ISOSPECTRAL CAYLEY GRAPHS OF SOME FINITE
SIMPLE GROUPS

ALEXANDER LUBOTZKY, BETH SAMUELS, AND UZI VISHNE

ABSTRACT. We apply spectral analysis of quotients of the Bruhat-
Tits buildings of type A4_1 to construct isospectral non-isomorphic
Cayley graphs of the finite simple groups PSLg(F,) for every d > 5
(d # 6) and prime power ¢ > 2.

1. INTRODUCTION

Let X; and X, be two finite graphs on n vertices, and A;, 1 = 1,2,
the n xn adjacency matrix of X;. The graphs X; and Xy are isospectral
(or: cospectral), if the multi-set of eigenvalues of A; is equal to that of
Ag. There are several methods to obtain isospectral graphs, e.g. Seidel
switching method [Se|, Sunada’s method [Su], [Br], [Lu] and various
others. However these methods produce isospectral graphs which are
highly non-homogeneous.

Very little seems to be known on isospectrality of Cayley graphs.
Babai [B] showed that the dihedral group D of order 2p (p a prime) has
at least p/64 pairs of generators which give isospectral (non-isomorphic)
Cayley graphs. From this one can deduce that every group G contain-
ing D has two sets of generators A and B, of size |G| — 3, for which
the Cayley graphs Cay(G; A) and Cay(G; B) are isospectral but not
isomorphic (see Proposition 5.1 below). But except for Babai’s paper
we do not know of any family of groups G,, with two sets of generators
A, and B, of bounded size, for which Cay(G,; A,) and Cay(G,; B,)
are isospectral but not isomorphic. For example, is this possible for
G, = Sy, the symmetric groups?

Here we prove the following:
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Theorem 1. For every d > 5 (d # 6) and every prime power q
and every e > 1 (such that ¢¢ > 4d* + 1), there are two systems
A, B of generators of the group PSLy(F,e), such that the Cayley graphs
Cay(PSL4(Fy); A) and Cay(PSL4(F,e); B) are isospectral and not iso-
morphic.

The number of generators in A and B can be chosen to be either
r= 2% orr=[{],+ [, T, (where [1], denotes the number
of subspaces of dimension i over I, in the vector space IFfIl).

Several remarks are in order here. First, our method produces ¢(d)/2
generating sets for which the Cayley graphs are isomorphic (where ¢ is
Euler’s function), which explains the exceptional case d = 6. Secondly,
if A is a symmetric set of generators for a group G, define the Cayley
compler of G with respect to A to be the clique complex induced by
the Cayley graph (namely, go, ..., g; € G form an i-cell of the complex
iff each pair is connected in the Cayley graph). With this definition, we
prove that the Cayley complexes, rather than graphs, are isospectral,
i.e. also with respect to higher dimensional Laplacians. Finally, for
fixed d and ¢, we obtain infinitely many isospectral pairs which are
r-regular with the same r. This is of its own interest, since the usual
methods to construct isospectral r-regular graphs give pairs for which
r goes to infinity. For general graphs we can do something better than

for Cayley graphs.

Theorem 2. Let d > 3 and let r be as in Theorem 1. Then, for every
m € N, there exist m isospectral non-isomorphic r-reqular graphs.

Using Sunada’s method, Brooks [Br] obtained such a result for r = 3.

Let us now outline our method. The graphs considered in Theorems
1 and 2 are in fact the 1-skeletons of Cayley complexes, or subgraphs
of them. The complexes are obtained as quotients of the Bruhat-Tits
building By(F') associated with the group PGL4(F'), where F is a pos-
itive characteristic local field. In spite of the ‘finite nature’ of the
constructed objects, the proof is based on infinite dimensional repre-

sentation theory and the theory of division algebras over global fields.
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In more details, let F' = F,(()) be the field of Laurent power series
over a finite field F, of order ¢, G = PGL4(F') and B4(F') the Bruhat-
Tits building associated with G (¢f. [R],[T]). The vertices of B =
By(F') can be identified with the cosets G/K where K = PGL4(O)
is a maximal compact subgroup, and O = F[[t]], the ring of integers
of F. Let A be the adjacency operator or Laplacian acting on L*(B)
(complex functions defined on the vertices). A commutes with the
action of G, hence it is well defined on I'\ B for every discrete subgroup
I' of G. In particular, if I" is a uniform lattice in G, i.e. a discrete
cocompact subgroup, A induces on X = I'\B the adjacency matrix of
the 1-skeleton graph, which is an r-regular graph for r = Zf:_ll [j]q.

