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ABSTRACT

We present two (closely-related) proposi-
tional probabilistic temporal logics based on
temporal logics of branching time as introduced
by Ben-Ari, Pnueli and Manna and by Clarke
and Emerson. The first logic, PTLy, is inter-
preted over finite models, while the second
logic, PTL;, which is an extension of the first
one, is interpreted over infinite models with
transition probabilities bounded away from O.
The logic PTL; allows us to rcason about finite-
state sequential probabilistic programs, and the
logic PTL, allows us to reason about (finite-
state) concurrent probabilistic programs,
without any explicit reference to the actual
values of their state-transition probabilities. A
generalization of the tableau method yields
exponential-time decision procedures for our
logics, and complete axiomatizations of them
are given. Several meta-results, including the
absence of a finite-model property for PTL;,
and the connection between satisfiable formulae
of PTL, and finite state concurrent probabilistic
programs, are also discussed.

(*) Work by the second author has been supported in part
by a grant from the Bat-Sheva Fund and by a grant from
the U.S.-Isracli Binational Science Foundation.

1. Introduction

Recent progress in the theory of probabilistic pro-
grams [SPH], [HSP], [HS] has yielded relatively simple
methods for verification of certain properties of such pro-
grams. Sequential probabilistic programs have been

represented in [SPH] as discrete Markov chains, whereas
concurrent probabilistic programs have been represented
in [HSP] and [HS] as processes involving cooperation of
several Markov chains (with a common state space) obey-
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ing certain “"fairness" constraints. In both cases, if one
assumes that the state space of the programs in question
is finite, then one can obtain simple algorithmic tech-
niques for analyzing and proving termination of such pro-
grams. For sequential programs these techniques are
essentially classical results in Markov chain theory,
whereas for concurrent programs new techniques had to
be developed. In both cases, the actual values of the
state-transition probabilities proved to be irrelevant for
the properties in question.

These encouraging results have motivated the study
of logics for probabilistic programs, as presented in this
paper. These logics are expressive enough to allow one to
express various properties of such programs, including
invariant and liveness properties, without explicit refer-
ence to the values of the transition probabilities. The first
logic, which we call PTL;, is intended for reasoning about
sequential programs, whereas the second logic, called
PTL,, extends the first one and is intended for reasoning
about concurrent programs. Both logics are based (at
least syntactically) on existing temporal logics for branch-
ing time [BPM], [CE]. These logics are interpreted over
models which can simulate the execution of probabilistic
programs; for PTL, these are essentially finite Markov
chains, whereas for PTL, they are infinite stochastic
processes whose state-transition probabilities are bounded
away from 0 (this assumption holds for finite-state con-
current probabilistic programs since there are only finitely
many different state-transitions).

It turns out that satisfiability of formulae in both log-
ics is decidable, in one-exponential time, by decision pro-
cedures based on the tablean technique which-generalize
similar procedures for the nonprobabilistic logics of
[BPM] and [CE]. The probabilistic context of our logics
makes these procedures more complicated than their
nonprobabilistic counterparts, and introduces into them
some special techniques which are variants of the tech-
niques used in [HSP] for analyzing termination of con-
current probabilistic programs.

Together with these decision procedures, we also
provide complete axiomatizations for both logics, and
show that the same decision procedures can be used to
construct a proof of the negation of any unsatisfiable
formula.

Moreover, by inspection of the decision procedure
for PTL;, we sec that for many (satisfiable) formulae of
that logic the model constructed by that procedure can be
replaced by a finite model. This establishes a connection
between satisfiability of a formula in PTL, and its satisfia-
bility in PTL;, when certain conditions hold. In any case,
the model constructed by the decision procedure can



always be viewed as the execution tree of some finite-
state concurrent probabilistic program, under some
schedule. Some additional properties of the models of
formulae in these logics are also discussed.

Probabilistic logics of various sorts have been
recently proposed by various authors
[FH],[Fe},[Pn],[KL],[LS],[Ko}. Some of these logics per-
tain only to sequential programs and involve explicit
reference to the values of transition probabilities. Like
our logic PTL,, the logics proposed by Pnueli [Pn] and by
Lehmann and Shelach [LS] also aim to reason about con-
current probabilistic programs and do not refer explicitly
to the values of probabilities involved. However, the logic
of Pnueli is not complete; the logic of Lehmann and
Shelach is more expressive than ours, and consequently
the presently available decision procedures for that logic
are much more inefficient than ours (the best such pro-
cedure, given in [KL}, runs in doubly exponential non-
deterministic time). Both these logics are based on tem-
poral logic of linear time, which, in our opinion, is some-
what inappropriate, since it does not fully correspond to
the more standard branching tree-like model for the exe-
cution of probabilistic programs. Use of temporal logic of
branching time is a more appropriate choice, and it makes
the logic and its interpretation much more natural.

The paper is organized as follows. In Section 2 we
define the syntax and semantics of our logics, and make a
few basic observations concerning these notions. In Sec-
tion 3 we give axiomatic systems for both logics. Section
4 describes the decision procedures for our logics, shows
how to construct a model for a satisfiable formula in
either logic. Section 5 establishes the completeness of the
axiomatic systems, in the sense that the proof of any for-
mula p for which ~p is unsatisfiable, can be mechanically
obtained from the tableau constructed for ~p. Section 6
discusses some meta-results concerning properties of for-
mulae and their models.

2. Syntax and Semsantics

Our two logic systems, denoted PTL, and PTL,, are
almost identical syntactically, but differ in the interpreta-
tion of their formulae. Like the (nonprobabilistic) logic
CTL, our logics are based on the propositional calculus
extended by three modal operators, two unary prefix
operators ¥X and ¥F, and one binary infix operator ¥U.
The operator VF in PTL; is redundant, and can be defined
in terms of the other two operators; however, this is not
the case in PTL,,.

PTL; and PTL, are interpreted as follows. A model
of PTL, is a (discrete) Markov chain, possibly having
infinitely many states, for which there exists a>0 such
that all nonzero transition probabilities of the chain are
=a; and a specified initial state. In addition, there is an
assignment of truth values to all propositions appearing in
a given formula at each state of the chain. Formally, such
a model M is defined as a quadruple (S,P,sq,p), where §
is a set of states, sg € § is the initial state, P is a transi-
tion probability matrix (i.e. mapping on SX§ with
> P(s,H) =1 for all s €S) each of whose entries is

tes
either 0 or =a, where a is some positive constant, and p

is a mapping on § assigning to each s € § the set of true
propositions at that state. For convenience, we abbreviate
p €p(s)asp €s.

A model of PTL; is defined similarly, with the addi-

tional requirement that the set S be finite (the require-
ment of the boundedness of the transition probabilities
clearly holds here).
Each model M induces a probability measure p)s on the
space {2y of all infinite paths in § starting at sg. Validity
of a formula p of either logic, in an appropriate model M,
denoted § ), p, is defined recursively as follows.

(i) If p is a proposition, then fp, p <>p € sq..

(i) p=—~q,thentyp <> ¢up.

