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Introduction

Let L(group) be the first order language of group theory. One says that groups G and
H are elementarily equivalent and writes G = H if each sentence of £(group) which
holds in one of these groups holds also the other one. There are many examples of pairs
of elementarily equivalent groups which are not isomorphic. For example, the group
Z is elementarily equivalent to every nonprincipal ultrapower of it although it is not
isomorphic to it. Less trivial examples are given by the following result: If G and H
are groups satisfying G x Z = H x Z, then G = H [Oge91] (see [Hir69] for an example
of non-isomorphic groups G and H satisfying G x Z = H X Z.) More generally, Nies
points out in [Nie03, p. 288] that for every infinite finitely generated abstract group G
there exists a countable group H such that G = H but G ¢ H. See also related results
of Zil’ber in [Zil71] and Sabbagh and Wilson in [SaW91]. One of the consequences of
the solution of Tarski’s problem is that all finitely generated free nonabelian groups are
elementarily equivalent [Sel03, Thm. 3]. We refer the reader to [FrJ05, Chap. 7] for
notions and results in logic and model theory that we use here.

The goal of this note is to show that the situation is quite different in the category
of profinite groups. Note that in this category “homomorphism” means “continuous
homomorphism” and we say that a profinite group G is finitely generated if G has
a dense finitely generated abstract subgroup; more generally we use the convention of
[FrJ05, Chaps. 1, 17, and 22| for profinite groups. However, whenever we say that
two profinite groups are elementarily equivalent, we mean that they are elementarily

equivalent as abstract groups, i.e. in the sense defined in the preceding paragraph.

THEOREM A: Let G and H be elementarily equivalent profinite groups. If one of the

groups is finitely generated, then they are isomorphic.

The proof of Theorem A uses tools developed by Nikolov and Segal in their proof
of the following deep result: Every abstract subgroup H of a finitely generated profinite
group G with (G : H) < oo is open [NiS03 or NiS07]. Among others, that result relies
on the classification of finite simple groups.

Theorem A does not remain true if neither of the groups G and H is finitely
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generated. An example to this situation appears in our second main result:

THEOREM B: Every two free pro-p Abelian groups of infinite rank are elementarily

equivalent.

The proof of Theorem B in Section 2 is based on the fact that every closed sub-
group of a free Abelian pro-p group F' is again a free Abelian pro-p group. An es-
sential ingredient in the proof is a separation property saying that if rank(F) = oo
and z1,...,x, € F, then F' can be presented as a direct sum F' = Fy @ F} such that
rank(Fy) = Ng, rank(Fy) > Vg, and z1,...,z, € Fp.

The referee pointed out to us that Theorem B follows also from a deep result
of Szmielew [Szm)] that gives a general criterion for Abelian groups to be elementarily
equivalent. This approach is explained in Section 3.

We thank the referee for calling our attenion to the work of Smielew as well as for

mentioning the results of Nies, Zil’ber, and Sabbagh-Wilson.



1. Finitely Generated Profinite Groups

Profinite groups do not behave well under the usual model theoretic constructions, for
example under ultra products. However, we may still speak in £(group) about finite
quotients of finitely generated profinite groups. The first steps toward this goal is done

in the following observation:

LEMMA 1.1: For each positive integer n and each finite group A of order at most n
there exists a sentence 0 of L(group) such that for every group G of order at most n

the sentence 6 holds in G if and only if A is a quotient of G.

Proof: It suffices to prove that for every positive integer n and for every group A of
order d dividing n there exists a sentence 6 of L(group) with the following property:
for every group G of order n the sentence € holds in G if and only if G has a normal
subgroup M such that G/M = A.

n

We set m = % and choose an injective map a: {1,...,d} — A. Then the desired

sentence # will be the following one:

mm

(Fx1) -+ (Fzm)(3g1) -+ - (Fga) [ /\ x; # ;] A /\ \/ T = a:k
i£] 1,7=1 k=1
Vo) \ V9 wig = ;]
1=1j5=1
d m m
NI 9= gz ] A [N\ N 9 # g5k]
i=1j=1 i#j k=1
d m
ALV 995 = ot aiain o] |
ij=1k=1