Now, L*(I'\G) is a unitary representation space for G. The following
is well known (see [Pe] and also [LSV1] or [LSV3]):

Proposition 3. Let G = PGLy(F), K = PGL4(O) and let I'y and T'y
be two discrete cocompact subgroups of G. If L*(I1\G) = L*(I',\G) as
(right) G representation spaces, then the simplicial complezes T'1\G /K
and Th\G/K are isospectral. In fact, they are even strongly isospectral,
1.e. with respect to the higher dimensional Laplacians.

Using representation theory (Jacquet-Langlands correspondence) and
the theory of division algebras, we prepared in [LSV3] various ex-
amples of arithmetic subgroups of PGL4(F') which will provide the
means to prove Theorem 2. This is a discrete analog of Theorem 1
of [LSV3], claiming that for every m € N and d > 3, the symmet-
ric space PGL4(R)/POg4(R) covers m isospectral non-isomorphic Rie-
mannian manifolds. The proof when translated to our discrete situa-
tion, gives m isospectral simplicial complexes (details can be found in
[LSV3]). Since in our situation the complex is completely determined
by its 1-skeleton, we obtain m 1-skeletons which are not isomorphic
as graphs. It should be remarked that the proof of isospectrality in
[LSV3, Theorem 3] uses the Jacquet-Langlands correspondence in pos-
itive characteristic; the details of the proof of this correspondence ap-
pear in the literature for the characteristic zero case (in general) and
for prime d in the characteristic p case. See Remark 1.6 in [LSV1] for
more discussion on this.
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For the proof of Theorem 1, we use a family of remarkable arith-
metic lattices constructed by Cartwright and Steger [CS], which act
simply transitively on the vertices of By(F'). We denote their congru-
ence subgroups by A(I), where I<F,[t] is a prime ideal. We proved
in [LSV2] that the quotient complexes A(I)\By(F') are Cayley com-
plexes for a group which lies between PGL4(F ) and PSLy(F,e) (here
e = dim(F,[t]/I)). In particular, their 1-skeletons are Cayley graphs.
We already have used similar complexes in [LSV2] to give explicit con-
structions of Ramanujan complexes (see [LSV1]). This time we sum-
mon them to provide isospectral Cayley graphs.

The paper is organized as follows: In Section 2 we recall the nota-
tion and results from [LSV3| and prove Theorem 2. In Section 3 we
recall the Cartwright-Steger lattices and their quotients, as described
in [LSV2], and prove Theorem 1. In Section 4 we present explicit ex-
amples of isospectral Cayley graphs. Section 5 explains the observation
mentioned above, how to obtain large isospectral Cayley graphs from

small ones.
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2. PROOF OF THEOREM 2

In [L.SV3, Theorem 4], we proved the following:

Theorem 4. Let F' be a local field of positive characteristic, G =
PGL4(F) where d > 3, K a maximal compact subgroup and By(F) =
G/K the associated Bruhat-Tits building. Then for every m € N
there exists a family of m torsion free cocompact arithmetic lattices
{Litici.m @ G, such that the finite complezes I';\By(F') are isospec-
tral and not commensurable.

The isospectrality of the I';\B;(F') proved in this theorem is ‘rep-
resentation theoretic isospectrality’ i.e. L*(I';\G) are isomorphic as
G-representation spaces, where G = PGL4(F). As explained there,

this implies a ‘strong combinatorial isospectrality’ in the sense that
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not only the spectrum of the standard Laplacians is independent of i,
but the same goes for the spectrum of the higher dimensional or colored
Laplacians.

We outline the construction here and refer the reader to [LSV3] for
more details. Let k£ be a global field contained in F', and v the valuation
of k with respect to which the completion of k is F'. Since F' = F((1)),
one may choose k = F,(t) and 1 the t-adic valuation (i.e. vo(t') = 4
and v(f) = 0 for f € F,[t] prime to t). The completion of k£ with
respect to a valuation v is denoted k,.

