (7.5) is equal to

o B, B Jp leme =1
M~D’
Finally, (7.6) and (7.7) are equal by the von Neumann Minimax Theorem [18, Thm. 1]. O
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7.2.2. The dry metric. We recall the following standard facts about the dry metric.

Fact 7.4 (28, Prop. 4.2]). Let 0 and 0" be two distributions over the same finite base set Q). Then
n o oy
v (0,8) = max|o(4) — #/(4)]

Fact 7.5 (Coupling Lemma [28, Prop. 4.7]). For any two distributions 6 and 6’ over the same finite base
set Q, there exists a distribution D over Q x € such that:

(1) The marginal distributions of D are equal, respectively, to 6 and ¢'.
(2)

drv(8,0)= Pr [z .

v (6,0) (M)ND[ # 9]

Fact 7.6 ([28, Ex. 4.4]). Let 0 = [['_, 0; and ¢ = [['_, 0, be product measures. Then,

1=1"1

¢
drv(9,0") < Z drv (0, 0;)

i=1

7.2.3. Partial S-graphs and runs of algorithms.

Definition 7.7 (Partial S-graph). Let S be a finite set. A partial S-graph is a directed graph H whose
edges are labelled by S, such that for every s € S, every vertex of H has at most one outgoing edge labelled
s and at most one incoming edge labelled s.

We denote the vertex set of H by V(H), and E(H) will be the set of (S-labelled) edges in H. For vertices

—1
r1,29 € V(H) and s € S, we say that 1>z, is an edge of H if the same is true for zo—>>z;. When

-1
computing the cardinality |E(H)| of E(H), the edges zo— 2 and x1>—x5 count as one edge.

We denote the set of all partial S-graphs H such that V(H) C [n] by PGg(n). Given H € PGs(n), we write
r(H) = |V(H)| — k, where k is the number of connected components of H. For example, r(H) = |V(H)| -1
if H is connected, and r(H) = 0 if H has no edges.

Definition 7.8 (Paths in a partial S-graph). Let H be a partial S-graph, x € V(H) and w € Fs. Suppose
that the reduced form of w is given by wy ---w;y (w; € S* for each 1 < 4 < k). We write wgzr = y, and
say that w is an H-path for z, if there exist xo, ...,z € V(H) such that g = z, 25 = y, and H contains a
wj-labelled edge x;—1—x; for each 1 < i < k (in this case xg, ...,z are uniquely defined). If, in addition,
the vertices xg, ...,z are distinct, except for the possibility that x¢o = xj, we say that w is a simple H -path
for z.

Let

Pathsy (z) = {w € Fs | w is an H-path for z} ,
Simple-Pathsy (¢) = {w € Fs | w is a simple H-path for z} ,
Bipathsy (z) = {w'™' - w | w,w" € Simple-Pathsy (z)}

and

PStabg(z) = {w € Pathsy(x) N Bipathsy (z) | wgzx = x} .

The definition of Bipathsy (z) ensures that the set PStabg(x) contains all the information about simple
paths emerging from z and ending at the same vertex. Indeed, for w,w’ € Simple-Paths(z), we have
wpz = whyz if and only if w'~ w € PStaby (z).

Definition 7.9 (Inclusion of a partial S-graph). Let G € Gs(n) and H € PGg(n). Write H C G if G
contains all the labelled directed edges of H. Equivalently, H C G if wgz = wyx for all x € V(H) and
w € Simple-Pathsy ().

Remark 7.10. Crucially, in contrast to other common definitions of inclusion of graphs, here we care about
vertex labels. For example, if H C G and H has the edge 3-8, then G must also have the edge 3—-8.
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Let M be a deterministic algorithm that makes exactly ¢ queries on its input G € Gg(n). Let Hap,g €
PGs(n) be the partial S-graph whose edge set is the set of edges of G queried by M in its run on
G, with vertex set consisting of the vertices incident to these edges. More formally, in graph-theoretic
terms each query of M is of the form: “what is the label of the vertex sga?” for given s € S* and
x € [n]. We denote this query by (z,s). Denote the sequence of queries that M makes in its run on

G by (:EM’G’l,sM’G’l),..., (:CM’G"?,SM’G"J). Then the vertex set of Haq g is {xM’G’l,...,xM’G’q} U
. MG . )
séA’G’lxM’G’l, e séA’G’qu’G’q}, and its edges are MG ¥y sg/l’c’lxM’G”, 1< <q.