The part of # included in the first two brackets states that the subset M = {z1,..., 2}
of GG is a subgroup of order m, the part in the third brackets says that M is normal, the
third line means that G = U?Zl giM, and finally the content of the fourth line is that

the map g; M — «(i) is an isomorphism G/M = A. i

Let w(x) be a word in the sense of group theory in the variables x = (x1,...,2zy,)

[FrJ05, Sec. 17.5]. For each group G let w(G) be the subgroup generated (in the abstract
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sense) by the elements w(g) with g € G™. The identity w(g1,...,9m)* = w(gf,...,97,)
in G implies that w(G) is normal in G. Every element of G of the form w(gy,. .., gm)*!
is said to be a w-value. We write length,, (G) < r if each element of w(G) is a product
of r w-values. We say that w is a d-locally finite word if each group G which is

generated by d elements and satisfies w(G) = 1 is finite.

LEMMA 1.2: Let w(z1,...,xq) be a word and r a positive integer. Then there exists a

map

Sp(ylw"ayn) = Spl(yla"'vyn)

from the set of all formulas in L(group) into itself such that for each group G with
length,, (G) < r and for all y,...,y, € G we have:

(1) GEY W un) <= G/w(G) E o(y1w(G),..., ynw(G))
Proof:  Given a word u(yi,...,yn), we map the formula u(yy,...,y,) = 1 onto the
formula
(2) Gg1)--- )\ [u, . yn) = w(g)™ - w(g)]
ec{£1}"

where Jg; is an abbreviation for (3g;1) -+ (3gim) and € = (e1,...,¢,). Indeed, if G is
a group with length, (G) < r and y1,...,y, € G, then (2) holds in G if and only if
w(y1,...,yn) € w(G) if and only if u(y1w(G),...,y,w(G)) =1 in G/w(G).

We continue the definition of ’ by induction on the structure of formulas letting ’

commute with negation, disjunction, and existential quantification. |

The following insight precedes Theorem 1.2 of [NiS03] and is attributed to Oates-
Powell. The reader may also find a short proof in [FrJ05, p. 514].

LEMMA 1.3: For every finite group A generated by d elements there exists a d-locally

finite word w such that w(A) = 1.

In contrast, the following result of Nikolov-Segal is deep. Among others it applies

the classification of finite simple groups.



ProprosITION 1.4 ([NiS03, Thm. 2.1]): For each d-locally finite word w(z1,...,Tm)
there exists a positive integer r such that length, (G) < r for each finite group G

generated by d elements.

If G is a profinite group and w is a word, then w(G) may be properly contained in
its closure. However, if length,, (G) < oo, the two groups coincide. This is the content

of the following lemma.

LEMMA 1.5: If w(zq,...,%,) is a word, r is a positive integer, and G is a profinite

group with length, (G) < r, then w(G) is closed in G.

Proof:  For all €1,...,e, € {£1} the map (g1,...,8-) — w(g1) - - w(g,)° from
(G™)" into G is continuous. Hence, its image in G is closed. Thus, w(G) is a union of

finitely many closed sets, so w(G) is closed. |

If w and r are as in Proposition 1.4 and G is a profinite group generated by
d elements, then each finite quotient G of G is generated by d elements. Hence, by
Proposition 1.4, each element of w(G) is a product of r w-values of G. A compactness
argument proves that each element of w(G) is a product of r w-values of G, that is
length,,(G) < r.

Now consider generators x1,...,xq of G as a profinite group. Denote the abstract
subgroup of G generated by z1,...,x4 by Go. Then, w(Gy) < Gy, w(Go/w(Gyp)) = 1,
and Go/w(Gop) is generated as an abstract group by d elements, hence Go/w(Gy) is
finite. Therefore, (Gow(G) : w(G)) < (Go : w(Gy)) < o0, so Gow(G) = |Ji_, giw(G)
for some positive integer n and elements g1, ..., g, € G. Since by Lemma 1.5 w(G) is
closed, also Gow(G) is closed. Since Gy is dense in G, we conclude that Gow(G) = G.
It follows that (G : w(G)) < oo, so w(G) is open.

These arguments prove the following result:

PROPOSITION 1.6: For each d-locally finite word w(x1, ..., Z,,) there exists a positive
integer r such that for each profinite group G generated by d elements, length,, (G) < r.

