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Abstract A class of integer-valued allocation games—“General Lotto games”—is
introduced and solved. The results are then applied to analyze the classical discrete
“Colonel Blotto games”; in particular, optimal strategies are obtained for all symmetric
Colonel Blotto games.

1 Introduction

There are two players, Player A and Player B. Player A is given A alabaster marbles
to distribute any way he wants into K urns, and Player B is given B black marbles to
(simultaneously) distribute into the same K urns. One urn is chosen at random (each
urn is equally likely to be chosen); if it contains more alabaster marbles than black
marbles, A wins; if it contains more black marbles than alabaster marbles, B wins;
otherwise it is a draw. This two-person zero-sum game (a win is 41, a loss is —1,
and a tie is 0), which we denote B(A, B; K), is known in the literature as a Colonel
Blotto game: each urn represents a “battlefield,” and the number of marbles in urn
i corresponds to the number of “battalions” sent to battlefield i; see Borel (1921),
Tukey (1949), Shubik (1982). This class of games is a prime example of “allocation”
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442 S. Hart

games, where sides compete on different “fronts” and need to allocate their resources
optimally among them. Some examples are lobbying and campaigning by political
parties, research and development competitions among firms, and multi-unit and all-
pay auctions.

How should the game be played? For example, when A = 24, B = 18,and K = 8?
The problem turns out to be quite difficult, in part due to the integer restriction on the
number of balls in each urn. Most of the literature has relaxed this condition; see
Robertson (2006) for a complete solution of the “continuous” version and a survey of
the literature.

Here we will proceed along a different route, one that respects the integer constraint.
Specifically, we consider in Sect. 2 a variant of Colonel Blotto games—the “General
Lotto games”—which we solve in Sect. 3: we find the value and optimal strategies.
In Sect. 4 we show that certain optimal strategies of General Lotto games can be
implemented in Colonel Blotto games. This yields, in particular, optimal strategies for
all symmetric Colonel Blotto games (i.e., when A = B), as well as for other cases.
We conclude with a discussion in Sect. 5.

2 Lotto Games

We consider two variants of the Colonel Blotto games, which we call “Colonel Lotto
games” and “General Lotto games.”

2.1 Colonel Lotto Games

Assume that the K urns are indistinguishable. This is easily seen to be equivalent to
the following. Player A has K alabaster urns of his own, Player B has K black urns of
his own, and, after each player distributes his marbles into his own urns, one alabaster
urn and one black urn are chosen at random (all urns have the same probability of being
chosen), and the contents of the two urns are compared to determine the winner.! This
is a “symmetrized-across-urns” version of the Colonel Blotto game; we will refer to
it as a Colonel Lotto game, and denote it L(A, B; K).

In both games a pure strategy of Player A is a K-partition x = (x1, X2, ..., XK )
of A, i.e., nonnegative integers xi, x2, ..., xg withx; +x2 +---4+xx = A, anda
pure strategy of Player B is a K-partition y = (y1, y2, ..., yx ) of B. The payoff in
the Colonel Blotto game is’

K
1 .
hp(x,y) = X E sign (xx — k),
k=1

I Avrahami and Kareev (2005) have conducted a laboratory experiment on this specific version of the
game.

2 sign (z) = 1 when z > 0; sign (z) = —1 when z < 0; and sign (0) = 0.
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whereas in the Colonel Lotto game it is

K K
1 .
he(x,y) = X2 E z sign (xx — ye).
k=1 ¢=1

For a pure strategy x of Player A, let o (x) be the mixed strategy that gives probability
1/K! to each one of the K! permutations of x; then® hg(o(x), y) = hr(x, y) for all
pure strategies y of Player B. For a mixed strategy & of Player A, let o (£) be the mixed
strategy obtained by replacing each pure x in the support of £ by its corresponding®
o (x); then hz(0(§). y) = hz (€, y) for all pure y, and so hg(0 (§). ) = h (€. )
for all mixed strategies n of Player B (we will refer to the strategies o (x) and o (§) as
symmetric across urns). The same holds for Player B, and we thus have:

The Colonel Blotto game B(A, B; K) and the Colonel Lotto game L(A, B; K)
have the same value. Moreover, the mapping o maps the optimal strategies in the
Colonel Lotto game onto the optimal strategies in the Colonel Blotto game that are
symmetric across urns.’