Now let T be a finite set of valuations of k not containing v, and let
Dy, ..., D,, be central division algebras of degree d over k, which are
split by k, for every valuation v € T' (in particular by F), and remain
division algebras over ky for every 6 € T'. Moreover we require that D;
is not isomorphic as a ring to either D; or D}” for i # j (recall that
division algebras over k are uniquely determined—as algebras—Dby their
local invariants, which are in {0,1/d,...,(d —1)/d}). We showed in
[LSV3] that T" can be chosen to accommodate m such different division
rings if 2171/|T| > 2m.

Let G denote the algebraic group defined as the multiplicative group
D modulo its center. Our assumptions guarantee that G}(ky) is a
compact group for every 6 € T, and that G(F) = PGL4(F). Define
the ring

(1) Royr={re€k: v(x) >0 foreveryv & TU{1p}}.

In [LSV3, Section 2] we give an explicit description of G as an alge-
braic group defined over Ryr. Since Ry r is discrete in the product
[l croquey kv, it follows that Gi(Ror) are well defined discrete sub-
groups of PGLy(F).

Fix an ideal <Ry 7, and let I'; = GJ(Ror,I) be the congruence
subgroup (namely the kernel of the map G}(Ryr)—G}(Ror/I) induced
by the projection Ror—Ror/I).

We prove Theorem 4 above in [LLSV3], by showing that I';\By(F)
are isospectral and non-commensurable (namely they have no finite
sheeted common cover). To explain how this result implies Theorem
2, we briefly describe the Bruhat-Tits buildings associated with G =
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PGL4(F). Let O C F be the valuation ring, then K = PGL4(O) is a
maximal compact subgroup of G.

Consider the set of O-submodules of F? of maximal rank (such as
04), modulo the equivalence relation M ~ c¢M for every ¢ € F'*. The
action of GLy4(F) on bases of F¢ induces a transitive action of G on
the equivalence classes of modules, with K being the stabilizer of [O9].
Therefore, we can identify classes of submodules with cosets in G/K.
To define the graph structure, we take the classes of modules as vertices,
and connect two classes y, x’ by an edge iff there are representatives
M € x and M’ € x’ such that tM C M’ C M (the set of neighbors
of a vertex [M] € B is in one to one correspondence with the set of
vector subspaces of M/tM = IFZ over [F,, and so the valency is [ﬂq +
[;]q 44 [dfl]q). The resulting graph is the 1-skeleton of the building.

For the higher dimensional structure we take the clique complex de-
fined by the 1-skeleton, namely the i-cells are the complete subgraphs
of size 1 + 1. Equivalently, xo, ..., x; form an i-cell iff there are repre-
sentatives M; € x; such that tMy, C M; C M;_y C --- C My C M,,
after rearrangemenet. In particular there are no d-cells. We let By(F')
denote the resulting complex.

If ' € G is a cocompact lattice, then the quotient I'\By(F) is a
finite complex (the complex structure inherited from By(F')). In order
for the projection By(F)—I'\B4(F') to be a local isomorphism, I' has to
be torsion free. However a cocompact lattice of G always has a finite
index torsion-free subgroup, and for arithmetic groups we may choose
the ideal I small enough so that the I'; are all torsion free.

The complexes I';\B;(F') are isospectral by Theorem 4, so the un-
derlying graphs are also isospectral. On the other hand if two of these
graphs are isomorphic, then they define isomorphic clique complexes,
which again contradicts Theorem 4. This completes the proof of The-
orem 2 for r = [f]q + [;]q + -+ [dil]q.

The determinant G/K—Z/d induces a d-coloring of the (directed)
edges: if tM C M’ C M, the edge from M to M’ has color dimg, (M /M’).
It is easily seen that all edges connected to [M] within one cell, have dis-
tinct colors. The colored Laplacian Ay, £ = 1,...,d—1, is then defined
on L*(G/K) by summing over neighbors of color £, namely (Azf)(x)
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is the sum of f(y’) over all neighbors of x for which (x,x’) has color
0. Of course, Ay + -+ + Ay is the standard Laplacian A of By(F).
If two quotients I';\B4(F') and 'y \Ba(F') of By(F) are representation-
theoretic isospectral, namely L*(I';\G) = L*(T';\G) as G-spaces, then
they are also isospectral in terms of A, for every ¢ (see [LSV1, Section 2]
for details).