Clearly Haq,¢ C G. The key observation is that if an S-graph G’ € Gg(n) contains H g ¢ then M has an
identical run on G and on G’. Indeed, since M is deterministic, it always starts with the same query. Since

M,G,1
both G and G’ contain the edge aM-&1 ¥ — sg/l’c’lxM’G’l, the answer to this query is the same in both
runs. Consequently, the second query of M is also the same, and so on.

We denote
Rm(n) ={Hmc | G € Gs(n)}
and
(7.8) Rmqr(n)={H € Rm(n) | r(H) =1}

for r > 0. For G € Gs(n), the partial S-graph H = Huq ¢ is the unique H € Rq(n) such that H C G. If
Ham.g = Hpm,r then M has identical runs on G and G’. In particular, these runs terminate with the same
result. We proved:

Lemma 7.11. Let M be a deterministic algorithm and let G,G' € Gg(n). Suppose that Hyp.c = Hum -
Then
M accepts G <= M accepts G’ .

7.2.4. Vertex relabelling of an S-graph.
Definition 7.12 (S-graph relabelling). Let G € Gg(n) and let m be a permutation over [n]. The vertez-
relabelled graph Gm € Gg(n) is the graph with vertex set [n] and edge set {wflx—smfl(sc;:r) |z € [n]}

Remark 7.13. For each w € Fg, the following diagram commutes:

[n] = [n]

In other words, wgn-)z = 7~ (wgnz) for z € V(Gr).
We think of 7 as a relabelling function, in the sense that G is obtained from G by changing the name of
each vertex 7(z) € V(G) to z.

Remark 7.14. Let G € Gg(n) and 7 € Sym(n). It is straightforward to verify that G € GSolg(n) implies
Gr € GSolg(n), and that G € GSolz®(n) implies G € GSol£°(n) (¢ > 0).

Remark 7.15. For each m € Sym(n), the map G — Gr: Gs(n) — Gs(n) defines a right action of Sym(n) on
Gs(n). For G € Gg(n), the set {Gm | m € Sym(n)} is an orbit of this action. The distribution of Gm when
7w~ U(Sym(n)) is the uniform distribution on this orbit.

7.2.5. Proving Proposition 7.2 . We shall prove the following technical lemma.

Lemma 7.16. Fiz two S-graphs Go,G1 € Gs(n). Fiz g € N with 1 < g < ni and let M be a deterministic
algorithm, limited to making at most q queries. Let 0;, i € {0,1}, be the distribution (over Ra(n)) of the
partial S-graph Haq,q,n, where m ~ U(Sym(n)). Then

dry (601,62) < (29)*" (dTV (NGo,Bays NGy Bay ) + C”_i) ,
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where ¢ > 0 is a universal constant.
Before proving Lemma 7.16, we show that it implies Proposition 7.2.

Proof of Proposition 7.2. By the hypothesis, E is g(¢)-testable. Fix ¢ > 0 and write ¢ = ¢(¢). Let P =
By, UE. Fix Gy € GSolg(n) and G, € GSol}%E (n), and denote § = drv(Ng,,p, Ng,,p). Our goal is to show
that

5> q;O(qa) ,

where the implied constant is universal. We first deal with the case

(2(] )4q£+8 ot
n < max{‘EOT, q;l .

where ¢ is the constant from Lemma 7.16. We note that, since Gy € GSolg(n), we have Stabg, g(z) = E for
every x € [n]. However, the same is not true for Stabg, g(z) since G1 ¢ GSolg(n). Since E C P, Corollary
6.10 yields (for the leftmost inequality)

2 qg_O(qE) .

SRS

6> dTV(NG(),E7NG1,E) > N Ean])[StameE(:v) = E] - E(r[n])[StathE(x) = E] >

We proceed, assuming that

(2g )4q£+8 et

Let D be the distribution of the random S-graph G;mw, where ¢ is the result of a fair coin flip, and 7
is independently sampled from U(Sym(n)) uniformly. Applying Lemma 7.3 to D yields a deterministic
algorithm M, limited to making g. queries, such that

(7.10) [M solves the input G correctly] > 0.99 .

Pr

G~D
Let 0;, i € {0,1}, be the distribution of the partial S-graph Haq,g,», where m ~ U(Sym(n)). We claim

that

(7.11) drv (0o, 01) > 0.49 .