(iii) If p=gVr, then £y p <>y g or £y r, and simi-
larly for all other logical connectives.

(iv) If p=¥Xgq, then 5 p <> £, p for all s; € S such
that P(sg,s1) > 0, where M is the model M with ini-
tial state sq, instead of sg.

(v) If p=¢¥Ur, then £ p <>pp(A, ) =1, where

Aq,r = {0):(.9") € QM | i"ﬂ" |#M, q} = inf{n HzM, r} },
and M, is the model M with initial state s, instead of

sg- Le. A, , consists of paths along which either ¢
always holds, or else ¢ holds until the first time r
holds.

(vi) If p=YFgq, then §), p iff there exists a stopping time
N on ), which is py,-almost surely finite, such that
£m, q for each w with N(w)<®. (A stopping time N
is a mapping from Qy, into {0,1,2, . . . ,=}, such that
N(w) = n implies N(w') = N(w) for each path o’
which coincides with o at all steps up to, and includ-

ing n. Thus, N may depend only on sq,s;, - . - ,8y()
(the past and the present), but not on sy.1,... (the
future)).

Remarks:

(1) The negations of the modal operators ¥X, YU and *F
are defined as follows:

HKp = ~(X ~p) .
pgq = ~((~qMU(~p)).
=Gp = ~F~p

(2) Intuitively, ¥, ¥X p means that p holds at all immedi-
ate successors (sons) of the initial state of M. Similarly,
{2 X p means that p is valid in at least one son of the
initial state of M. {,, p¥Uq means that along all paths
starting at s, and consisting only of transitions with
nonzero probability, p holds at all states of w up to the
first state, if any, at which ¢ holds. Similarly, ¥, p=Ugq
if there exists a finite path @ of states reachable from s,
via transitions having nonzero probabilities, such that p
holds at all states of w, and ¢ holds at the final state of
w. ¥ ¥Fp if p is valid eventually on almost every path.
Also, £, JGp if the py-measure of the set of paths
along which p always holds (i.e. the set A, fy.), is posi-
tive.

(3) The modal operators ¥Gp and —¥p of [BPM] can be
defined in both PTL, and PTL; in the following usual
way:



Fp=trueWp
MGp = p VU false

(4) In PTLy, the operator ¥F and its negation =G can be
climinated from the logic, by defining them in terms of
the other operators, as follows:

SGp = p T (Gp) = p 2V (p W false)
¥Fp = (TFp) WU p = (true U p) W p

These two definitions are quite nonobvious, and are spe-
cial to the finite model interpretation of PTL,. ¥ ), ¥Fp if
on py-almost every path p holds eventually. However, in
the case of finite models (i.e. finite Markov chains), this
is equivalent to requiring that on every path w and every
state s, along w before the first time (if any) p holds on
w, there exists a path from s, on which p eventually
holds. This latter property is always implied by the
interpretation of {) “Fp as defined above (including
infinite Markov chains); the reverse implication can be
proved for finite Markov chains using standard "0-1 law”
arguments, similar to those in [HSP]. The definition of
the operator =iGp follows by negation. However, in PTL,
there is no way to define these operators in terms of the
other operators, so that the core of PTL, will have to
include also the operator ¥F. For uniformity of notation,
we will include ¥F also as a basic operator of PTL;, and
use the above definition of ¥F as an axiom.

(5) The intended application of the logic PTL, (resp. of
PTL,) is to reason about finite—state probabilistic sequen-
tial (resp. concurrent) programs. It is easily seen that
each possible execution of such a program can be
represented as a model of the corresponding logic, such
that the model states are program states, and the proposi-
tions contained in each such state are properties of the
state. In this perspective, it is noteworthy that the
behavior of a finite state concurrent program (involving
more than one process) cannot always be modeled by a
finite Markov chain. For example, suppose that the pro-
gram consists of three states s;, s,, and s3, and of two
processes k;, ky, such that under k, the transitions having
nonzero probability are (s1,51), (51,52), (52,51), (52,59),
(s3,53), and under k; they are (s1,53), (52,53), (53,53).
Consider the schedule o starting at s; and defined by the
rule: schedule k; repeatedly until the first time at which
the number of visits at s, is greater than or equal to the
number of visits at s,; in this case schedule k,, and then
schedule k, and k, alternately. Then the execution of the
program under o cannot be modeled by a finite-state
Markov chain; in fact this execution is identical to the
behavior of a random walk on 0,1,2,..., with absorption
at 0. Moreover, the fairness of o does depend on the

transition probabilities of k; at s, and s, (e.g. o is fair if
Pyl Pris = 7, and is unfair if both these probabilities

52,52

are < —2-.)

The problem with this ¢ is that it is not finitary.
Roughly speaking, a schedule is finitary if it is a finite
automaton, whose decisions are based only on checking
whether the past execution history belongs to one of
several regular languages. It is easily seen that for finite-
state programs, their execution under a schedule o can be
modeled by a finite-state Markov chain if and only if o is
finitary.

Fair schedules need not be finitary. However, it can
be shown from Theorem 1.1 of [HSP] that almost-sure
termination by any fair schedule can be -effectively
decided by essentially considering only finitary (fair)
schedules, and therefore is a property that can be stated
and verified in PTL;. This interplay between PTL; and
PTL, will be studied in more generality in Section 6
below. We will obtain there the property just noted as a
special case of a more general rule, which gives sufficient
conditions for formulae of PTL, to be equivalently
represented in PTL;.

3. Axiomatic Systems

The following axiomatizations of PTL; and of PTL,
are shown to be complete: These axiomatizations include
all axioms and inference rules of the propositional cal-
culus, plus the following additional axioms and rules
(some of which are similar to the axioms and rules of UB
[BPM], while others-are special to our logic, and are
required to handle the probabilistic nature of our models):

Axioms and Rules Common to both Logics:
Axioms: ‘

(A1) ¥X(pDq) O (XpO¥Xq)

(A2) p¥U ¢ D gV(pX(p VU g))
Inference rules:

(R1) Fp=>¥%p

(R2) t r D qv(pXr) => { r D pMUg
(R3) b p=>f ~(F~p)

Additional Axioms for PTL,

(A3) VFp = (true U p) WU p

Additional Axioms and Rules for PTL,

(A4) ¥Fp = pWX5Fp
(AS) YPVFp D MFp
(A6) (pMUq) ANF(~p) D ¥Fq

(R4 FropVEXFrAZXp) => +rDVRp

Let us comment briefly on the interpretations of
these axioms and rules in our logics, 80 as to justify their
soundness. Axioms (A1) and (A2) and rules (R1) and
(R2) are nonprobabilistic and are sound in our interpreta-
tions, as well as in the interpretations of the nonproba-



bilistic logic CTL. (It has been pointed out by Amir Pnueli
that these axioms and rules can be used to simplify exist-
ing axiomatizations for that logic.) The axiom (A1) and
the rule (R1) are taken from [BPM], and their soundness
follows from the definition of ¥X, as in [BPM]. Axiom
(A2) states that r = p¥Ugq satisfies the implication
r O ¢V(pMXr), which again is obvious from the defini-
tions of the operators YU and %X, whereas rule (R2)
states that p MU g is the "largest” solution to that implica-
tion, in the sense that it is implied by any other solution.
The soundness of this rule can be proved by a simple
inductive argument.