Now let B! denote the subgraph of B,(F) defined on all vertices, with
edges only of color 1. From the quotients I';\B' we obtain r-regular
graphs for r = 2(5_—_11, which are isospectral with respect to the stan-
dard Laplacian, in this case A; + A4_1. On the other hand, in [LSV2,
Proposition 2.3] we show that the color 1 part of the graph determines
the whole skeleton. Therefore if some quotients of B! are isomorphic,
then so are the respective quotients of By(F') which is impossible, by
Theorem 4. This completes the proof of Theorem 2.

3. PROOF OF THEOREM 1

In order to prove Theorem 1 we describe remarkable lattices A in
PGL4(F'), which act simply transitively on the vertices of By(F'). The
building can then be identified with the Cayley complex of A with
respect to a certain set of generators (where the Cayley complex is
the clique complex defined by the Cayley graph). These lattice were
introduced in [CS], and used in [LSV2] to give explicit Ramanujan
complexes.

We are given a prime power ¢ and an integer d > 2. The local field
F =T,((t)) contains k = F,(t). Let vy denote the t-adic valuation, in
which F'is complete, and let O = F[[t]] be the valuation ring. Let o
be a fixed generator of the Galois group of F a/IF,, extended to Fa(t)
by acting trivially on ¢, and let

(2) D) =Fu(t)[z] za = o(a)z, 2% =1 +1],

be a central division algebra of degree d over k.

Let F} = F®p,F,a = Fa((t)), and note that F;/F is unramified in
any valuation of degree 1 of k (i.e. the minus degree valuation, denoted
henceforth by v/, or a valuation induced by a linear prime p € Fy[t],
denoted by 1,). Since vy(1 +t) = 0, local class field theory guarantees
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that 1+t is a norm in Fy/F [Pi, Chapter 17]. But DY, F = F\[2]
with 24 = 1+, so by Wedderburn’s criterion [Jac, Corollary 1.7.5], D)
splits over F'. There is therefore a natural embedding D) < My(F),
which we will describe in detail later. As in the previous section, D)
gives rise to the algebraic group G’ (”), defined as the multiplicative
group of D modulo its center. Then we have G/ (k) — G'(F) =
PGL,(F).

Let © denote the set of elements u(l — 2z Yu™t € G'(k), where
u runs over F7, /F¥, and let A©) be the subgroup of G/ (k) gener-
ated by Q. It is shown in [LSV2, Proposition 4.9] that the embedding
G (k) — PGLy(F) takes A into PGLy(R,) for

(3) Ry = F,[1/t]

(and the index [G")(Ry):A©)] only depends on ¢ and d, Proposition
3.5 there). Recall that K = PGL4(O) is a maximal compact subgroup
of PGL4(F'). In [LSV2, Proposition 4.8] we show (following [CS]) that
A acts simply transitively on the vertices PGLy(F)/K of the Bruhat-
Tits building, or equivalently that

A9 K =PGLy(F) and A9NK=1.

Therefore we can identify (the vertices of) B® = G/K with (the ele-
ments of) A@): every coset gK has a unique representative § K with
§€ A,

The complex structure can also be recovered from A as follows.
The reduced norm of 1—z7! and its conjugates is t/(1+t) [LSV2, Propo-
sition 4.1], which is equivalent modulo O* to the uniformizer ¢. It then
follows that the neighbors of color 1 of [O09] are [wO?] for w € €. Define
Q) to be the set of products wy . ..wy, where wy,...,w, € €2, for which
there exists wyy1,...,wq € €2 such that the product wy ... wwwpiq ... wy
equals 1 (in G')(k)). In Proposition 2.3 and Sections 5 and 6 of [LSV2)]
we show that the neighbors (of arbitrary color) of [gO?] are [gw®?] for
w € Q, and that By(F) is the Cayley complex of the group A©) with
respect to the generators Q.