Before proving (7.11), we show that it implies the proposition. Note that every H € Raq(n) has |[E(H)| <
¢ < n7, where the rightmost inequality is due to (7.9). Hence,

dTv(oo, 91) S(qu)q5+2 (dTV (NG(),quv NGl,B2q) + CTL_%) by Lemma 7.16
<(2¢.)="? ((5 + cnfi) by Corollary 6.10
<(24:)% 26 4+ 0.0571/4 by (7.9)

Together with (7.11), this yields

5 2 (2%)_%_2 <O49 — 00571/4> 2 q;O(QE) ,
<0.49

and the proposition follows.
We turn to proving (7.11). Fact 7.5 yields a distribution @ over R ((n) x R aq(n) with respective marginal
distributions 6y and 61, such that

P Hy # Hi] =drv(6o,601) .
(Ho,Hf)~Q[ o # Hi] v (6o, 61)

Let @Q be a distribution over (Sym(n))2 which generates a pair of permutations (mg,7;) by first sam-
pling (Ho, H1) ~ @, and then independently sampling mo ~ U({7 € Sym(n) | Hm,gor = Ho}) and w1 ~
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U({m ~ Sym(n) | Hrm.g,» = H1}). Observe that both marginal distributions of @ are equal to the uniform
distribution on Sym(n). Indeed, for < € {0,1} and « € Sym(n),

1
Pr |[mi=al= Pr H; = Hypmcial
o = N i = e e S o = Havonal]
1
= Pr [Hi=Hmol -
ity = ool T e e T e = Favanal]
_ HmeSymn) | Hm.gin = Hm.Gia )| 1
|Sym(n)| [{m € Sym(n) | Hm,cin = Hacia
B 1
|Sym(n)|
Furthermore,
(wo,ljlr)~§[HM’GM0 # Hpmoim) = (ngf)NQ[Ho # Hy] = drv (6o, 01) -
Then
0.99 < GPrD[./\/l correctly solves the input G| by (7.10)
1
= - Pr M correctly solves Ggmg| + Pr M correctly solves G
2 (m~U<Sym<n>>[ Y omlt rm) Y ! 1]>
1
== Pr _[M correctly solves Gomg] +  Pr _[M correctly solves G171 ]
2 (mo,m1)~Q (mo,m1)~Q
1
=5 Pr [M correctly solves exactly one of Gomy and Gy71]
(mo,m1)~Q
+ Pr _[M correctly solves both Gomy and Gy71]
(m0,m1)~Q
1
<-4+ Pr _[M correctly solves both Gomg and G171]
2 (m0,m1)~Q
1
=3 + Pr  [M accepts Gomg and rejects Gym] by Remark 7.14
(m0,m1)~Q
1
< 3 + Pr [M returns different results on Gomy and Gy7]
(m0,m1)~Q
1
<-4 Pr 7[HM Gomo 7 H Glﬂ-l] by Lemma 7.11
2 (mo,m)~Q ) 7
1
=57 drv(6o,61) ,
and (7.11) follows. O

The rest of this section is devoted to proving Lemma 7.16. The following lemma bounds the cardinality
of the set Raq,-(n) (defined in (7.8)).

Lemma 7.17. Let M be a deterministic algorithm, limited to making at most q queries per run. Let n,r € N.
Then

IRam,r(n)| < (ﬁ) n"(2q)7" .

Proof. For G € Gs(n) and 0 < i < g, let HZ be the partial S-graph such that the edges of HY are the
edges of G queried by M in the first i queries, and the vertices of HS are those that touch these edges.
In particular, H is the empty partial S-graph, and HS = Haq . Note that the query (26, sMG) s
determined by HS ;. The answer to this query, for which there are at most n possibilities, depends on G.
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Clearly, r(H§') = 0 and r(HS) = r(Hm,c). Furthermore, in each step, r(H;) = r(H;—1) + 1 or
r(H;) = r(H;—1). Respectively, we say that the i-th step is increasing or nonincreasing. If the i-th
step is nonincreasing then the vertex given as an answer to the i-th query is in {vaGJ— [1<j< z} U
{sM:GigMGd |1 <j<i—1}. In particular, there are at most 2¢ possible answers to the query in a
nonincreasing step. Write Rai(n) = {HE | G € Gs(n) and r(HZ) = r'}. By the above,

IR i (n)] <Rt —1,i-1(0)] + 2¢|Ratprim1(n)] V1I<i<qgVO<r <r,
and thus
q r —r
R )] = Rt gl = (*) 2

The next lemma provides a condition equivalent to H C G when H is a connected partial S-graph.

Lemma 7.18 (An equivalent condition for inclusion of a partial S-graph). Fiz G € Gs(n) and H € PGs(n),
where H is connected and nonempty. Treating H as undirected, fix an undirected spanning tree T for it. Fix
some yo € V(H). For everyy € V(H), fix a word w¥ € Simple-Pathsy (yo) such that w},yo =y, and the
simple H-path from yo to y, induced by w¥, proceeds along edges of T. Then, H C G if and only if

(7.12) Stabg (yo) N Bipathsy (yo) = PStaby (yo)
and
(7.13) wiyo =y YyeV(H).