The soundness of the rule (R3) is also easy to establish
from the definitions. As noted in the preceding section,
axiom (A3) is sound only under finite-model interpreta-
tions; this can be shown using standard "zero-one" argu-
ments, as e.g. those given in Theorem 2.2 of [HSP].
The axioms (A4)-(A6) of PTL, are all probabilistic, and
state various properties of almost-surely finite stopping
times. (A4) states that an cvent p happens eventually
almost surely if and only if it either happens now, or else
it happens eventually almost surely from any next
instance on. Axiom (AS) states that if there exists an
almost surely finite stopping time N such that for each
path o with N = N(w)<w, the event p will happen even-
tually almost surely after reaching wy, then p will happen
eventually almost surely. (In other words, the composi-
tion of a family of almost-surely finite stopping times on
an almost-surely finite stopping time yields an almost-
surely finite stopping time.) Axiom (A6) states that if p
holds continuously until the first time (if any) at which ¢
holds, and if there exists an almost surely finite stopping
time N at which p does not hold, then there exists
another almost surely finite stopping time N’ =N at
which g holds. The soundness of this axiom is immediate
from the definitions.
Remark: Axioms (A4)-(A6) are not specific to the
bounded-model interpretation of P7L,, but rather hold
also in general (unbounded) models, as can be easily
checked.
Finally, the rule (R4) states that for r to imply that p will
eventually hold almost surely, it is sufficient to require
that r implies that either p holds now, or that at least one
succeeding state satisfies p, and at the same time r will
hold once more eventually after every succeeding state.
To prove the soundness of this rule, we argue as follows.
Let S, denote the set of all states s in § at which 7 holds,
and which are reachable from the initial state sq via paths
along which p did not hold yet (except possibly at s
itself). Assume sq € Sy (for otherwise there is nothing to
prove). For each s € §; let B, denote the probability that
p will hold eventually, given that we have reached s. The
premise of (R4) implies that B, = a, for each s € Sg. Let
v = ig‘sa,za. Assuming that vy <1, let s € §5 be
5 0

such that B, <y + g%—ﬂ. Again, the premise of
(R4) implies that
v+ 5(12-_—1)->3,za+(1-a)v

which is plainly impossible. Hence y = 1, so that in par-
ticular 8, = 1, which is what we wanted to show.

Remark: It would be tempting to replace (R4) by the
simpler sound rule

(R4) FropVeXrAXp) => + ro¥p
However, the resulting axiomatic system will not be com-
plete. In fact, the following formula w, which is a variant
of (R4),
rA (12 pV (R AZKp)) VU false D VFp

is not provable from the modified axiomatic system. To
see this, consider the interpretation of these axioms under
models M which are defined as in PTL,;, except that their

associated transition probabilities are not required to be
bounded away from 0. Instead we require that for each

state s at the i-th level of M we have P(s,f) = %, for

cach nonzero transition probability P(s,f). It is easy to
see that all axioms and rules of the modified system are
sound under this iuterpretation. indecd, everythind except
(R4’) is either nonprobabilistic or holds in general
unbounded models. Concerning (R4’), suppose that a
model M satisfies the premise of (R4’), and that r holds

at the initial state of M. Then the probability that p still
does not hold after n levels of M is at most ﬁ(l— l,) -0
=1 !

as n-o. Nevertheless, it is easy to construct a model M
of this new kind which does not satisfy the variant w of
(R4) given above.w To obtain M, take a sequence {i,} of

levels for which 1‘[(1—;,1-) > 0, and define M so that r
t=1 t

holds at the root and at each node in each of the levels i,.

For each node n at the i, level, p holds at exactly cne son

m of n, with P(n,m) = T It is then easy to check that
1
M satisifes the precedent of w but not its consequent.

Hence, the "essence” of the bounded-model interpre-
tation of PTL, is captured by the rule (R4).

Theorems Common to PTL, and to PTL,

We next list a few theorems provable from the core
set of axioms and inference rules common to both logics,
most of which are needed in subsequent sections.

(T1)  ¥X(pAg) = ¥XpNXq

(T2) ¥Xp V¥Xg D ¥X(pVg)

(T3)  pWUq = gV(pNX(p WU q))

(T9) pMUq A ((~q)Wr)DpWUr

(TS) (V@)U r D pWU (V1)

(T6) (MUNA@Yr)=(p\)™Wr

(T7)  (2¥Xp)MWq D (p D (pY g))

(T8) *Fp Dtrue Wp

(T9) “Xp D*Fp

We can also deduce a few additional inference rules:

RY") +pDg=>}"pDVXg

R2') +p=>tpWUgq foranyg

®RS) tp=>tFp

(R6) + pDg =>} ¥Fp D Wg

R?)  + 7 O%(pV ¥X3FrAKp)) =>} r DV



Proofs of these theorems and rules are omitted in
this version.

4. The Tableau Method

In this section we modify the tableau method
described in [BPM] to obtain expomential-time decision
procedures for formulae in PTL; and in PTL, under the
respective finite-model and bounded-raodel interpreta-
tions. It suffices to treat the (more complicated) case of
PTL,, since the tableau construction in PTL, can be
obtained as a special case (using the formulae given in
Remark (4) of Section 2). The tableau construction for
our logics is similar to that of [BPM] in many details, but
differs from it in several significant aspects, reflecting the
probabilistic context of our interpretations.

Given a formula pg of PTL, which we wish to test for
satisfiability, we construct from it a finite directed graph
T, called tableau, each of whose nodes n is labeled by a
set F, of formulae (intuitively, formulae to be fulfilled at
n), some of which have already been "expanded”, while
others are still "unexpanded”. Initially T contains a single
node ng (the root), and F, = {pg}, with p; unexpanded.
T is then constructed inductively as follows. At each step
we pick a node n having no successors, and a formula
p € F, which has not yet been expanded. We then
expand p by one of the rules stated below, thereby creat-
ing outgoing edges from n, some of which may lead to
newly created nodes of T, while others may point back at
nodes already present in T.

Let n be a node of T. It can be expanded either by
an a expansion, a B expansion or an X expansion. An a
expansion is obtained by picking an unexpanded formula
r of F, having one of the forms in the first column of
Table 1, creating one son n; of n and putting
F, = F,U{ry,ry, - - - }, where rqry --- are the
corresponding formulae in the other columns of the table.
Similarly, a B expansion is obtained by picking an unex-
panded formula r of F, having one of the forms in the
first column of Table 2, creating two sons ny and n; of n,
and putting F,, = F,U{r}; F,, = F,U{ra}.

r " ry
rvae P 3
Pvuq % P A YX(PYUI)
pIug PAY PA 3x(P3ug)
VEP P VXYFp A 3xvFp
~(Paq) ~p ~q
EXd s P IxaFp

Table 2: -expansions

Remark: Comparing these tables to the expansion rules in
[BPM], [CE}, we see that the only rules which have
changed are for formulac of the forms ¥Fp, =iGp. The
example given in the appendix demonstrates the necessity
for this change in the case of ZiG-formulae.