The algebras D) ramify at exactly two places, T = {1, Jts Vit }-
The ring defined by Equation (1) in this situation is R = Ror =
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F,[t,1/t,1/(1 +t)]. Let I be an ideal of R, and set L = R/I. Since
A C G')(Ry) C G")(R), we can denote by A®(I) the kernel of the
map A —PGL4(R/I) induced by the projection PGL4(R)—PGLy(R/I).
In [LSV2, Theorem 6.6] we prove that Al = Al /A@)/(]) is a sub-
group of PGLy(L) which contains PSLy4(L). Moreover, the index of
PSL4(L) in Aga) is equal to the order of ¢/(1+t) in the group L*/L*?
([LSV2, Proposition 6.7]), and therefore is independent of o. Choosing
the ideal I properly, we can guarantee that A(Ia) = PSL4(L) (Section 7
of [LSV2]). The explicit embedding of Aga) into PGL4(L) is given in
[LSV2, Section 9]. We elaborate on this in the next section.

To conclude, the set Q) (viewed as elements of PGL4(L)) generate
a group A([U) which resides between PSL,(L) and PGL4(L), and the
resulting Cayley complex is the quotient A (I)\By(F).

So far we merely described the Cayley complexes involved. To finish
the proof of Theorem 1, we quote again results proved in [LSV3]. Let
D, and D, be two central division algebras of degree d over k, with
the same set T of ramification places, but with different invariants at
each ramified place (and vy ¢ T). Define the algebraic groups G and
GY, as in Section 2. For simplicity (and since this is all we need here),
assume |T'| = 2. In [LSV3, Theorem 9] we proved that if Dy is isomor-
phic as a ring neither to Dy nor to Di?, then the complexes I'y\B;(F)
and I'y\By(F') cannot be isomorphic for any finite index torsion-free
subgroups I'; C Gi(Ro ).

The invariants of D) defined in Equation (2) are —%, %
is chosen so that o' is the Frobenius automorphism on F. Assume
01,09 are two generators of Aut(F,q/F,) such that o # 01,0, '. This
situation is possible once ¢(d) > 2, namely when d > 5, d # 6. Since
the local invariants of the algebras D; = D) defined in Equation
(2) are different, Proposition 11 of [LSV3] guarantees that Dy is not
isomorphic (as a ring) to D1, nor to D{P. Since we already know that
By(F) = Al the above result implies that A" and Al™) cannot
be isomorphic to each other, when viewed as Cayley complexes with
the respective sets of generators 2. In fact, the results of [LSV3] show
that as complexes, they are also non-commensurable. Of course, they
are commensurable as graphs by Leighton’s result [L] that every two
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graphs with the same universal cover have a finite sheeted common
cover.

It remains to show that the Aggi) are isospectral to each other. Let
V denote the set of valuations of Fy(t), and let A be ring of adeles over
k, namely the restricted product of the completions k,. Also let Are be
the produce over V—T', and notice that G;(Apr.) = G(T°) for i = 1,2,
since both D; are split by k, for v € V-T.

For a valuation v € V., Let O, denote the valuation ring in the
completion k,, and let P, denote the valuation ideal. Set

(4) r, =min{v(a): a € I},
and let
(5) v = J[ cG.pBY).

veV—(TU{wo})

an open compact subgroup of G(Arc_,,).

Let J? be the product of G}(k,,,,) and the pre-image of the standard
unipotent subgroup of GL4(FF,;) under the map Gi(k,, ,)—GLa(F,) de-
fined by taking the matrices modulo 1/¢t. By Definition 4.7 and Propo-
sition 4.8 in [LSV2], A% = Gi(k) N G(Arc)J?, and so

A% = GL(k)NG(F)UD.J?.

Since [G(kv,,,)Gi(ky,,,):J7] is independent of i, Proposition 15 of
[LSV3] implies that

LA(AT(D\G(F)) = LA(A™(I)\G(F))
as G(F)-spaces. This implies isospectrality of the complexes
AT(ID\G(F)/G(O) = A% (I)\Ba(F)

for i = 1,2, by [LSV3, Proposition 2]. But By(F) = A9, so we have
the isospectrality of A(@)/A(@)(I) (again, as Cayley complexes with re-
spect to the generators Q) Choosing I suitably (see [LSV2, Section 7]),
we can assume A7) /A (I) =2 PSLy(R/I), as asserted.
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4. ExprLIiCIT EXAMPLES OF ISOSPECTRAL CAYLEY GRAPHS