Proof. Suppose that H C G. Then wgyo = wryo for all w € Simple-Pathsy (yo), and (7.13) follows. The D
inclusion in (7.12) is clear. To prove the C inclusion, let w € Stabg(yo) NBipaths (yo) and write w = v/~ v
where v, v" € Simple-Pathsy (yo). Then yo = wgyo = vlc_lvgyo, and thus vy = vayo. Hence viyyo = vayo,
and therefore w = v'~tv € PStabgy (yo)-

Conversely, suppose that (7.12) and (7.13) hold, and take an edge y; —=y> of H. Without loss of generality,
assume that yo is not an internal vertex in the path, in 7', from yo to y;1. Then, sw} € Simple-Pathsy (yo), and
so (w¥?) " sw¥' € Bipathsy (yo). Note that (sw¥") yyo = y2 = w¥yo. Thus, (w¥?) " sw¥ € PStaby (yo). By
(7.12), (sw¥') oyo = w¥yo. Consequently, (7.13) implies that sgy1 = yo, so G contains the edge y1——y2. O

Next, for fixed G € Gg(n) and connected H € PGg(n), we study

7.14 Pr  (HCGn).
(71 et )

We use Lemma 7.18. Fix some yo € V(H) and a set of words {w?},cv (g as in the lemma. The probability
that
(7.15) Stabgr(yo) N Bipaths (yo) = PStabg (yo)
is N Bipathsy, (o) (PStaba (y0)), since 7(yo) is distributed uniformly on [n]. Conditioned on the event (7.15),
the probability that

WexYo =y Yy € V(H)

is approximately n~ (V)= Lemma 7.19 below provides a more precise estimate of (7.14). Furthermore,
the lemma shows that (7.14) does not change by much if we condition on the event 7 |,= f for a small
subset L of [n] and an injective function f: L — [n].
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Lemma 7.19. Fiz G € Gs(n), H € PGs(n), and suppose that H is connected and has at least one edge.
Let yo be an arbitrary vertex of H. Then

(n — [V(H)])!

(716) Pr (H C Gﬂ') = .NG,Bipatth(yo)(PStabH(yO)) .

7~U(Sym(n)) (n — 1)'

Moreover, let L C [n]\ V(H) and let f: L — [n] be an injective function. Then

_ (n— L[ = [VH))! |L]-[V(H)]
(7.17) 7T~U(Is?yrm(n))(H CGrm|mlr=f)—p| < e - ,

where m 1, denotes the restriction of m to the set L and

(0= V()] ~ |L])!
(n—1—|L)

* NG Bipathsy; (yo) (PStabm (y0)) -

Remark 7.20. In the setting of Lemma 7.19, when L < O(n'/*) and |V (H)| < O(n'/4), (7.17) yields

_ Py = (V-1 . -3
ol HC G ml= ) =n (Ng)Blpatth(yo)(PStabH(yo)):I:O(n ))

Proof of Lemma 7.19. Since (7.16) is a special case of (7.17), we only prove the latter. Let D = {w € Sym(n) | 7 |L= f},
and note that the distribution of 7 ~ U(Sym(n)), conditioned on the event 7 |p= f, is the uniform distri-
bution on D.
Fix yo € V(H) and write V(H) = {yo,y1,-..,yjv(m)-1}. For every 0 < i < |V(H)| — 1, fix a word
wY" € Simple-Paths (yo) such that w¥jyo = y;. Let

A = {m € Sym(n) | Stabgx(yo) N Bipaths g (yo) = PStabg (yo)} -
For 0 <¢ <|V(H)| -1, let
B; = {m € Sym(n) | wl vo =y} .
By Lemma 7.18,

|V(H)|-1
7.18 Pr (HCcGnr)= Pr TeAN B;
( ) TI'NU(D)( ) 7w~U(D) DJ

Let
A={recA|lwl yo¢ Lforall 1 <i<|V(H)| —1}.