Moreover, w(G) is an open normal subgroup of G.

We are now in a position to prove Theorem A. Let Im(G) be the set of finite
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quotients (up to an isomorphism).

THEOREM 1.7: Let G and H be elementarily equivalent profinite groups. Suppose one

of them is finitely generated. Then G = H.

Proof: Suppose for example G is finitely generated. In addition we assume that G 2 H.
By [FrJ05, Prop. 16.10.7], Im(G) # Im(H ). Hence, Im(H) Z Im(G) or Im(H) C Im(G)
(we use C for proper inclusions). In the latter case Im(G) € Im(H) and H is a quotient
of GG, in particular H is finitely generated. Thus, it suffices to deal with the case where
Im(H) € Im(G), that is H has a finite quotient A that is not a quotient of G.

Let d be a positive integer such that both G and A are generated as profinite
groups by d elements. Lemma 1.3 gives a d-locally finite word w(xy,...,2,,) with
w(A) = 1. Proposition 1.6 gives a positive integer r such that length,(G) < r and
w(G@) is open and normal in G.

If we knew that also H is generated by d elements, we could derive the same
conclusion for H from Proposition 1.6. Nevertheless, since at this point of the proof

we do not know that rank(H) < d, we prove the properties of H using the assumption

H=4dG.

CrLAamM A: length,(H) < r. Indeed let s > r be a positive integer. Then for all
g1,...,8s € G™ and all €1,...,e5 € {£1} there exist x1,...,%, € G™ and d1,...,d, €
{£1} such that w(g;)®" - - - w(gs)®* = w(x1)" - - -w(x,)° . Since H = G, the same state-
ment holds for H. Thus, each element of w(H) has the form w(hy)®* ---w(h, )" for
some hy,...,h, € H™ and ¢1,...,&, € {£1}. In other words, length,,(H) < r, as

claimed.

CrLAM B: w(H) is open in H; moreover, (H : w(H)) = (G : w(G)). Indeed, by Claim
A and Lemma 1.5, w(H) is closed in H. Hence, it suffices to prove the equality of the
indices. To this end observe that n = (G : w(G)) < co. Hence, there are gi,..., g,
with G = |, giw(G). In other words, each element of G belongs to exactly one of the
cosets g;w(G). Since length, (G) < r, this is an elementary statement 6 on G. It follows
from G = H that 0 holds in H. Since, by Claim A, length,,(H) < r, we conclude that
(H:w(H)) =n.



END OF PROOF: By the beginning of the proof, H has an open normal subgroup N
with H/N = A. By the choice of w, w(H/N) = w(A) = 1. The identity

w(th,,th) :w(hl,,hm)N

therefore implies that w(H) < N. Hence, A is a quotient of the finite group H/w(H).
On the other hand, by assumption, A is not a quotient of the finite group G/w(G).
Since by Claim B, |G/w(G)| = |H/w(H)|, Lemma 1.1 gives a sentence 6 of
L(group) that holds in H/w(H) but not in G/w(G). By Claim A and Lemma 1.2
it is possible to translate 6 to a sentence of L(group) that holds in H but not in G. This

contradiction to the elementary equivalence of G and H proves that G = H. |



2. Free pro-p Abelian groups of Infinite Rank

We give examples of pairs of elementarily equivalent profinite groups which are not
isomorphic. More precisely, we prove that all free pro-p Abelian groups of infinite rank
are elementarily equivalent to each other. Naturally, if their ranks are unequal they are
not isomorphic. Here, the rank of a profinite group G is the cardinality of any set of
generators that converge to 1. If rank(G) = oo, then rank(G) is also the cardinality of
the set of all open normal subgroups of G [FrJ05, Prop. 17.1.2].

We work exclusively in the category AbPro(p) of Abelian pro-p groups (written
additively). The free group of rank m in AbPro(p) is just Z;*. This group is torsion-free.
Conversely, each torsion-free abelian pro-p group is isomorphic to Z;" for some cardinal
number m [RiZ00, Them. 4.3.3]. Hence, each closed subgroup of a free Abelian pro-p
group is a free Abelian pro-p group. This implies that if two closed subgroups of a free
Abelian pro-p groups have the same rank, they are isomorphic.