Let d > 5 (d # 6) and let ¢ be a given prime power. In Algo-
rithm 9.2 of [LSV2] we give an explicit construction of Ramanujan
Cayley complexes of PSLy(Fye) (see [LSV2, Theorem 7.1]), which is
bound to work if ¢¢ > 4d? + 1. (This assumption is only used in
[LSV2, Proposition 7.3], and can often be ignored. At any rate if ¢ = 2
then we must take e > 1 since Fy[t,1/t,1/(1 + )] has no quotients
of dimension 1). Repeating the construction with generators oy, oy of
Gal(F/F,) such that oy # 0y, 07", this realizes the proof of Theorem
1, and provides ¢(d)/2 isospectral non-isomorphic Cayley complexes
for any group PSL4(F,). We illustrate this construction here with
d=>5,q=3and e =1 (which is the smallest case possible).

In order to view I a = [Fy43 explicitly, take the irreducible polynomial
N> — X —1over F, = F5. We may write Foy3 = F3[t| t> =t 4+ 1]. We fix
the ordered basis {1,¢,t% ¢3,t*}. From now on a linear transformation
of Fou3 (as a vector space over F3) is represented via the chosen basis
by the 5 x 5 matrix. In particular FJ;; embeds in GL;(F3) by the
regular representation, and the Frobenius automorphism ¢, namely
exponentiation by 3, is represented by

10010
00110
p1= (00101}
01002
00011

We set 01 = ¢ and oo = ¢%. The representing matrices are ¢, and
9 = 3, respectively.

Define the polynomial y(A\) = (1 4+ X)® — 1 (this amounts to taking
f = 11in Step (1) of [LSV2, Algorithm 9.2]). Take a = 1, so that

= y(l) =25 —1 =1 in Step (2) of the Algorithm. The minimal
polynomials of these elements are p(A\) = g(A\) = A — 1. (Here g(t)
must not be invertible in Ry, namely g(\) # A, A+ 1). It is possible
to construct the Cayley complexes over the local ring Fs[t]/(g(t)*) for
every s > 1. We continue with s = 1, so in the notation of Step (3) in
the Algorithm, L = F3 and z = 1. For i = 1,2, let z; be the matrix
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(14 08z)p; = (14+1-1)p; = 2¢p; = —; (since p;a = a?’i(pi for a € Fyys,
conjugation by z; induces the automorphism o;, as in the definition of
D; in Equation (2). Moreover 27 = —p? = —1 =1+ «).

Now we define the elements of Q). Let b) =1 — 27! = 1 4 ¢,

namely

21201 21111
02212 01211

v =102001], @ =l01222].
02112 00100
01200 01110

Notice that (bV)? = (14+¢?)? =1+ 2 =14+ ¢? =1+ ¢y = b?, and
(b2) = (14 ¢1)° =1+ ¢} = bV,

Rather than ranging over all u € F3,;/F5, we take a generator. One
can check that t!2! = 1 in Fy,3, while t'! = 3 —t2 4+ # 1. In our basis,
multiplication by ¢ corresponds to the matrix

00001
10001
6=101000|.
00100
00010

For i = 1,2 and j = 0,...,120, let b\ = 67697, and set Q) =
{béi), . ,b%)o}. Let Q) denote the union of Q(°) and its inverses.
Let 2 denote the products bg.? . ..bg-?, k = 1,...,4, which can be
completed to a product of 5 matrices from Q) which equals 1. These
products correspond to the [7], + [3], + [3]; + [}]; = 121 + 1210 + 1210 +
121 = 2662 vector subspaces of F3, and Q) constitute symmetric sets

of generators for PSL;(FF3).

Corollary 5. Let bV and 0 be the 5 x 5 matrices over Fs given above,
and let QW QO be the sets of 242 and 2662 matrices, respectively,
defined above. Let Q® and Q@ be the sets of matrices obtained by
raising every matriz in QW respectively Q(l), to the third power.
Then QW and Q@ are two symmetric sets of 242 generators of
PSL;5(F3), which define isospectral non-isomorphic Cayley complezes.
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Likewise QW and Q@ are symmetric sets of 2662 generators with the

same properties.

Notice that PSLs(FF3) is a group of size ~ 2.3-10'!. Therefore, storing
its Cayley graphs in a computer is a difficult task, and computing the
eigenvalues directly is nearly impossible.