2.2 General Lotto Games

Letx = (x1, x2, ..., xkg ) be a pure strategy of Player A, i.e., a K-partition of A. We
will view x as a random variable X whose values are x1, x3, ..., xx with probability
1/K each. For example, x = (0,0,0,0,5,5,5,9) (for A = 24 and K = 8) yields
P(X =0) =4/8 =1/2, P(X = 5) = 3/8, and P(X = 9) = 1/8; we will
write this as® X = (1/2)19 + (3/8)15 + (1/8)19. The expectation of X is E(X) =
(1/K) Z,K: 1 Xi = A/K, which is the average number of marbles per urn. Similarly,
let the random variable Y correspond to the strategy y = (yi, y2, ..., yx ) of Player
B; then the (expected) payoff /. (x, y) in the Colonel Lotto game equals

HX,Y):=P(X>Y)—P(X <Y). 1

We now consider the generalization where X and Y are allowed to be any non-
negative integer-valued random variables with expectations E(X) = A/K = a and
E(Y) = B/K = b, respectively. That is, we remove the restriction that they can be
derived from probability distributions on K-partitions.

For each a,b > 0 we thus define the game I'(a, b) where Player A chooses a
(distribution of a) nonnegative integer-valued random variable X with expectation
E(X) = a, and Player B chooses a (distribution of a) nonnegative integer-valued

3 We will write h also for the (bilinear) extension of the payoff function to pairs of mixed strategies.
4 Equivalently, choose a random numbering of the K urns and use &.
5 However, there may be optimal strategies in Colonel Blotto games that are not symmetric across urns.

6 1; denotes the Dirac measure which puts probability one on i. For simplicity, we will identify a random
variable with its distribution.
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random variable Y with E(Y) = b, and the payoff is given by (1) with X and Y taken
to be independent.7 We will call I'(a, b) a General Lotto game.

In Sect. 3 we will prove that each General Lotto game has a minimax value; we do
so by providing explicit optimal strategies for both players (see Fig. 1 for a summary).®

2.3 Continuous General Lotto Games

Before proceeding to the analysis of the General Lotto games, it is instructive to present
a further generalization, which dispenses also with the integer-valued restriction. In
a Continuous General Lotto game, which we denote A(a, b), Player A chooses a
(distribution of a) nonnegative random variable X with E(X) = a, Player B chooses
a (distribution of a) nonnegative random variable Y with E(Y) = b, and the payoff is
given by H (X, Y) as defined in (1) with X and Y independent.

Theorem 1 Leta > b > 0. The value of the Continuous General Lotto game A(a, b)
is
a—>b

b
valA(a,b) = ——=1— —,
a a

and the unique optimal strategies are X* = U(0,2a) for Player A and Y* =
(1 =>b/a)ly+ (b/a)U(0, 2a) for Player B.°

When a > b the strategies of Theorem 1 can be interpreted as follows. The stronger
Player A plays a uniform distribution with expectation a, on the interval (0, 2a). The
weaker Player B “gives up” and plays O with probability 1 — b/a, and with the
remaining probability b/a he “matches” the stronger player (by playing the same
uniform distribution on (0, 2a)); the probability b/a is chosen so that the expectation
will indeed be b. The special case where the game is symmetric, i.e., @ = b, has
been solved by Bell and Cover (1980, Sect. 2); see also Myerson (1993) and Lizzeri
(1999). The solution of the nonsymmetric case (a > b) is due to Sahuguet and Persico
(2006). In the Appendix we will provide an elementary direct proof (the difficulty
lies in showing the uniqueness of the optimal strategies; Sahuguet and Persico use a
reduction to “all-pay auction” games and apply known results there, which makes the
proof quite complex).

7 Equivalently, let the payoff be sign(X — Y) where X and Y are two independent draws from the two
chosen distributions.

8 Since the game I'(a, b) has infinitely many pure strategies, the classical Minimax Theorem for finite
games does not apply to it. However, the existence of value can be shown also by finite-approximation
arguments (as pointed out by Abraham Neyman). Finally, as the set of distributions of nonnegative integer-
valued random variables X with a given expectation is already convex (and the payoff is linear in the
distribution of X), no further mixtures are needed.

9 Throughout this paper we identify a random variable with its distribution; thus ¥ = A1g + (1 — 2)U
means that ¥ = 0 with probability A and Y = U with probability 1 — 1. The notation U (c, d) stands for the
uniform distribution on the interval (c, d); the cumulative distribution functions are thus Fy= (x) = x/(2a)
for all x € [0, 2a], and Fy*(y) = by/(2a2) forall y € (0,2a] and Fy*(0) =1 —b/a.