Observe that
|V(H)|-1

AN ﬂ BiCZ.
i=1

Indeed, m € B; implies that wl_yo = y;, and in particular w¥ _yo ¢ L. Hence, since ACA,
[V (H)|-1 o vd)-t
(7.19) AN Bi=4An () B:.
i=1 i=1
Next, we show that A C By. It always holds that w(yo) = yo, so w¥0 € PStabgy(yo). Consequently,
7 € A implies w¥ € Stabgx(yo), which implies m € By. Therefore, by (7.18) and (7.19),

|[V(H)|-1 i—1
7.20 Pr (HcGn)= Pr (med)- Pr |reB;|neAn()B;
( ) WNU(D)( ) 7T~U(D)( ) H 7~U(D) | JQ 7
We claim that
_ L|-|V(H
(7.21) WNII)JlED)(ﬂ— €4) - NGﬁBiPatth(yo)(PStabH(yo))’ < w
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and
i—1

7.22 Pr |mreB;|neAn()B,;
(7.22) e | Nz

1

=——— VIZi<Z|V(H)| -1
I PSS van-1

and thus (7.17) follows from (7.20).
To prove (7.21), let

W1 = {z € [n] | Stabg(x) N Bipaths g (yo) = PStabg (yo)}

and
Wo ={z € [n||w&a e f(L) for some 1 <i < |V(H)| -1},

and note that 7 € A if and only if myg € W7 \ Wa. Also, observe that 7y is distributed uniformly on
[n]\ f(L) when m ~ U(D). Hence,

— Wi\ W- Wy \ W-
Pr (weA)_M: Pr (IGWl\Wz)—M
m~U(D) n z~U([n]\f(L)) n
= Pr ze Wi \Wy)— Pr (xeW;\W
ot NW2) = B 1\ W2)
< drv(U([n] \ f(L)),U([n])) by Fact 7.4
L]
7.23 = — .
(7.23) L
Now,
[Wi| = Ng Bipaths,, (o) (PStaba (yo)) -
and
0<|We| <([V(H)|-1)|L].
Thus
Wy \ W- V(H)—-1)-|L
% — NG Bipathsy, (y0) (PStaba (y0))| < (L )ln )14 ,
which implies (7.21) by virtue of (7.23) and the triangle inequality.
Y v(H)|-1

We turn to proving (7.22). First note that if 7 € A then w¥% yo, w% yo,..., way yo are distinct.
Indeed, if w¥%_yo = wl yo then (w¥) " w¥ € Stabg (yo) NBipaths g (yo), and thus (w¥% )~ wY € PStabg (yo)
because m € A. Consequently,

yj = wiiyo = wiiyo =i
and so ¢ = j since yo, - .., Y|v(m)|—1 are distinct.
In particular, for 1 <4 < |V(H)| — 1, the event 7 € AN ﬂ;;é B; implies that

N w (myo)) = wiiyo & {Yo, -, Yi-1} ,

and so

(7.24) wg (myo) & {myo, ..., TYi—1} -

Observe that, since
m™e Bj — wéj(wyo) = TYj,
the event 7 € AN ﬂ;;é Bj is determined solely by the restriction ¢y, . . ,3- In other words, for a
permutation m € D we have
i—1
(7.25) me€AN (| B; < Ty 1) €K
j=0
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where

i1
K=2g:{yo....,yi—1} = [n] \ f(L) | g is injective and 7, ., , =g implies 7 €AN ﬂ B;
=0

Fix some g € K, and consider a random permutation 7 ~ U(D), conditioned on 7|y, ..4,_,} = 9. Note
that 7y; is distributed uniformly on the set [n]\ (L U {ryo,...,my;—1}). Since m € A, we have w¥ (7yo) ¢ L.
Together with (7.24), it follows that

WNP&D)(W € Bi | M{yo,.pia} = 9) = WNIL)IIED)(W% = wg (7Y0) | T\{yo,..p1} = 9)
1 1

AN (U {myo, - myia )] m—L—i’
Finally, (7.22) follows by virtue of (7.25). 0

We next generalize Lemma 7.19 to the case in which H is not necessarily connected, provided that it does
not have too many edges.

Lemma 7.21. Fiz G € Gg(n) and H € PGg(n). Denote the connected components of H by Cy,...,Cy, and
suppose that every connected component has at least one edge. Fix x; € V(C;) for each 1 <1i < k. Suppose
that

(7.26) |E(H)| < ni '
Then,
k
P H c Gr) = 0" T Ne sipaths,, (z0) (PStaba (z;)) + O (n " =1) |
ﬂNU(S;m(n))( ™ =n 11;[1 G,Bipaths  ( w)( abp(z;)) + (n )

where the implied constant is universal.