Every partition X =Y U Z of a basis X of a free Abelian pro-p group F' defines a
decomposition F' = G® H into a direct sum of the closed subgroups generated by X and
Y, respectively. In particular, if rank(F') > Ng, then F' = Fy @ Fy with rank(Fp) = Vg
and rank(F7) > Ng.

LEMMA 2.1: Let F' be an Abelian pro-p group and M a closed subgroup containing
pF. Then F' has a closed subgroup H such that H + pF' = M and H NpF = pH.

Proof: Denote the collection of all closed subgroups H of F' with H+pF = M by ‘H. In
particular, M € H. If {G;| i € I} is a descending chain in H (that is, one of every two
groups in H contains the other) and G = (,.; G, then G +pF = (), ;(G; +pF) = M
[FrJO5, Lemma 1.2.2(b)]. By Zorn’s lemma, H has a minimal element H, that is H
properly contains no group belonging to H.

By definition, pH < H N pF'. Assume toward contradiction that pH < H N pF.
Then (H N pF)/pH is a nontrivial closed subgroup of H/pH. The latter group is
isomorphic to Fz, where h = rank(H) [FrJ05, Lemma 22.7.4]. Hence, H has an open
subgroup Hy of index p such that (H N pF : Hy N pF) = p. That group satisfies
Hy+(HNpF) = H,so Hy+pF = M. This contradiction to the minimality of H proves
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that H N pF = pH. |

PROPOSITION 2.2: Let F be a free Abelian pro-p group and G a closed subgroup. Then
G is a direct summand of F' if and only if G N pF = pG.

Proof: First suppose F' = G & H, where G and H are closed subgroups of F. Then
pG < pF. On the other hand, let Gy be an open normal subgroup of G of index
p. Adding the quotient map G — G/Gq to the trivial map H — G/Gj gives an
epimorphism F' — G /G with kernel Fy such that GNFy = Gy. In particular, pF' < Fp,
so G NpF < Gp. Since pG is the intersection of all those Gy, we have G N pF < pG.
Combining this conclusion with our first one, we get G N pF = pG.

Conversely, suppose G' N pF = pG. By [FrJ05, Lemma 22.7.4], F)/pF' = F} with
m = rank(F"). Hence, by [FrJ05, Lemma 22.7.2], F has a closed subgroup M containing
pF such that F/pF = (G + pF/pF) & M/pF. In other words, G + pF + M = F and
(G+pF)NM = pF.

By Lemma 2.1, F' has a closed subgroup H such that pFFNH = pH and pF+ H =
M. Hence, G+ H +pF = G+ M + pF = F. Since pF' is the Frattini subgroup of F'
[FrJ05, Lemma 22.7.4],

(1) G+H=F

The groups appearing in the last two paragraphs fit into the following diagram:

G——G+pF ——F
pG pF M
pH —H

By the preceding two paragraphs, GNH < (G + pF)NM = pF. Hence, GNH <
GNpF =pG and GNH < pFNH = pH. Thus, for each x € GN H there are
g € G and h € H such that pg = x = ph. Since F' is torsion-free, g = h. Therefore,
G N H < p(GN H). Proceeding inductively, we find that G N H < p"(G N H) for all n.
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Since F' is an Abelian pro-p group, this implies that G N H = 0. Together with (1) we
conclude that FF = G ® H, as desired. ]

PROPOSITION 2.3: Let F be a free Abelian pro-p group of infinite rank.

(a) For all zy,...,x, € F there exists a direct decomposition F' = Fy @& Fy such that
rank(Fp) = Ng, rank(Fy) > Vg, and x1,...,x, € Fp.

(b) For each direct decomposition F' = G @ E with rank(G) = Ry and rank(F) > Rg
and for each y € F, the profinite group F' has a direct summand H of rank Xy that
contains (G,y) and has a direct decomposition H = G @ D with rank(D) = 8.