@ Springer



Discrete Colonel Blotto and General Lotto games 445

3 Solution of the General Lotto Games

In this section we will solve the General Lotto games. We will assume throughout that
all random variables are nonnegative and integer-valued. Every such random variable
X is 22 pil; where p; = P(X = i) (so p; > Oforalli and ), p; = 1). Also,
EX)=>72,iP(X =i) =272, P(X >i). Forevery Y we have

HX,Y) = pi[P( > ¥)—P(i < V)]
i=0

=D pill=PY =) =P(Y =i+ )]
i=0

=1-> piP(Y 2 i) +P(Y 2 i+1)].

i=0

For every positive integer m we define three uniform distributions, each one with
expectation m:

2m

1
Um:=U(0,1,...,2m}) = Z(2m+ 1) L;

i=0

m
1
Ur=U({1,3,....2m —1}) = Z;‘ (E) 15;_1: and
1=
m

1
ur=ud0,2,...,2m)) = Z (m—+1) 1y

i=0

(think of UJ" and U} as “‘uniform on ODD numbers” and “uniform on EVEN numbers,”
respectively; note that U™ is the average of U} and U}, with weights m/(2m 4+ 1)
and (m + 1)/(2m + 1), respectively). For every ¥ we get

HUS,Y) =1—l§:[P(Y >2i — 1) +P(Y > 2i)]
P > >

i=1

2m
1 Ny =1 - ED)
=1 ij:;P(YzJ)Zl — (2)

with equality if and only if Z?‘;MH P(Y > j)=0,orY <2m;and

m

m 1 . .
H(UE,Y):l—m—_H;[P(YEZz)+P(Y221+1)]
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2m+1
=] - — PY >j P(Y >0
" ;(_JH(_)
EY 1
Zl—i, 3)
m—+1

with equality if and only if Z;‘;Zm+2 P(Y>j)=0,orY <2m+ 1.
Leta > b > 0; we will distinguish three cases in the analysis of I'(a, b):

e ais an integer (Theorem 2);
e ¢ is not an integer and'® |a| < [b] (Theorem 3); and
e a isnotan integer and |a] > [b] (Theorem 4).

See the table of Fig. 1 at the end of this section for a summary of the results. As in
the Continuous General Lotto games, the main difficulties lie in characterizing the
optimal strategies.

Theorem 2 Leta > b > 0 where a is an integer. Then the value of the General Lotto
game I'(a, b) is

a—>b b

vall'(a, b)) = ——=1— —.
a a

The optimal strategies are as follows:

(i) When a = b the strategy X is optimal (for either player) if and only if'!
X € conv{U§, UZ}.
(ii) When a > b the strategy U§ is the unique optimal strategy of Player A.
(ili) When a > b the strategies (1 —b/a)lo + (b/a)V with V € conv{U§, U¢} are
optimal strategies of Player B.
(iv) Every optimal strategy Y of Player B satisfies Y < 2a and

b b
1—--<P¥=0<1-———.
a a—+1

Proof Using (2), (3), and H(X,Y) = —H(Y, X) we get the following: in the game
I'(a, a) (i.e., when a = b), for all X and Y with E(X) = E(Y) = a,

HU,Y) > 0> H(X,Uy) “

for r, s € {0,E}. In the game I"(a, b) witha > b, for all X with E(X) = a and Y with
E(Y) = b we get

b
HUSY)>1-2>H (X Y,“'b) (5)
a

10 |z] is the largest integer < z, and [z] is the smallest integer > z.
1 conv{Uq, U} denotes the convex hull of U and Uy, i.e., the set of AU + (1 — 1)U for all A € [0, 1].
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for r € {0,E}, where Y,”’b = (1 —b/a)lp + (b/a)U, with the second inequality
obtained as follows:

H(X,Y,“”’): 1= 2Yex = 0+ (2) Hex, v
a
(l—é)P(X>0) (g) H(U®, X)
5(1_9)1_(?)021_9. ©)
a a a

This proves that the value of I'(a, b) is 1 — b/a, and that all the strategies above are
optimal (and so are their convex combinations).

To prove (i), let X9 be an optimal strategy12 inI'(a, a), i.e., H(XO, Y) > 0 for all
Y with E(Y) = a; therefore H (X°, Uf) = 0forr € {0,E} (since the U are optimal),
which implies equality in (2), and so X° < 2a.

For every i, j with 0 < i < a < j < 2a, let T;; = T/ be the distribution
Al; + (1 — A)1; with expectation a, i.e., A = (j —a)/(j — i) (whenz =aorj=a
this is just 1,). The distribution U¢ gives positive probability to both i and j, so we
can express it as U? = tT“ 4+ (1 —1)W forsome 0 < t < 1 and W > 0 with
E(W) = a (indeed, take T >0 so that both 7 and T(l —X)are < 1/(2a 4+ 1)). Now
H(X", Tffj) > 0and H(X°, W) > 0 (since Tl“] and W each have expectation a) and

H(X% U%) = 0 (since U is optimal), so we must have equality: H (X", ]"if‘j) =0.
Therefore AH (X°, 1;) + (1 — A)H(X°,1;) = 0, or, denoting w; := H (X", 1;)