Proof. Clearly,

k i—1
Pr H CGn) = Pr C; C Gr c,cGnm|,
ﬂ~U(Sym(n))( ) g 7~U(Sym(n)) | J_L:Jl J

where by C; C Gm we mean that Gm contains every edge in the connected component C; of H. To bound

the i-th term of this product, let L; = U;;ll C}, and note that the event U;;ll C; C Gt is determined solely

S
by the restriction 7|z,. Indeed, G contains the edge a—b of C; if and only if sg(7a) = 7b. Hence there
exists a set D; of injective functions f: L; — [n], such that

i—1
UCicGr < mp, eDi.
j=1
Thus, we can write
(7.27)
i—1
Pr C; Cc Gm C,cGr| = Pr T, = m. € D;)- Pr C;, CcGm | mp, = .
7~U(Sym(n)) | L_Jl J Z_me(Sym(n))( |L; f| |L; )ﬂ'NU(Sym(n))( | |L; f)
j= feb;
By Remark 7.20,
(7.28) U(IS)r ( ))(Ci c Gm | L, = f) = n_(lci‘_l) . (NG,Bipatth(zi)(PStabH(xi)) + O(n_%>> ,
T~ ym(n
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where we used (7.26), and the fact that both |C;| and |L;| are bounded from above by 2|E(H)|. Now, (7.27)
and (7.28) yield

1—1
| , _ p-(Ci-1) . , -1
ok lcican JL:JI C;cGr|=n (Ng,Blpatth(zi)(PStabH(xl)) + o(n )) .

Since r(H) = Zf:1(|Ci| — 1), and Ng, p(Q) <1 for every P and @, it follows that

k i—1
Pr (HcGm)=]] Pr C;cGr||JCicGn

m~U(Sym(n) L e U(sym(n) p
= _T(H) (H NG ,Bipathsy (z (PStabH(:Ez +0 <Z ( ) _;>> )
i=1 =1
which yields the lemma since k < |E(H)| < ni. O

1

Corollary 7.22. Let Go,G1 € Gs(n), and take H € PGg(n). Suppose that |[E(H)| < n3, and that every

connected component of H has at least one edge. Then,

Pr (H C Gorm) — Pr (H C Gim)
7~U(Sym(n)) 7~U(Sym(n))

0 o (H)—1
=n (H)'|E(H>|'dTV(NG07BQ\E(H)\7NG1732\E(H)\)+CTL )3 ’

for a universal constant ¢ > 0.

Proof. Suppose that H has k connected components, and let x1, ...,z be representative vertices of these
components. For j € {0,1}, Lemma 7.21 yields

k

(7.29) U(gr ( ))(H C Gym) =n~"H) HNGj7Bipatth(wi)(PStabH(Ii)) + O(”#(H)fi) :
T~ ym(n =1
Now,
k k
H NGO Bipathsy (x;) (PStabH xz H NGl Bipathsy (z (PSta'bH (xz))‘
i=1 i=1
k k
<dtv (H N, Bipathsy, (z:)s H NGl,Bipatth(mi)> by Fact 7.4
i=1 i=1
k
< Z dr (NG(),BlpdthbH(LEl)) Gl,Blpatth(wl)) by Fact 7.6
i=1
< k- dTV (NGOvBZ\E(H)\ y NGLBQ\E(H)\) by COI‘OH&I‘y 6.10
(7.30) < |E(H)| - drv (Nay,Bay s » NGv . Ba s, ) since k < |E(H).
The claim follows from (7.29) and (7.30). O

Lemma 7.16 now follows from Lemma 7.17 and Corollary 7.22.

Proof of Lemma 7.16. Denote 6 = drv (Ngy, By, NG, B,,)- Then,
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1
drv(09,01) = = P H ~=H)— P H ~=H
v (00, 61) = 3 > WNU(Syrm(n))( M,Go ) FNU(S;m(n))( MG )‘
HERM(n)
1
== Z Pr (H C Gorr) — Pr (H C Gim)
2 HERm(n) n~U(Sym(n)) m~U(Sym(n))
1 —r —r -7
< 3 Z (n (H) . |E(H)| - drv (NG(th\E(H)\7NGl7Bz\E(H)\) +cn ") 411) by Corollary 7.22
HeR m(n)
1
< B Z (n*T(H) |E(H)|-0+ cn*T(H)*%) by Corollary 6.10
HERM(n)
< % 3 (n—rw) b+ cn—r(H)—i)
HeR m(n)
1< .
<3 ;Omw(nn (ot en )
1 I q q—r _1
< 3 (2¢)*" - (q5 +cn 4) by Lemma 7.17
r
r=0
1< ,
<3 ;O(Qq)q (a5+en 1)
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APPENDIX A. AN EXPLICIT DESCRIPTION OF CERTAIN SYSTEMS OF RELATIONS