If none of these expansions are possible at n, then
each element of F, is either a proposition, a negated pro-
position, or of one of the forms ¥Xp, —iXp. In this case
we call n a state, and we apply to it the X-expansion rule
of [BPM]. That is, let

¥Xpy, . . . ~Xp,
be all the formulae preceded by ¥X in F,,, and let
Ky, . . .. 7Kg,
be all the formulae preceded by =X in F,. Then create b
sons ny, . . . ,n, of n and put
Fp ={py, - - - .Pasti}
for each k=1, . .. ,b. (If b = 0, create one son ng of n
and put
Fno={p1' .. "pa}')

Each successor of n under this expansion is called (as in
[BPM]) a pre—state. The root ng is also called a pre-state.

The construction of T is terminated by using the
same termination rules as in [BPM], i.e. not expanding

r r4 "1. rs

PrY P %

IGp p Ax3agp VX (trve Vv 36F)
~(pvy) ~P ~9
~(pvuy) N 3Iurp)
~(p3ugq) (~PVUEP

~(VFP 3¢ ~p

~(3ep) VF~p

~(vXxp) 3x~p

~(3Xp) VX ~pP

vGp P VXVGp

Table 1: a-expansions’



and ’closing’ nodes » for which F, contains both a propo-
sition and its negation, and, at an X-expansion of a node
n, not creating new succeeding pre-states if their set of
formulae is identical to the set of formulae of some ances-
tor pre-state m of n, in which case the corresponding out-
going edge from n points back to m. These termination
rules ensure that the resulting graph T is finite, and that
its size is at most exponential in the length of the initial
formula pg.

Having thus created T we proceed to mark some of
its nodes using the following rules (the first four of which
coincide with the rules (M1)-(M4) of [BPM], while the
last two are special to the probabilistic case). Roughly
speaking, a node is marked if its set of formulae cannot
be satisfied by a model that can be obtained from
"unwinding” the tableau. Such nodes will eventually be
deleted from the tableau.

(M1) Mark every closed node (i.e. a node containing
both a proposition and its negation.

(M2) If n is a node at which an «a-expansion has been
applied and its son n, has been marked then mark n.
(M3) If n is a node at which a B-expansion has been
applied and both its sons n; and n, have been marked
then mark n.

(M4) If n is a state and one of its succeeding pre-states
has been marked then mark n.

(MS) Let r = ¢ U p or r = ¥Fp, and let N, be the set of
all unmarked nodes n of T whose set of formulae F, con-
tains r. Assuming this set is nonempty, we apply the fol-
lowing ’'ranking’ algorithm to it:

(i) Initially, all nodes in N, are unranked.

(ii) Let n € N, be a node at which the B-expansion
corresponding to r has been applied, and let n; be the son
of n "inheriting” p. If n; is unmarked, give n; the rank 0,
and give n the rank 1.

(iii) If » € N, is a node at which an a-expansion or a B-
expansion other than that in (ii) has been applied, and if
one of the successors of n is ranked, then give n a rank
which is 1 + the smallest rank of any son of n.

(iv) Finally, let n € N, be a state (at which an X-
expansion has been applied) and let n; be the son of n
containing r if r=p =W g, or otherwise the son of n gen-
erated by the presence of the formula ZX¥Fp in n. If n;
has been ranked, then give n the rank of n;.

After the completion of the ranking algorithm, all
unranked nodes in N, are marked.

Remark: Note that the marking rule for formulae of the
form VFp is quite different from the corresponding rule in
the nonprobabilistic case. In fact, a node » containing v
Fp will not be marked if there exists at least one path
from n to a node containing p; in the nonprobabilistic case
all paths from n must lead to a node containing p.

(M6) (This rule is not required at all in the nonprobabilis-
tic case.) Let r = =iGp be a formula appearing in the set
F, of some unmarked state n. We first introduce some
notations: Without loss of generality, assume all marked
nodes have been deleted from T. Let § denote the set of
states in T, and let I1 denote the set of pre—states in T.

For every s € §, let X(s) be the set of all successor pre-
states of s (obtained by the X-expansion rule); for each
pre-state £ € II, let T(£) denote the set of all states in §
which are reachable from £ via paths consisting of a and
B-expansions only. We will also use the inverse relations:
X~1(£) denotes the set of all predecessor states of £ (there
may be more than one such state according to the rules
for terminating the tableau construction), and T-1(s) is
the (unique) pre-state preceding s. Essentially, all inter-
mediate nodes of T which are neither states nor pre-states
are ignored in the sequel.

Given r = =Gp and n € § with r € F, as above, let
S, ={s €S:r €F}, and let YCII be the set of all pre-
states £ which are reachable from n along paths whose
states all belong to S,. We will obtain a decomposition of
Y which is closely related to the decomposition of the
state-space of a concurrent probabilistic program given in
[HSP]. The purpose of this decomposition is to find
ergodic sets E of states, all of which contain r, and for
which there exists an "unwinding” of the tableau starting
at any s € E and visiting from then on only states of E.
Such an unwinding will enable us to show that r is satis-
fied in a model constructed from this unwinding and
whose initial state is either in E or from which E can be
reached via some finite path of states in N,.

More precisely, define
Io={s€T{Y):r ¢ F}

We will construct inductively a sequence of (disjoint) sub-
sets {H,,}m=1 Of Y, as follows. We begin by constructing
a directed graph G, whose nodes are the pre-states of ¥,
and whose edges are given by the relation v = XdT res-
tricted to ¥ (i.e. m € v(§) if there exists s € S, such that
s € T(£) and m € X(s); it is helpful to label each such
edge by the corresponding state s); note that G may con-
tain loops (i.e. edges of the form (£,£)) and multiple
edges. Let H; be a terminal strongly connected com-
ponent of G, including the degenerate case of a singleton
H, = {£}, in which case it is not required that (£,£) be an
edge of G. Thus, for each £ € H; and each ¢ € T(§),
cither X()CH; or t€Ig Next, suppose that
Hy, ... ,H,-, have already been defined, and put
Ky = g H;. We first update G by erasing all nodes
m

§ €H, _;, together with all edges (n,m’) for which there
exists s € T(7) such that both § and 0’ belong to X(s)
(thus, besides edges (n,£) we also erase edges (n,m’) with
the same label s as (n,t)). H,, is then defined to be a
terminal strongly connected component of the (updated)
graph G (including the degenerate case of a singleton, as
above). Thus, H,, has the following property: For each
£ € H,, and each ¢ € T(£), either
(1) t € Ig; or
) X(HNK,—y #+ D; 01
(3) X(?) C H,,. (Note that this holds for m = 1 too.)
We continue with this process until G becomes empty.