(J—a)w; +@—-iw; =0 (7
forevery0 <i <a < j <2a. Takingi =a—1givesw; = —(j —a)ws—1 =
(a — j)wy— for all j > a, in particular w,4+1 = —w,—1; taking j = a + 1 gives
w; = —(a —i)wyy1 = (@ —i)wy—1 forevery i < a, sow; = (a —i)w,—1 holds for
all 0 <i < 2a. Therefore

w; — Wjy] = wy— forall0 <i <2a — 1. 8)

Letg; :=P(X"=i); thenw; —w;j1 = (P(X°> i) —P(X" <i)) - (P(X? > i + 1)—
P(X" <i+ 1) = g + git1. so (8) implies g; + git1 = qiy1 + git2, Or gi =
gi+2, for all 0 < i < 2a — 2. Therefore X° = > _1qolai + > qilai1 =
((a+ D)qgo)Ug + (aq1)U§, or X0 e conv{U¥, U{}, which completes the proof of (i).

To prove (ii), let X° be optimal for Player A in I'(a, b) when a > b. Equality in
(6) for X = X° implies P(X > 0) = 1 and X° < 24 (recall (2)), or 1 < X% < 24.
Therefore, for every ¥ with E(Y) = a we have 1 — b/a < H(X°, (1 —b/a)ly +
(b/a)Y) = (1 —b/a) + (b/a)H(X°, Y); hence H(X?,Y) > 0. So X" is an optimal
strategy in I'(a, a), and therefore X° € conv{U¥, Ul} by (). But P(U¢ =0) > 0
whereas P(X? = 0) = 0, so X° = U§, which completes the proof of (ii).

12° For either player, since the game I'(a, a) is symmetric.

@ Springer



448 S. Hart

(iii) we have already seen in (6). To prove (iv), let Y” be an optimal strategy of Player
BinI'(a, b). We must have equality in (2), so Y9<2a.LetX = U{2,4,...,2a-2}) =
Z?z_]l (1/(a — 1))1y;; then E(X) = a and

b o 1 a—1 0 . 0 .
l—ng(X,Y)_l—aTliZ;[P(Y > 2i) + P(Y zzz+1)]
2a—1 1
=1- PY’> j)>1—-—— (EY") —PY°>1
0_1/; ¥z )z 1 - — (Er") - P = 1)
_1_ _ 0_
—1 a_l(b 1+P(r* =0)),

from which it follows that P(Y? = 0) > 1 — b/a.

Next, H (Tl‘f2 a1 YH=1-»5 /a (since, as in the proof of (i) above, the optimal
strategy U§ of Player A can be expressed as 177, 2,—1+ (1 —7)W forsome 0 < 7 < 1
and W with E(W) = a). Denoting ¢g; := P(Y? = i), we have

Cgo+q — D+ 50 —2924 — qa—1) =1 — —.
2 2 a

Also, H(T{,,. Y") <1 —b/a, ie.,

C gptq -+ 1y <122
2q—1 0T a—1 PO=1T

Multiplying this inequality by (2a — 1) /(a — 1) and subtracting the previous equation
from it yields

a+1+a+1 +1 1<a1b.
P Y L L ’

a
hence P(Y? = 0) = g9 < 1 — b/(a + 1) (we have used ¢1, g2a—1 > 0), which
completes the proof of (iv). O

When a > b Player B may have additional optimal strategies beyond those in
(iii); for example, when a = 4 and b = 1 (the value of I'(4, 1) is 3/4), the strategy
Y0 = (25/32)19+(1/16)124(1/32)14+(1/16)15+(1/16)17, which is not a convex
combination of (3/4)19+(1/4)Ug and (3/4)19+ (1/4)U, is nevertheless optimal.'3

We now come to the second case, where a is not an integer and |a| < [b] .

13 letx = > pil; withE(X) = 4 beabestreply to Y'*; then X < 8, and a straightforward computation
shows that H(X, Y*)—3/4 = H(X,Y*)—(1/2) > ; pi —(1/16) >"; ip; = —(23/32)po—(1/32) ps < 0.
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Theorem 3 Let a = m + « and b = m + B where m > 0 is an integer and
0 < «, B < 1. Then the value of the General Lotto game T (a, b) is

a—>b o —
valT'(a, b) = ] =m+€7

and the unique optimal strategies are X* = (1 — a)U}"" + ocUg"H for Player A and
Y* = (1 — AU + BUST for Player B.

Proof For every Y with E(Y) = b we have

H(X*Y)=(—a)HU",Y) +aHU",Y)

z(l—a)(l—w)w(l_ E(Y))J“ﬂ
m+1 m+1 m+1

(by (3) and (2)). Similarly, H(X,Y*) = —H(Y*, X) < —(B — a)/(m + 1) for every
X with E(X) = a (interchange « and 8 in the previous inequality), showing that the
value is indeed (a — B)/(m + 1).