A system of relations which is testable but not stable. Here we describe instable testable

systems of relations using Theorem 1’, as discussed in Section 3.1. Fix a prime number p. Let

Sp = {da,d3, 512, 513, S23, S24, 534}

and consider the following system of relations over the alphabet Sj:

E, ={d2ds = dsdz, 512534 = $34512}U
{s23512 = 512523513, 534523 = 523534524 JU
{513812 = 512513, 513523 = 523513, 524523 = 523824}U
{524534 = 534524, 513524 = 524513 }U
{s12d2 = dasY,, s12d3 = d3s12}U
{d2s23 = shyda, sa3d3 = dzshs }U

_ __ P
{834do = d2834,d3534 = s554d3}.

As explained below, this system is testable by Theorem 1’, yet instable due to [9, Theorem 1.3(ii)].
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It was shown in [1] that (S, | E,) is a presentation of Abels’ group A,, which is defined as follows:

1 * * %

0 p™ % x
Ay = 0 0 C GL4Z[1/p] | m,neZ
0 0 0 1

Here Z[1/p] is the ring of rational number whose denominator is a power of p, and GL4 Z[1/p] is the group
of 4 x 4 matrices with entries in Z[1/p] and determinant +p', | € Z.
An isomorphism (S, | E,) — A, is given by

1 1

d2|—>

Sij I+ €ij ,
where e;; is the 4 x 4 matrix with 1 on the (¢, j)-entry and 0 elsewhere.
The group A, is solvable because it is contained in the group of upper triangular matrices. Hence A, is
amenable. In other words, E), satisfies the hypothesis of Theorem 1°, and so it is testable.
On the other hand, [9, Theorem 1.3(ii)] characterizes the systems of relations that are stable, among those
that satisfy the hypothesis of Theorem 1’. By this characterization (which is given in terms of invariant
random subgroups and cosoficity), E, is instable [9, Corollary 8.7].

A.2. A non-testable system of relations. Let m > 3. Here, as discussed in Section 3.2, we use Theorem
2’ to provide a non-testable system of relations E,,, over an alphabet S, such that I'(E,,) == (Sp, | En) =
SL,, Z:

Sm = {si; | i,j € [m],i #j},
Ep ={sijSk1 = sg18ij | 4,4, k, L € [m],j # k,i # [}U
{sijsjx = sikSjusij | 4,4,k € [m],i # 7,5 # k, k #i}U
{(51252_11512)4 = 1} .
By [34, Corollary 10.3], (S,, | Em) is a presentation of the group SL,, Z. The isomorphism given by
sij = I+ e,
where e;; is the m x m matrix with 1 on the (4, j)-entry and 0 elsewhere. The group SL,, Z is well known to

satisfy Property (T), and has infinitely many finite quotients. This means that E,, satisfies the hypothesis
of Theorem 2’; and therefore, it is not testable.

APPENDIX B. A NOTE ON SAMPLING INVERSES OF PERMUTATIONS

For a given permutation o € Sym(n) and = € [n], our model assumes that an algorithm M can read oz
by making a single query. We also allow M to read o~ !z with a single query. It is also natural to study
testability in a model that allows to read oz, but not o'z, with a single query. Here we describe how every
testable (resp. stable) system gives rise to a closely related system which is testable (resp. stable) even
under the model where sampling inverses is not allowed (see Definitions 1.6 and 1.10).

Let E be a system of equations over S*. We say the E is inverseless if all equations in F are over the
alphabet S, that is, letters from S—1 are not used. For example, ES®™™ = {XY = YX} is inverseless. Thus,
SASkE?mm7 k € N, can be implemented without sampling inverses (simply by checking whether XYz, = YXz;
rather than X~1Y~!XYxz; = z; in Line 2 of Algorithm 1). Similarly, SASkE can be implemented without
sampling inverses whenever E is inverseless.
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In general, FE gives rise to an inverseless system of equations E’ as follows. Extend the alphabet by
defining S = {31,...,54} and 8’ = S U S. Define a system of equations E over S’ by starting from E and
replacing each occurrence of each si_l, 1<i<d,bys,;. Finally, set E' = FU{s;5; =1|1 <4 <d}. Then E’

=:Finv
is an inverseless system of equations, i.e., it is a system of equations over S’ rather than (S’ )i. Furthermore,
E is stable if and only if E’ is stable because the groups I'(E) and I'(E’) are isomorphic and by Proposition
3.1.
Moreover, by Proposition 3.2, E is testable if and only if E’ is. Additionally, the algorithm LSM,CE) ps (see
Section 1.4) can be altered to avoid sampling inverses as follows: First run SAS,CE,inv for a large enough %/,
and reject if SAS,CE,inv rejects. Otherwise, run LSME p,s Without sampling inverses by replacing each query of

s{lx by a query of 5;z, and accept if LSMkEyRJ accepts.