Having obtained this decomposition, we next define,
for each m=1

I,={t €S :T"(t) € H, and X(f) C Hp}.
Ly,={t €5:T7Y(t) € Hy, t £ Iyand X(1)TH,,}



It is easy to establish the following properties:

(a) 1, = D iff H, is a non-strongly connected singleton
{€}; in this case each r € T(£) is either in I, or satisfies
X(ONK,_; # 3.

(b) For each s€l, and each £ € X(s) we have
TN, +3.

(c) For each s,z € I, t # s, there exists a chain of states
in I,, s=sgsy,...,5=t; such that s, € N(s;}), for
i=0,...,n—1, where N = TX.

Suppose that I, # & for some m. Intuitively, this
means that, starting at some s € I,,,, one can "unwind"
the tableau into an infinite tree which consists only of
states in /,,, by choosing at each pre-state § € H, a state
t € T(§)N\ 1, and by noting that all successor pre-states
of ¢ are contained in H,,. Since the formula JGp is con-
tained in F,, we could potentially use such an unwinding
of T as a model for the satisfiability of ZGp. This, how-
ever, depends on our ability to satisfy other formulae of
F, by that same unwinding. As will be seen below, it suf-
fices to require from I, that its unwinding can satisfy
every formula of the form ¥Fg which appears at some of
its states.

Definition: A set E of states in S is called an ergodic set
if it satisfies properties (b) and (c) stated above for I,
and moreover for each formula of the form ¥Fg which
appears in F, for some s € E, there exists ¢ € E such that
q €F,
Consequently, we distinguish between three subcases:
Wi, =3.
(ii) I,,, is ergodic.
(iii) I, is not ergodic. That is, there exists s € I,, and a
formula (WFgq) € F, such that g ¢ F, for all 1 € I,,. (It is
easily seen, by the properties of expansions involving ¥F,
that in this case the formula ¥Fg belongs to F, for every
t€l,.)

We are now in a position to state the marking rule
(M6) for r = =IGp and for a state n € S containing r:

Obtain the above decomposition of the set ¥, and check
for each m=1 for which I, is nonempty whether this set
is ergodic. If no such ergodic set exists (i.e. for each m
either case (i) or case (iii) holds), then mark n. Other-
wise n remains unmarked.

The marking process proceeds in phases; in each such
phase we either apply one of the rules (M1)-(M4) to a
single node of T, or apply rule (MS) to a formula ¥Fp or
p = q at some node of T, which may cause several
nodes of T to be marked simultaneously, or apply rule
(MS6) to a formula ZGp and a node containing it, which
again can result in marking more than one node. This
marking process terminates when no new nodes can be
marked. An example illustrating the tableau construction
and marking rules is given in an appendix below. The
main result of this paper is the following

Theorem 4.1: p is satisfiable if and only if the root ng of
T has not been marked. Moreover, if the root has been
marked then ~p is provable in the axiomatic system of
section 3 (i.e. this system is complete). In this latter case
the proof of ~pg can be obtained mechanically off the
tableau 7.

The proof of this theorem is fairly involved, and is there-
fore only very briefly sketched in this abstract, with most
of the technical detail omitted. :

We first show that if ny has not been marked, then we
can construct a model of PTL,, for pg from the unmarked
nodes of T. This is achieved by first constructing from
the unmarked nodes of T a Hintikka structure (defined
below), and then transforming this structure into a model
for pg.

Definition: A Hintikka structure H for a formula pg of
PTL, is an infinite tree with a root sy such that the
number of sons of any node in H is bounded, and such
that with each node s € H there is associated a set F, of
formulae of PTL,. Given such a tree H, we can associate
with each edge (m,n) of H a transition probability equal to
1/d, where d is the out-going degree of m (note that these
probabilities are bounded away from 0). This probability
assignment allows us to regard H as a stochastic process,
and induces, for each node s € H, a probability measure
i, g on the set (), of all infinite paths in H starting at s,
in the standard manner as in Section 2. In addition, H
must have the following properties (p € F, is abbreviated
asp € s):

(HO) pq € sq.

(H1) ~p € simplies p € s (i.e. H is consistent).

(H2) Let r be a formula to which an a-expansion is
applicable (see Table 1); then r € s implies r; € s
for all corresponding subconjuncts ; of r (appear-
ing in the other columns of the table).

(H3) Let r be a formula to which a B-expansion is
applicable (sec Table 2); then r € s implies ry € s
or ry € s (where ry,r; are the two corresponding
disjuncts appearing in the other columns of the

table).

(H4a) I ¥Xp € s then p € ¢ for all succeeding nodes ¢ of
sin H.

(H4b) If =Xp € s then p € ¢ for at least one succeeding
node ¢t of s in H.

(H4c) X p = g € s then there exists a path from s all
of whose nodes contain p, and its last node also
contains gq.

(H4d) K p YU g € s then every simple path starting at s
either contains p in all its nodes, or contains p at
all its initial nodes (possibly none) before reach-
ing a node which contains g.

(H4e) If ¥Fp € s then there exists a stopping time N,
defined on € (the subtree of H rooted at s),
which is ., y-almost-surely finite, and for which
P € ay,), for each o € £, with N(w)<e.

(H4f) If=IGp € s then
we i € Q; :p € o, for all n=1} > 0.



Lemma 4.2: If py has a Hintikka structure, then it has a
model, i.e. it is satisfiable.

Proof: Omitted.

It therefore remains to construct a Hintikka structure
H for pg from the unmarked nodes of T. For this, we use
the following construction, in which w= assume, for sim-
plicity, that all nodes of T are unmarked. The following
observations, which have already appeared implicitly in
the marking rule (M6), will be useful in motivating and
explaining the construction of the required Hintikka struc-
ture. As before, we let S (resp. II) denote the set of all
(unmarked) states (resp. pre-states) of T. The nodes of
the Hintikka structure H we are about to construct from
T will be states in S. The number of sons of a node s € H
is the same as the number of pre-states in X(s). For each
such & € X(s) there will correspond a son of s in H which
will be an clement of T(£). The decisions as to which
state in T(£) to choose as the corresponding son of s can
be thought of as being taken by some "scheduler”, and we
will refer to them as a schedule of T. This notation is
very similar to the modelling of the execution of a con-
current probabilistic program, as described e.g. in [HSP].
In this analogy, the "program states" are our pre-states II;
at each such § € I, the schedule assigns a process to exe-
cute the next program state, which, in our case,
corresponds to choosing a state ¢t € T(£), and then "exe-
cute” the X-transitions from t to new pre-states (i.c. new
program states). Thus "program execution" corresponds
to the construction of H, in which we just record the
states in § chosen by the scheduler.

The preceding remarks imply that to construct H it
suffices to define the corresponding schedule o. o is a
function defined on the set of all finite execution listories,
each such history being a sequence of the form

by = (€0,51,€1,52, - - - ,Snskn)

with £g the root of T and where for each i=1, ... ,n we
have s; € T(¢;_,) and ¢; € X(s;). (Thus, for convenience,
we label each node of H also by the pre-state £ of its
corresponding state s. Each such A, corresponds to a
path o of length n in H in which the schedule’s decisions
at the first n—1 nodes are already recorded; o(h,) is to be
the state 5,1 in T(£,) that the schedule will choose at the
terminal node of ®.)