Consider first the case wherea = b, i.e.,0 <o = 8 < 1, and let XY be an optimal
strategy in I"(a, a). We have just seen that (1 —a) U/ —l—ozUC’,”Jrl is an optimal strategy;
since it gives positive probability to all 0 < i < 2m 4 1, it follows, as in the proof of
Theorem 2 (i), that H(X?, 7)) = Oforall0 <i <mandm +1 < j <2m+ 1.
Thus (j — a)w; + (a — i)w; = 0, from which we get (as in the proof there, taking
i =mand j =m+ 1; see (7) and (8)) that w; — w; 4| = wy,/a forall0 <i < 2m.
Therefore P(X? = i) = P(X° = i +2) forall0 < i < 2m — 1, and so X" ¢
conv{UZ 1, UMy, But E(UZ) = m, EQUI™) = m + 1 and E(X°) =a = m + «,
50 X0 = (1 —a)U" + U = X*.

Consider next the case where a > b, i.e.,0 < 8 <o < 1, let X° be an optimal
strategy of Player A. For every Z with E(Z) = a, putY := (1 - 8/0)U}" + (B/a) Z;
then H(X%, Y) < (1 — B/a)(@/(m + 1)) + (B/a) H(X®, Z) = (@ — B)/(m + 1) +
(B/a)H (X, Z) (by (3)). But E(Y) = m + B = b and X is optimal in I'(a, b), so
H(XY, Y) > (@« — B)/(m + 1); the two inequalities together imply, since 8 > 0,
that H(X°, Z) > 0 for all Z with E(Z) = a. Therefore X° is an optimal strategy in
[(a, a), and thus X9 = X*.

Finally, let Y° be an optimal strategy of Player B in I'(a, b). Let W% := AY? 4
(1 - )»)Ué"“, where & = (1 —a)/(1 — B) € (0, 1); then E(W®) = m + « = a,
and, for every X with E(X) = a we have H(X, Y9 < (@ — B)/(m + 1) (since Y°
is optimal) and H (X, UW(‘)H) <—-l4+a/m+1)=—(1—-a)/(m+1) (by (2)), and
so H(X, W% = AH(X, Y% + (1 — M) H(X, U™ < 0. Therefore W° is optimal
inT'(a,a), so AY? + (1 — U = WO = (1 — )U” + U™, from which it
follows that Y0 = (1 — g)U + UST! = v*. O

In the last case, a is not an integer and |a] > [b] .

Theorem 4 Leta = m + o and b < m where m > 1 is an integer and 0 < a < 1.
Then the value of the General Lotto game T (a, D) is
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. la] — b [a] —b _(l—oz)b_ ab
vall'(a,b) = (1 — ) ] +a al =1 - p——t

The optimal strategies are as follows:

(i) The strategy Y* = (1 —b/m)1o + (b/m)U"}. is the unique optimal strategy of
Player B.
(ii) The strategy X* = (1 — a)UJ + otUgH'1 is an optimal strategy of Player A,
and, when b = m, so are (1 — a)V + (ng”]for all V e conv{U{', UL'}.
(iii) Every optimal strategy X of Player A satisfies X < 2m + 1; moreover, it also
satisfies X > 1 when b < m, and

1l -«

P(X =0) <
( )_m+l

when b = m.

Proof Letv:=1—(1—a)b/m —ab/(m+1). Foreach Y with E(Y) = b, (2) gives

H(X*.Y) = (1—a)HUY. Y) +aHUZ™ . Y)
()2
>U-)(l—-—)+all-—=)=v
m m+1

Next, for each X with E(X) = a, (3) gives

HX,Y" = (1 — %) P(X >0)+ (%) H(X, U
(D@ o
m m m—+1

So the value is indeed v, and X* and Y* are optimal strategies.

To prove (i), let Y be an optimal strategy of Player B. For every X with E(X) = m,
take X' = (1 — )X + U™ then E(X') = aandso H(X',Y") <v=(1 — )
(1 =b/m) + a(l —b/(m + 1)) by the optimality of Y0. Now H(X', Y% > (1 — @)
HX, Y)Y 4a(l—b/(m+1))and 1 —a > 0, so H(X, Y°) < 1 —b/m. Therefore Y°
is optimal for Player B in I'(m, b). A similar argument (using (1 —a)UJ' +a X where
E(X) = m+1; recall thatoe > 0) shows that Y is also optimalinI"(m+1, b). Theorem
2 (iv) applied to both I'(m, b) and I"(m + 1, b) implies that Y* < 2m and P(Y? = 0)
=1—b/(m+1), sowecanexpress Y0 as YO = (1 —b/(m+ 1)1g+ (b/(m + 1)) Z
where Z > land E(Z) =m + 1,50 Z =27+ 1 with E(Z') = m.