APPENDIX C. A REVIEW OF FREE GROUPS AND GROUP PRESENTATIONS

Here we give a brief introduction to free groups and their universal property, and to group presentations
(see [26]).

Let S = {s1,...,54} be a set of letters. Write S~! = {sfl, e sgl} for the set of formal inverses of the
letters in S, and let ST = SUS~!. We define (s;l)_l = s;, and so s — s~ ! becomes an involution on S¥.
Write w; ~ wsy for words w; and wy over S* if there is a sequence of words w; = uo, . .., u, = wo such that
wit1 is obtained from wu; by adding or removing a null subword, i.e., a subword of the form ss~!, s € S*.
For example, 515255151 ~ slslsglsg. A word w over the alphabet S* is reduced if it does not contain a null
subword as above. Every word w over ST is equivalent to a unique reduced word called the reduced form of
w. For words wy, wa, w),w) over ST such that wy ~ w) and wy ~ wh, we have wjws ~ wiw). In particular,
the reduced forms of wyws and wjwh are equal.

The free group Fs over S is the set of reduced words over S*, endowed with the following multiplication
operation: for wi,ws € Fg, wy - wo is the unique reduced word equivalent to the concatenation wyws. We
sometimes abuse notation and view a word w over S*, not necessarily reduced, as an element of Fg. We do
so only when making statements where only the equivalence class of w matters.

It is worth noting the following alternative way to define Fg, although we are not using it in this paper.
One can realize the free group Fg as the group of ~-equivalence classes of (not necessarily reduced) of words
over S*, with the multiplication defined by [w;] - [w2] = [wiws], where [w] denotes the ~-equivalence class
of a word w. This point of view also makes it easy to define group presentations, i.e., to define the group
(S| R) for a set of words R over ST: We define an equivalence class ~g on the set of words over ST just as
we defined ~, only that we consider all subwords of the form vr*'v~! to be null subwords, for every word
v over ST and r € R, in a addition to the null subwords ss™!, s € S. We then let (S | R) be the group
of ~p-equivalence classes, with the multiplication of classes defined as in Fis above. We now go back to
thinking of Fs as the set of reduced words and define (S | R) in a different, equivalent, way.

The free group Fs has the following important property, known as the universal property of Fg: for
every group I' and function f: S — T', there is exactly one group homomorphism f : Fs — T such that
f(si) = f(s;) for all 1 < i < d. The map f — f is a bijection from the set of functions S — I' to the set of
homomorphisms Fg — T'.

In particular, for a group I' generated by 71, ...,7vq € T, there is a unique homomorphism 7: Fg — I" such
that 7(s;) = 7; for each 1 <4 < d. The map 7 is surjective because its image w(Fg) contains a generating
set for I'. That is, every group I' generated by d elements is a quotient of Fs. For example, I'y := Z? is a
quotient of Fy,, .,y as exhibited by the unique homomorphism 7g: F,, 5,3 — Z? sending s; + (1,0) and
S (O, 1)

The kernel ker  of m: Fg — I' is a normal subgroup of Fg. It is often useful to have a subset R of ker
such that kerm = ((R)). Here ((R)) denotes the normal closure of R in Fs, that is, the smallest normal
subgroup of Fis that contains R. Concretely, ((R)) consists of all elements of the form [, v;r5*v; ', where

41



m>0,v; € Fs, r; € R and ¢; € {£1}. In the cases of interest of this paper, ker 7 = ((R)) where R is a finite
set. For mg: Fig, 5,3 — 7?2 as in the example, it can be shown that ker 7y = {Ro)) for Ry = {81_182_18182}.

The surjective homomorphism 7: Fg — T gives rise to an isomorphism Fs/kerm — . If kerm = (R))
for R C kerm, we write (S | R) for the quotient group Fg/kern and say that the group (S | R), which is
isomorphic to T, is a presentation of I'. For a system of relations E, we write (S | E) for (S | Rg) (where
Rg is as in the introduction).

For example,

(81,82 | 5182 = $281) = (81, 82 | 51_152_15152> >~ 72

The group (S | R) is a finite presentation if S and E are finite sets. In this paper we also write I'(E) for

(S | E) when the set S is understood from the context.
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