Before defining o, we first modify T slightly to elim-
inate any partial overlapping between ergodic sets. For
this, suppose that E; and E, are two distinct ergodic sets
(for the same, or for different formulae) whose intersec-
tion E = EyNE, is nonempty. We then duplicate each
s € E into two copies (s,1) and (s,2) such that for j=1,2
we have

Fep=Fg X((s)) =X(); T (s)) = T7Xo).
Having thus split each s € E, we define

Ey' = (E,—E)U{(s,1) : s € E},
and

Ey' = (E;—E{)U{(s,2) : s € E}.

Since the internal structure of E;' is isomorphic to the
structure of E; for j=1,2, it follows that both these new
sets are crgoriic. Furthermore, if we apply the marking

procedure to the new tableau obtained by this splitting,
then no new nodes will be marked because the duplication
of states in the above manner cannot cause any of the
marking rules (M1)-(M6) to become applicable if it were
not applicable before.

Repeating the splitting procedure just described as
needed, we obtain an equivalent but larger tableau T’ for
which all ergodic sets are pairwise disjoint. Without loss
of generality, we will assume that T itself already has this
property. Let Ey, . . . ,E; be the ergodic sets of T. Then
each set s € § either belongs to a unique ergodiccset E,,

d

or clse is "transient”, i.e. belongs to Eq = UIE, .
o=

For every s € S and £ € X(s), we define

T(E)nEe' ifs € E, ,e>0
V(s,§) = { T(§) ,ifs€Eg

Note that V(s,£) is always nonempty.

For each such s and & let (¢f,...,ff) be a fixed
enumeration of the elements of Tig), and let
(k) - - - +Vls,)) be a fixed enumeration of the elements
of st,ﬁ) (note t.t)lat k=k(£) and I=I(s,£)). Let

hn = (€0,51,§1,52. L 'smgn)
be a finite history in H; we will define o(h,) = 5,41 as

follows. Let r be the number of occurrences of s = s, in
h, (up to and including n), i.e. r = [{i : 1<i=n, s5;=5,}|.
Two possible cases can arise:

(a) All the following three conditions hold:

) r = v for some v=3.
(i) X(s)| > 1.
@) & =bm= " =k, where

n>my>my> - >m, are the places in
h, of the last v occurrences of s (before the n-
th place).

(b) At least one of these conditions does not hold.

If case (a) occurs, let j=v(modk) and define
ao(h,) = '{.'

If case (b) occurs, let j = (r— l\/rl) (mod I) and define
c(hn) = V{:,,E,)-

Let us call a visit at s for which r is a perfect square =9 a
square visit. Thus case (a) occurs only at pre-states £ fol-
lowing a square visit (of order ¥?) at a state s which has
more than one succeceding pre-state, and for which s is
followed in h, by the same pre-state £ at each of the last
v visits at s. When this case applies, the schedule iterates
through T'(£) in a round robin fashion (stepping through
the elements of T(£) once per each such special square
visit). Similarly, case (b) occurs when the visit at the last
state s in h, is either non-square, or is square but not all
last Vr visits at s have been followed by the same
succeeding pre-state. In these cases the schedule iterates
through V(s,£) in a round robin fashion, in which the
square visits at s are not counted.

We next show that the unwinding of the tableau T by

the schedule o just defined yields a Hintikka structure H
for po. The proof that H satisfies conditions (Hd4c),



(H4e) and (HAf) is somewhat involved and technical.
There are some difficulties in showing the existence of a
path (or, in the case of (H4f), a set of paths having posi-
tive measure) passing only through nodes containing the
corresponding subformula r = ¢ U p, ¥Fp or ZGp and
(in the cases of (H4c) and (H4e)) ending at a node con-
taining p; these difficulties arise because as such a path is
being constructed, it can enter various ergodic sets, some
of which may be irrelevant to the "fulfillment” of r, and
so must be exited in order for r to be fulfilled. The
schedule o has been defined in a way which ensures that
these sets are properly exited from, and that the required
path or set of paths does exist. These technical details are
omitted in this version, and we just state the final conclu-
sion.

Theorem 4.3: H is a Hintikka structure for pg. Thus pg is
satisfiable.

We have thus shown that if the root of T has not
been marked then p is satisfiable. The converse statement
is proven in the following section.

5. Completeness

In this section we prove the second part of Theorem
4.5, namely that if the root ny of the tableau T con-
structed for a formula py of PTL, is marked by the pro-
cedure described in the preceding section, then ~p, is
provable from the axioms of PTL, given in section 3.
This, together with the proof of the first part of Theorem
4.5, will establish the completeness of these axioms.

As in [BPM] we define, for each node n € T, the
associated formula af, of n to be V{~p : p € F,}; note that
af,, = ~po- The proof proceeds by showing, using induc-
tion on the phases of the marking procedure, that if n is a
marked node, then af, is provable. Since we assume that
ng is marked, it follows that ~pg is provable.

The basis for our induction are phases which mark
nodes n using the rule (M1). In these cases we obtain,
using dilution as in Lemma 5.1 of [BPM], that }df,.
Similarly, for phases which mark nodes »n using one of the
rules (M2)-(M4), we can show, as in Lemma 5.2 of
[BPM], that }aof,. For the rules (M2) and (M3)
(corresponding respectively to a and § expansions) this
follows from simple propositional reasoning and from the
fact that each of the expansions listed in Tables 1 and 2 of
Section 4 is a theorem of P7L,. For the rule (M4)
(corresponding to X-expansions) the proof proceeds
exactly as in [BPM], using rule (R1’) and theorem (T1).

Next consider a marking phase which has applied
rule (MS) to a formula r = p U g. Let r be a state in T
which has been marked because it has not been ranked.
In what follows we will ignore the marked portion of T
(before the current application of (M5)), and assume that
each node we refer to is presently unmarked. Let us
introduce the following terminology: For each state u € §
such that r € F,, denote the r-son of u (i.e. that son
inheriting ) by m,, and put R(x) = T('q,,)”(i.e. the states

following m,). Also put R* = R*(¢) = UOR"'(t). Note
m=

that each state in R* has not been ranked, for otherwise
the ranking algorithm of (MS5) would have ranked ¢ too.

For each u € R* define V(u) to be the set of (presently
unmarked) nodes at which r is expanded, which are
reachable from m, by a and B expansions only (i.e.
before a state in R(u)). Note that the essential son v; of
any v € V(x) has already been marked, for otherwise v,
and consequently also u and ¢, would be ranked by (M5).
For each v € V(u), define Q(v) to be the set of unmarked
states reachable from v (or from the nonessential son v,
of v) by a and 8 expansions only. Note that QcV = R for
all u € R*. Also denote, for each state u € R*®, '

Y, ={k:¥Xk € F,}

W, = . é\y_ k = AY, (for short)

and

W= Vv W, .
u€R*

These formulae have the following properties, generaliz-
ing Lemmas 5.3 and 5.4 of [BPM]:
Lemma §,1: 4 W/ D ~p V ~gq.
Proof: Omitted.
Lemma 5.2: ++ pAW' D YXW'.
Proof: Omitted.