More generally, we can carry out a similar construction whenever ¢
and d are odd and co-prime, and e = 1. Following the above mentioned
algorithm, take 3 = 1, then y(A) = (1 + \)¢ — 1. Take o = —2, then
v = y(a) = —2 and the minimal polynomials are p(A) = g(A) = A + 2.
With s = 1 we then have L = F, and z = —2. Now let ¢; denote the
matrix representing the Frobenius automorphism (in any chosen basis
of Fa over Fy). For every i =1,...,d — 1, let z; = (1 + fBz)¢} = —¢i,
and b =1 — 27! =1+ ¢;". Finally fix a generator 6 of F;d/ﬂ?;, and
define the sets Q@ and Q@ as above. Notice that (b0)? =1 4 ;% =
b9 where the upper index here is modulo d, and so the elements of

Q@) are obtained by exponentiating the elements of (i) to the power
q.

Corollary 4.1. Let g,d be odd and co-prime, and let m denote the
order of q in Z/dZ* /(£1). Let ¢, denote the Frobenius automorphism
of Foa/Fy, and let 0 be an element of Fya which generates IFqu/]FqX. Let

QW be the set of 2% elements of PSL4(FF,) defined as above. Let
Q) denote the set obtained from QW by element-wise exponentiation
to the power ¢', fori=1,...,m — 1.

Then the Cayley graphs of PSL4(F,) with respect to Q) are isospec-

tral (even as complezxes) and non-isomorphic.

A similar result holds for the sets Q@)

5. DENSE ISOSPECTRAL CAYLEY GRAPHS OUT OF SPARSE ONES

Two Cayley graphs Cay(G; A) and Cay(G; B) of G are equivalent,
if there is an automorphism o of G such that B = o(A). A standard
techniques in graph theory shows that if a subgroup D < G has two
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non-equivalent isomorphic Cayley graphs, then G also has this prop-
erty. In the language of [B], it means that if D is not a CI group and
D embeds in G, then G too is not a CI group.

We learned this method from Joy Morris and Dave Witte Morris, to
whom we are very grateful. This method can be imitated to give:

Proposition 5.1. Assume G’ is a finite group with two symmetric sets
of generators A" and B’ of size r, such that Cay(G'; A’) and Cay(G'; B')
are isospectral but not isomorphic. Assume G’ is a proper subgroup of
a finite group G. Then G has two generating sets A and B of size
|G| —r — 1 such that Cay(G; A) and Cay(G; B) are isospectral but not
isomorphic.

Proof. Let C4 (resp. Cp) be the Cayley graphs of G with respect to A’
(resp. B’). Note that A’ (resp. B’) does not generate G, so C4 (resp.
Cp) is not connected. In fact, Csx (resp. Cp) is a union of [G:G]
disjoint copies of Cay(G’; A’) (resp. Cay(G'; B')).

Let Cy (resp. Cp) denote the complement of Cy (resp. Cp) in
the complete graph on the vertex set G. It is easy to see that Cy4
(resp. Cp) is the Cayley graph of G with respect to the generating set
G—(A"U{e}) (resp. G—(B'U{e})). They are connected as clearly
these sets generate G. We claim that C4 and Cp are isospectral but
not isomorphic.

The graphs are isospectral since C4 and Cg (being disjoint union of
the same number of isomorphic graphs) are isospectral to each other,
and complements of isospectral regular graphs are also isospectral.
But Cy and Cp are not isomorphic since otherwise the complements
Cy and Cp are isomorphic, implying that the connected components
Cay(G'; A’) and Cay(G’; B') are isomorphic, contrary to our assump-
tion. U

As mentioned in the introduction, Babai showed that the Dihedral
group D of order 2p has at least p/64 pairs of generators, which give

isospectral non-isomorphic Cayley graphs.
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Corollary 5.2. For large enough n, each of the groups G = S, or
G = PSL,(F,) has two subsets A and B of size |G| — 3 such that
Cay(G; A) and Cay(G; B) are isospectral and not isomorphic.

In Theorem 1 we proved that for G = PSL,,(Fy) (for n and ¢ fixed)
there are subsets A and B of bounded size as in the corollary. It will
be interesting to find such sets of bounded size for all n. Likewise for
the groups G = 5,,.
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