Proof of (a): We start with the case where n = 1 and z; = x. Since F' is an Abelian
pro-p group, ﬂzozo p*F = 0. Hence, there exist k > 0 and y € F with = pFy and
y ¢ pF. Let A be the closed subgroup of F' generated by y. If a € ANpF, then a = ay
for some o € Z; and a = pf for some f € F. If a € Z}, then y = a~lpf € pF. Tt
follows from this contradiction that o € pZ,, so a € pA. Thus, ANpF = pA. By
Proposition 2.2, F' has a closed subgroup B with F' = A @ B. Since rank(A4) = 1, we
have rank(B) > Xy. Hence, B = By & By with rank(By) = Xy and rank(B;) > Ry. Set
Fy = A® By and F; = B;. Then F = Fy @ Fy, rank(Fp) = Ng, rank(F;) > RXg, and
x € Fy.

Now suppose n > 2. An induction hypothesis gives a direct decomposition F =
Ap @ Ay such that rank(Ag) = Ng, rank(A4;) > N, and x1,...,2,-1 € Ag. We write
Tpn = Tpo + Tp1 with x,0 € Ag and z,7 € A;. The preceding paragraph gives a
direct decomposition A; = Ajg @ A1 such that rank(A;g) = Ny, rank(A1;) > Vg, and
Tn1 € Ajg. Set Fy = Ag @ Ayg and F; = Aj;. Then rank(Fp) = Vg, rank(Fy) > Ng, and

T1,...,T, € Fpy, as desired.

Proofof (b): By assumption y = g+e with g € G and e € E. By (a) there exists a direct
decomposition E = D @ D’ such that rank(D) = Ry, rank(D’) > Ny, and e € D. We set
H=G®Dtogetrank(H) =Xg, F=H®D',G<H,andy=g+e€G+D=H,

as desired. [ |

PROPOSITION 2.4: Let F be a free Abelian pro-p group. Then for each free decompo-
sition F' = G ® E with rank(G) = Xy and rank(E) > N, for all x1,...,z, € G, and
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for each y € F the profinite group F' has a direct summand H of rank Xy that contains

(G,y) and there exists an isomorphism «: H — G that fixes x1,...,Ty,.

Proof: Proposition 2.3(a) gives a direct decomposition G = Gy ® Gy with rank(Gy) =
Ng, rank(G7) = No, and x1,...,2z, € Gy. Proposition 2.3(b) supplies direct decom-
positions F' = H @ E' and H = G & D such that y € H and rank(D) = Rg. Thus,
rank(G; @ D) = Xy and H = Gy @ (G1 @ D). Therefore, there exists an isomorphism
a: H — G whose restriction to Gg is the identity map and which maps G1 & D onto

G;. In particular, a(z;) = z; for i =1,...,n. |
We are now ready to prove Theorem B of the introduction.

THEOREM 2.5: For all infinite cardinals | and m the free Abelian pro-p groups Zﬁj and

Zy' are elementarily equivalent.

Proof: It suffices to consider the case where [ = Ng and m > Ng. Each sentence 6 of

L(group) is logically equivalent to a sentence of the form

(Qle) e (Qan)SOO(le ce 7Xn)7

where each @); is either the existential quantifier 3 or the universal quantifier V and
vo(X1,...,X,) is a quantifier free formula of the form
VoA wii(Xa, . X)) =1A05(X0,. . X)) #1,
icl jeJ
where I and J are finite sets and u;;,v;; are words in Xy,..., X,.
Set F' = Zj' and notice that if x1,...,7, € F and F | ¢o(71,...,2,), then
G E ¢o(x1,...,x,) for each closed subgroup G of F' that contains x1,...,z,. Indeed,
the truth of ¢g(z1,...,2,) in G depends only on the multiplication laws in F' and the
restriction of the latter to G coincides with the multiplication laws in G. In particular,
G = vo(x1,...,z,) for each direct summand G of F' of rank X that contains x1, ..., z,.
Now suppose n > 2, ¢(Xy,...,X,) is an arbitrary formula of £(group), and from
F = o(z1,...,2,) for z1,...,2, € F it follows that G |= ¢(z1,...,z,) for each direct
summand G of F' of rank Ny that contains x1,...,x,. We prove the same statement for

the formula (QX,)e(X1,..., Xn_1,X,), where @ is either 3 or V.
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First suppose @) is 3 and let x1,...,x,_1 be elements of F' with

(2) FEGX))e(r,. . Tn_1, Xn).