We can now show that {- af, as follows. Note that
Fy, = {rjuy,. Thus of, = ~rV~W,. We have, by Lem-
mas 5.1 and 5.2,

t W'D ~pv~q,
t W'D ~pVOXW) .
Hence
bWt > ~pv[~qrw)
or, using (R2),
b W'D (~gWU(~p) .
Hence we also have
'l’ W, 2~ U q9)
or
b ~W,V~r

that is,  af, . Hence 4f; too, as follows from the induc-
tive step of our proof corresponding to the marking rule
(M4).

Next consider a marking phase which has applied
rule (M5) to a formula r = ¥Fp, and let ¢ be a state which
has been marked by this phase. In a similar manner to
what we did above for formulae involving =U, we denote
by R* = R*(¢) the set of all (presently unmarked) states
reachable from ¢ by choosing at each state # the r-son of
u (also to be dcnoted as m,). Again, since ¢ has been
marked at this phase, no state in R* has been ranked, so
that it must contain both ¥Xr and =iXr. In other words, at
each node v where r has been expanded, the essential ¥F-
son of v must have been previously marked. We will also
use the notations R(x), V(u), Q(v) as above, each of
which is defined in an obviously modified manner. Also

put



Y, = {k :¥Xk € F, and k#r}
W.= A k=AY,
Y key, .

t —
W - u ZR‘Wy
These formulae have the following properties:
Lemma 5.3: + W' D ~p.
Proof: Omitted.
Lemma 5.4: } W' D ¥XW'.
Proof: Omitted.

Lemmas 5.3 and 5.4 together imply
b W'D (~p)xw!
which, using (R2), imply that

t W' D (~p) VU false

which in turn implies (using the contrapositive form of
(T8) and (R0))

+ w' D> IG~p
that is

t ~(WAFEp) .
In other words, we have shown that f—af.,h, from which,
using the argument corresponding to the marking rule
(M4), it follows also that {-af,, which is what was to be
shown.

Finally, we need to consider nodes at which the
marking rule (M6) has been applied to some formula
r = =Gp. This portion of the proof is the most complex,
and is special to PTL,, in the sense that all the other
related logics (UB, CTL, PTL,) have no similar marking
rule for =Gp. In this version we will only give a very
brief sketch of the proof.

Let ¢ € S be a state that has been marked by (M6)
for the formula r. Let I'(¢) denote the set of all pre-states
reachable from ¢ along paths each of whose states contain
r. Let R*(¢) = {fUT[T'(¥)]. (Recall the notations intro-
duced when (M6) was defined at Section 4; for a state s,
X(s) is the set of its sons (pre-states); for a pre-state §,
T(£) is the set of states reachable from £ by a and B
expansions only.)

Applying rule (M6) for ¢ and r, we decompose I'(f)

into finitely many disjoint sets H UH,- - - UH,, and
obtain a similar decompositon of R(f) into
IgUIy - - - UILLUL, - - - UL, where I is the set of ail

states in R(#) which do not contain r, where each of the
sets Iy, . . . ,I, is either empty or a communicating but
nonergodic set of states, and where Ly, ...,L, are
"transition sets” of states satisfying

s € Ly <> T™1(s) € H; and X(s)NK;-1 D
(recall that L, = ).
As already noted, since ¢ has been marked by (M6), we
must have, for each j=1, . .. ,m either

10

i+ Q and there exists some formula g such that for
eachsG i, %Fg € F,butg ¢ F,.

Bcfore investigating both these cases, we begin with
a few general observations and notations. For each

¢ € T'(s) we denote
Ze = /\Fe
and for each s € R(r) we denote
0; = AF, .

Let X(s) = {my, . . . ,m}. This means that Q, is a con-
junction involving, among others, formulae of the form

and also formulae of the form ¥Xk, where k € Y, in the
sense that for each j=1, . . . ,k we have
F, = YU{B,}.

Note also that we must have one j for which B, = =Gp;
we may assume j = 1. As usual we denote W, = AY,, so
that we can write

b 0, >¥Xw, AZXB, A - -+ AZXB,, (G1)
which leads to

F 0, D¥K[(W8,) Y (W/BL) YV -+ V(W/B,) (G)
V(WA~B,A - - A~Bm)]

AKWAB) A - - - ATX(WAB,,)

But ~B,,. = ~=Gp, so that we can write (G2) as
n

t O, D¥X(Z,\VZ,, " - - VZ,V~TGp) A (G3)
Xz, --- Az,
Let us define, for each j=1, ... ,m,

A; =

j VZE ;Bj=VA,'.

§EH, isj
Let us fix some j=1, . . . ,m, and consider both cases (I)
and (M) listed above:

(D I; = &. In this case H; must contain a single element
E, and T(§) o 10UL

Lemma 5.5: If ; satisfies condition (I) then

*_ Aj = s€ T\(,Q nL o,V (G4)
[ Y (@~50)
Proof: Omitted.

From these formula we can deduce that for / j’s satis-

fying (I) we have
FaD [wc(a,,.v~sz) A E(XBj_ll v ~=Gp .

mnp+9 and there exists ¢ for which ¥Fg € F; and
th for each s € I;.

Let £ € H; be any pre-state. As in case () we claim

(G5)



Lemma 5.6: If /; satisfies condition (II) then

Zy D \' ~q) V v
P22, Y @rav( v o)

V( VvV (@A~T0p))

s €TINS

Proof: Omitted.

These results, plus a few additional arguments imply
that for ;’s satisfying (1) we have

b *F[~EGpV[’vX(BmV~EGp)/\3XBj_1]] . (@7

and since (GS5) is a special case of (G7) by (A4), we con-
clude that (G7) holds for each j=1, ... ,m. From this
we can show that

t8> *F[~Epr[W((BmV~EGp)/EKBj-1]]
for each 1<j=m. For j=1, the term in square brackets

disappears, because L, is empty; in this case (G8) reduces
to

(G6)

(G8)

t By D +F(~p) (G
Lemma 5.7:
{ Bm O ¥F(~p) (G10)

Proof: Omitted in this version; nevertheless we remark
that it is here where rule (R4) is needed to establish com-
pleteness of our axiomatic system.

Having established (G10), choose next any pre-state
E€T() such that IGp € Fy (e.g. for each
s € = R(t)—Io, the son m, of s corresponding to =X
ZGp € F, is such a pre-state). For each such ¢ we have

*_ Z£ B, > VF(~p)

and also
tz,>3Gp
both of which formulae imply that
+ ~Z
so that, by dilution,
t afe

Thus, by the portion of the completeness proof
corresponding to the marking rule (M4), it follows that
} of, for each s € R'(¢), and in particular

o,
Q.E.D.

This concludes our proof of completeness, for we
have shown that the associated formula of each marked
node is provable, and in particular af, = ~pg is prov-
able, which is what we wanted to show. Q.E.D.