For every X with E(X) = m we have E(X + 1) = m + 1 and, therefore, since YO
is optimal in I'(m + 1, b),
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> HX+1,Y°
m+1"- X+ )

b b
=({l-—)PX+1>0 —— )HX+1,Z +1
( +1) (X+1> )+(m+l) (X + +1D

m

=1 b (-0 H(X,Z);
- m+1 ) )

hence'* H(X,Z') < 0. Therefore Z' is optimal in I'(m, m), which implies by
Theorem 2 (i) that Z’ € conv{UJ', U['}. We have seen above that ¥ 0 < 2m, so
Z < 2m and Z' < 2m — 1, which implies that in fact Z' = U} (since U}, and
thus all other elements of conv{U/}', U}'}, give positive probability to 2m). Hence
YO = (1 —b/(m+ 1)1+ (b/(m+ 1)UL +1) = (1 —b/m)ly+ (b/m)UM = Y*,
which proves (i).

To prove (ii): We have already seen that X* is an optimal strategy of Player A.
When b = m, for every Y with E(Y) = m we have H((1 — «)U" + aU(')”H, Y) =
(=) 0+a(1/(m+1)) = 1=(1—=a)(m/m)—a(m/(m+1)), so (1—a)U" +aUJ*!
is indeed optimal for Player A in I'(m + «, m).

Finally, to show (iii), let X° be an optimal strategy of Player A. Equality in (9)
implies that it must satisfy X9 < 2m + 1 (recall (3)) and, when b < m, also P(X? >
0) =1.Whenb =m,take Y = (1/(m+1))1o+ (m/(m + 1))Ug1+1; then E(Y) = m
and

Y valTm+am) < HXO, Y)
m+1

1 m
=—PX°>0+——HX, Uyt
(X7 > 0) + —— H( o )

m+1
1 m m+ «
<—1-Px°=0)) - 1—
_m—i-l( ( 2 m—l—l( m—l—l)
(recall (2)), which yields PX°=0) < —a)/(m+1). O

Again, there are additional optimal strategies for Player A; for example, X =
(1/2)11 + (1/2)1 isoptimal in I'(3/2, 1) and X = (5/12)1; 4+ (1/4)13 4+ (1/3)14 is
optimal in I'(5/2, 1/2).

The table in Fig. 1 provides a summary of the results of this section: the first two
rows correspond to Theorem 2, the third row to Theorem 3, and the last two rows to
Theorem 4.

As we have seen, the main difference between the strong player and the weak
player lies in the probability of “giving up,” i.e., choosing 0 (see also Theorem 1
on the continuous version and the discussion following it). Our results yield precise
bounds on these probabilities. '

14 For the last equality we have used the fact that H(X, Y) is a function of X — Y only (see (1)).

15 Interestingly, the experiments of Avrahami and Kareev (2005) have shown that the number of empty
urns is a significant variable.
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H H Value H Optimal Strategies H
a=m 0 Al Ugle
b=m B * Uz
=m a—b b Al* ug'
b<m a  m B

b b
(1) o+ () v

a=m-+a« (Z—b:()(—ﬂ A k (1_0£)Ué”+O[U(7)n+l
— a m—+1 m -
b—ﬁl-ﬁ-ﬂ ’71 B | * (1_5)UE +[3U0+1
a=m-+ « (Z—b: [0} A (1_0[)U(T)T/LE+QU(7)IL+1
- a m+1 o
a=m+a la] —b [a] —b | A (1—a)Us" +a U
(1-a) +a
b<m la) [a] B

b b
L)oo

Fig.1 Values and optimal strategies of the General Lotto games I"(a, b) (m denotes an integer; O<a, f<1;
a star (*) indicates that these are the only optimal strategies; and U, C””/E stands for conv{UJ', U'})

Corollary 5 Let X° and Y° be optimal strategies of Player A and Player B, respec-
tively, in the General Lotto game T'(a, b) witha > b > 0. Then X%, Y? <2 |a] + 1
and"®

[1—1} < P(x° 0)<[1—L] and
1], = =l T w1l

[1—i} <PY° 0)5[1— b ]
|—a—|+ LaJ+1+

Proof This is easily verified when the optimal strategies are fully characterized
(* in Fig. 1). The remaining cases are covered in Theorems 2 (iv) and 4 (iii). 17

]

Thus, when b is not an integer we have [b] = |b]| + 1 and so PX° =0) =
[l —a/[b]]4+; similarly for a and YO. Also, X% > 1 whena > |b| + 1. Moreover,
in all cases the bounds are attained (in particular, by the strategies in Fig. 1).

4 Colonel Blotto Games

Having solved the General Lotto games I" (a, b), we will now show how certain optimal
strategies in these games can be implemented in the Colonel Blotto games B(A, B; K)
(as well as in the Colonel Lotto games L(A, B; K)).

16 [z]4+ = max{z, 0} is the “positive part” of z.