By Proposition 2.3(a), F has a direct summand G of rank Ry that contains z1, ..., ,_1.
By (2) there exists z,, € F with F' = ¢(x1,...,2,-1,2,). By Proposition 2.4, F
has a direct summand H of rank Ny that contains (G, z,) and there exists an iso-
morphism a: H — G that fixes zq,...,2,-1. The assumption on ¢ implies that
H = ¢o(x1,...,24-1,2,). Hence, G = ¢(z1,...,2,-1,a(x,)). Consequently, G |=
(3X,)e(z1, ..., Tn_1,Xy), as desired.

Now suppose Q =V and let z1,...,x,_1 be elements of F' with
FENMXye(r,. .., n-1,Xp).

Thus, for each x,, € G we have F = p(z1,...,2p_1,%n), SO0 G |E ©(T1,...,Tn_1,Ty).
It follows that G = (VX,)p(x1,...,2n—1,X,), as desired.

Induction on n now proves that if 6 holds in F', then 6 holds in each direct
summand of F' of rank Ny. Since there are such summands, Zgo = 0. Consequently,

Ng — 7m
Zd=7m. N
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3. Elementary Equivalence of Abelian Profinite Groups

Theorem 2.5 is a consequence of a comprehencive result of Szmielew that gives a simple
criterion for two Abelian groups to be elementarily equivalent in terms of a few invariants
of the groups.

Following Szmielew we consider a prime number [, a positive integer k, and an
Abelian additive group A. We say that elements x1,...,z, € A are linearly in-
dependent modulo [* if for all a;,...,a, € Z the equality Z?:l a;x; = 0 implies
a; = 0 mod I¥ for each i. We say that x1,...,x, are strongly linearly independent
modulo (¥ if for all a1, ..., a, € Z the congruence Z?:l a;z; =0 mod [¥A implies that
a; = 0 mod ¥ for each i.

Let pMl, k](A) be the maximal number of elements of A of order [* that are
linearly independent modulo I*. Let p?[I, k](A) be the maximal number of elements
of A that are strongly linearly independent modulo I*. Finally, let p(®[I, k](A) be the
maximal number of elements of order [* that are strongly linearly independent modulo
I*. We write oo for p®[l,k](A) if there is an unbounded number of elements of A
satisfying the i-th condition, ¢ = 1,2, 3.

In addition, we say that A is of the first kind if there exists a positive integer n
such that nA = 0. Otherwise, we say that A is of the second kind.

The following deep result of Szmielew gives a criterion for Abelian groups to be

elementarily equivalent.

PROPOSITION 3.1 ([Szm55, Thm. 5.2]): Abelian groups A and B are elementarily
equivalent (in the language L(group)) if and only if they are of the same kind and
PO, k] (A) = pD[1,k](B) for i = 1,2,3, each prime number [, and all positive integers
k.

Note that if A is torsion-free, than A is of the second kind and pV[l, k](A) = 0
for + = 1,3. This leads to the following special case of Proposition 3.1.

COROLLARY 3.2: Torsion-free Abelian groups A and B are elementary equivalent if
and only if p?[I, k](A) = p[I, k](B) for each prime number | and all k € N,

We apply Corollary 3.2 to Abelian profinite group and choose a set S of prime
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numbers. For each p € S we choose an infinite cardinal m,. Then we set Ag,, =
m
HpES Zp "

THEOREM 3.3: For a fixed set S of prime numbers all profinite Abelian groups As

are elementarily equivalent.

Proof: First we observe that Ag ,, is torsion-free, so may apply the criterion given by
Corollary 3.2. Then we note that if P is a pro-p Abelian group and [ # p, then [P = P
for all k € N. Hence, p[I, k](A) = 0ifl ¢ S. Ifl € S, then Ag,,/IFAs.m = (Z)IFZ)™,
so pP,k](A) = oco. It follows from Corollary 3.2 that if (my,)pes is another set of

infinite cardinals, then Ag,, = Ag ./, as claimed. |

The special case of Theorem 3.3, where S consists of a unique prime number p

gives Theorem 2.5.
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