6. Discussion

Several additional consequences of our results
deserve comment: First, the arguments of Section 4 actu-
ally imply that PTL, has the following

1

finite pre-model property: If a formula p of PTL, is satis-
fiable, then there exists a finite set of states I (actually
pre-states of the associated tableau), and for each s € I
there is a finite collection K(s) of probability distributions
over I such that a model for p can be obtained by some
inductive "strategy" of choosing a distribution out of K(s)
at each state s which in turn adds all states in the support
of that distribution as successors of s in the model.

The interest in the finite pre-model property stems
from the intended application of PTL, to argue about con-
current probabilistic programs. If p is a formula which
asserts some property of a concurrent probabilistic pro-
gram, and which we wish to prove in PTL,, then either p
is indeed provable, or else, by the finite pre-model pro-
perty applied to ~p, we can effectively construct a
finite—state concurrent probabilistic program and produce
a certain scheduling of its processes for which execution p
does not hold. Thus P7L,, although interpreted over a
larger collection of models, does serve as the proper tool
to argue about finite-state concurrent probabilistic pro-
grams. This observation also implies the following
Corollary: It is impossible to express in PTL, a property
of concurrent probabilistic programs which is true for
some such programs having infinitely many states, but is
false for all finite-state programs.

However, the above model for a satisfiable formula p
need not itself be finite (i.e. a model of PTLy), as can be

seen from the example given in the appendix below. In
fact, the formula ¥G=¥p A 3G~p has no finite model, as
can be easily checked. Nevurtheless, it is possible to give
sufficient and purely syntactic conditions for the existence
of a finite model for a satisfiable formula of PTL,. In par-
ticular we show that formulae expressing termination of
finite state concurrent probabilistic programs satisfy these
conditions, and hence can be tested for satisfiability in
PTL; (for which a simpler decision procedure is avail-
ables. More details are given in the complete version of
the paper.

References

[BPM] M. Ben-Ari, A. Pnueli and Z. Manna, The Tem-
poral Logic of Branching Time, Tech. Rept.,
Dept. of Applied Math., Weizmann Institute of
Science, 1982.

E.M. Clarke and E.A. Emerson, Design and
Synthesis of Synchronization Protocols using
Branching Time Temporal Logic, Proc.
Workshop on Logics of Programs, D. Kozen
(Ed.), Springer Verlag 1982.

Y. Feldman and D. Harel, A Probabilistic
Dynamic Logic, Proc. 14th Symp. Theory of Com-
puting, 1982, pp. 181-195.

Y. Feldman, A Decidable Propositional Proba-
bilistic Dynamic Logic, Proc. 15th Symp. Theory
of Computing, 1983, pp. 298-309.

S. Hart, M. Sharir and A. Pnueli, Termination
of Concurrent Probabilistic Programs, ACM
Trans. Prog. Lang. and Systems. 5(1983), pp.
356-380.

[CE]

[FH]

[Fe]

[HSsP]



[HS]  S. Hart and M. Sharir, Concurrent Probabilistic
Programs, or: How to Schedule if You Must, Tech.
Rept., School of Math. Sciences, Tel Aviv
University, May 1982.

[Ko] D. Kozen, A Probabilistic PDL, Proc. 15th
Symp. Theory of Computing, 1983, pp. 291-297.

[KL] S. Krauss and D. Lehmann, Decision Procedures
for Time and Chance, Proc. 24th Symp. Founda-
tions of Computer Science 1983, pp. 202-209.

[LS] D. Lehmann and S. Shelah, Reasoning with
Time and Chance, Information and Control
53(1983) pp. 165-198.

[Pn] A. Pnueli, On the Extremely Fair Treatment of
Probabilistic Algorithms, Proc. 15th Symp.
Theory of Computing, 1983, pp. 278-290. :
M. Sharir, A. Pnueli and S. Hart, The Verifica-
tion of Probabilistic Programs, Siam J. Comput-

ing (to appear).

(SPH]

Appendix: An Example.

Let r = ¥G=Fp A=IG~p be a formula in PTL, (for
simplicity we use ¥G, =F explicitly, instead of their impi-
cit representation by MU, =U.) The construction of the
tableau T for r is given in Fig. 1. To make T more com-

@: veiaFp,36~p

pact and readable, we combine several successive a
expansions into a single expansion. Pre-states are given
numerical labels enclosed in circles, while states are given
alphabetical labels enclosed in boxes. Some intermediate
nodes are also labeled, to indicate that the associated set
of formulae is identical to that of a previously constructed
node, so that further elaboration of T from that node on
can be omitted from the figure. a and § expansions are
denoted by dashed edges, while X expansions are denoted
by solid edges.

The tableau T just constructed is given in condensed form
in Fig. 2, where only pre-states and states are shown, and
where the expansion of a pre-state is shown only once.

Since the subformula =¥Fp is "fulfilled” at state ¢, and
since ¢ is reachable from any other node of T, application
of the marking rule (M5) results in no marking. Applica-
tion of the rule (M6) to the subformula ¢ = =G~p
proceeds as follows: The set N, of relevant nodes is
{1,2,a,a' ,b,c}. The decomposition of this set as specified
in (M6) is:
IO = {b,C}; Hl = {1)2}; Il = {aaa'}

Since no subformulae of the form %F appear in r, the set
I, is ergodic, and so no node needs to be marked by this

@: 3Fp, VXYGIFp ~p, x3Cp, VK (trme V36 ~p)

: wp, HIFp,IXIG~P, VXV GIFp , YX (true V 36~p)

@ 3Fp, V6IFp e VIS . V63Fp, 3G ~p, [true VIO ~p]

) -~
’ -
s -
I} -

@’: 3aFp, Yxv&aFp @

[J

L pLYXYGIFp T6]: 3xarFp, vxve3Fe

@: ve3fp &)
®

Fig. 1. The tableau of r
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Fig. 2. A condensed form of the tableau.

rule. Hence r is satisfiable. To obtain a model for » from
T we can use the following "scheduling” strategy for the
unwinding of T:

At the pre-state 1 schedule the (only possible) state a.

At the pre-state 2 schedule the state @’ until the first time
in which the number of visits at the pre-state 2 equals the
number of visits at the pre-state 1, in which case schedule
the state c.

At the pre-state 3 always schedule the state c.

The resulting model is shown in Fig. 3. It essentially coin-
cides with the behaviour of a random walk onthe nonne-
gative integers with absorption at 0. This model will
satisfy r provided that we assign a probability > 1/2 to
the edges from a to 1 and from a’ to. 1. The reader is
invited to check that if one expands subformulae of the
form TGq as ¢ A 3X=Ggq (as done in the nonprobabilistic
case [BPM]), then the modified tableau for » would be
such that no model for r could be obtained by its unwind-
ing.

Remark: The schedule just introduced does not coincide
with, and in fact is much simpler than the general
schedule given in Section 4. The "price” that we pay for
this simplicity is the need to assign probabilities within
specific ranges to the transitions of this schedule, instead
of the uniform assignment rule used in the schedule of
Section 4.
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Fig. 3. Unwinding T into a model for r.