17" In fact, la] + [aT] is a more precise bound on XY and Y.
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Let A > 1 and K > 2 be integers. Recall (Sect. 2.2 ) that we identify a
K-partitionx = (x1, x2,...,xx )of A(i.e.,x1+x2+- - -+xx = A, where the x; are K
nonnegative integers) with the distribution it generates, X = Zle (1/K)1,,; note that
E(X) = A/K. Anonnegative integer-valued random variable Z will be called (A, K)-
feasible if Z can be obtained from a probability distribution on
K-partitions of A. That is, Z is a mixed strategy of Player A in the Colonel Blotto
game B(A, B; K). Formally, it means that Z = Z?:l i Xi, where each X; is (the
distribution of) a K-partition of A, each ; > 0, and >/ ; A; = 1. For example,
let Z = U% = (1/4)1p + (1/H12 + (1/4)14 + (1/4)16; then Z is (6, 2)-feasible:
put mass 1/2 on the partition (0, 6) and 1/2 on the partition (2, 4 ) (their distribu-
tions are, respectively, (1/2)19 4+ (1/2)1¢ and (1/2)1,> + (1/2)14). However, Z is not
(9, 3)-feasible, since the support of Z consists of even numbers only, whereas every
3-partition of 9 must contain an odd number.

We have

Proposition 6 Let A > 1 and K > 2 be integers.

(i) If A =mK where m > 1is an integer, then U"} is (A, K)-feasible if and only
if A and K have the same parity (i.e., both are even or both are odd).
(i) If A =mK where m > 1 is an integer, then U7 is (A, K)-feasible if and only
if A is even.
(i) IfA=mK +r wherem > 0and 1 <r < K — 1 are integers, then

(1= f)or ()
is (A, K)-feasible.

When A/K = m is an integer, (i) and (ii) can be restated as follows. If K is even,
both Uj" and U] are feasible; if K is odd, only one of them is feasible: U when A
is odd and U} when A is even. As we will see immediately below, it turns out that
Uj' and U[" are feasible except when this is ruled out by trivial parity considerations.

The proof of Proposition 6 provides explicit constructions of the appropriate distri-
butions on partitions; a number of illustrative examples follow the Proof of Theorem 7.

Proof First, we note that the conditions of feasibility in (i) and (ii) are clearly necessary.
Indeed, if A is the sum of K odd numbers then A has the same parity as K; hence UZ',
whose support consists of odd numbers only, cannot be obtained from K-partitions of
A when A and K have different parity. Similarly, if U}", whose support consists of
even numbers only, is (A, K)-feasible, then A is the sum of K even numbers, so it
must be even.

We will now construct for each case an appropriate £ x K matrix S, such that each
row is a K-partition of A (i.e., all the row sums equal A), and the required distribution
X is obtained by assigning equal probability of 1/¢ to each row. We will say that in
this case S implements X (by K-partitions of A).

We first deal with (ii) and (iii); we distinguish two cases, according to the parity
of K.
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o - 0 2m e 2m
o 2 -2 2m —2 -+ 2m—2
2m .-+ 2m 0 e 0
k k
Fig. 2 The matrix 5% in Case 1

0 e 0 in e in 2n 4n
2 2 in—2 -+ 4dn-—2 2n + 2 dn —4

S0 = 2n e 2n 2n e 2n 4dn 0
2n+2 -+ 2n+2 2n—2 -+ 2n—2 0 in —2

in e an 0 e 0 2n — 2 2

k k—1

Fig. 3 The matrix $9 in Case 2.1

Case I K is even, say K = 2k. For every m > 0, let $° = (S?j)i=o,,,.,m,j=1 ,,,,,
the (m+1) x K matrix of Fig. 2 (column 1 and column k + 1 are repeated k times each):
for each i :0,1,...,m,puts?j =2iforj < kands?j =2m —2i for j > k+ 1.
The sum of each row of SY is 2mk = mK, and each column is a permutation of
{0,2, ..., 2m}. Therefore each row is a K-partition of A = mK, and s0 implements
the distribution U}": assigning probability 1/(m + 1) to each row generates U}" in
each column, hence U}* overall. This proves (ii) for K even and A = mK even.

Next, foreach 1 < r < K — 1, let S” be the matrix obtained by adding 1 to all
elements of SO in, say, the first » columns 1,2, ..., r. The sum of each row is now
Km—+r, soeachrow is a K-partition of A = mK +r. Assigning probability 1/(m+1)
to each row generates the distribution (r/K)U/' oy (1 —=r/K)U" (since each one
of the first r columns is a permutation of {1, 3,...,2m 4 1} and thus yields Ug”'l,
and each one of the remaining K — r columns yields U[", as before). This proves (iii)
for K even.

Case 2 K is odd, say K = 2k + 1. We distinguish two subcases, according to the
parity of m.

Case 2.1 m is even,saym = 2n,and 0 <r < K — 1. We start with the (m + 1) x K

for j e {1,...,k},sg. =4n —2iforj € {k+1,...,2k— 1}, s =2n+2i and
s22k = 4n — 4i, all modulo 4n + 2. It can be verified that the sum in each row is
2n(2k + 1) = mK, and each column is a permutation of {0, 2, ..., 4n}. Therefore
S9 implements UEZ” = U[" by K-partitions of A = mK, which proves (ii) when
K isoddand A = mK iseven. Asincase 1, foreach 1 <r < K — 1 we add 1
to all elements in the first 7 columns of S to obtain the matrix S” that implements
(r/K)Ug"H + (1 — r/K)U}*, which proves (iii) here.
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Discrete Colonel Blotto and General Lotto games 455

0 0 n—2 -+ 4dn—2 0 2n
2 2 n—4 --- 4dn—4 1 2n+1
St = n—-—2 - 4dn—2 0 0 2n — 1 dn —1
0 0 n—2 -+ 4dn-—2 2n 0
| 4n—2 - 4dn -2 0 0 dn —1 2n—1 |
k—1 k

Fig. 4 The matrix S! in Case 2.2

Case2.2 m is odd, say m = 2n — 1, and 1 < r < K — 1. Let sl =
4n — 1, put s}j = 2i for j € {1,...,k}, s}j = 4n —2 —2i for j € {k +
1,...,2k — 1}, Sil,zk = i and si{2k+1 = 2n + i, all modulo 4n. The sum in each
row is (2n — 1)(2k + 1) + 1 = mK + 1; the distribution in each one of the first
2k — 1 columns is UEZ”*1 = U}, and in each one of the last two columns is
Ut = (1202 + (120U = (1/2)U" + (1/2)US . Therefore S im-
plements, by K-partitions of A = mK + 1, the distribution ((2k — 1)/K)U" +
Q/K)((/2)U" + (1/2)Ug1+1) =1-1/K)U + (l/K)Ug’H, which proves (iii)
forr = 1. Foreach2 < r < K — 1, add 1 to all entries in the first r — 1 co-
lumns (so the last two columns are never changed), to obtain S” that implements
(1 -r/KHU" + (;"/K)US"+l by K-partitions of A = mK + r, completing the proof
of (iii) in this case too.

We have completed the constructions for (ii) and (iii) in all cases. To prove (i), let
K and A = mK have the same parity. Then A = A — K = (m — 1)K is even, so
vy ~lis (A’, K)-feasible by (ii). Transform each K-partition of A’ into a K -partition
of A = A’ + K by adding 1 to every element of the partition; this transforms the
distribution U"~! into U"~! 4 1 = U (in terms of the implementing matrices
above, it corresponds to the matrix SX obtained by adding 1 to all entries in all K
columns of the matrix S for K and m — 1). o

Consider now a Colonel Blotto Game B(A, B; K) and the associated General Lotto
game I"(a, b), where a := A/K and b := B/K. An optimal strategy X of Player A
in I'(a, b) guarantees a payoff of at least valI"(a, b) against any strategy of Player
B there, and so, a fortiori, against any strategy of Player B in B(A, B; K). The-
refore, if such an X is feasible in B(A, B; K), i.e., if X is (A, K)-feasible, then
val B(A, B; K) > valI'(a, b). Similarly, for Player B, if an optimal strategy Y in
I'(a, b) is (B, K)-feasible, then val B(A, B; K) < valT'(a, b). If both X and Y are
feasible, then val B(A, B; K) = vall'(a,b), and X and Y (more precisely, their
implementations by K-partitions) are optimal strategies in the Colonel Blotto game
B(A, B; K).

We start with the symmetric case where A = B (and the value is 0).

Theorem 7 Proposition 6 provides optimal strategies for every symmetric Colonel
Blotto game B(A, A; K).
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Proof If A/K = m is an integer, at least one of U} and U}" is (A, K)-feasible by
Proposition 6 (i) and (ii), and we apply Theorem 2. Otherwise, A/K = m + « where
a =r/K forsome 1 <r < K — 1, and then the strategy (1 — «)U[" +(ng+l is
(A, K)-feasible by Proposition 6 (iii); apply Theorem 3. O

We illustrate this with some examples. First, let A = 7 and K = 3 (the case
presented, without solution, in Borel 1921). Thus m = 2 and r = 1, and the Proof of
Proposition 6, specifically Case 2.1 with k = 1 and n = 1, gives the matrices

024 124
s=1240 and S'=[340],
402 502

so an optimal strategy in B(7, 7; 3) can be read from S! (since r = 1): it is

1
(073’4>+ § (05275)

1
1,2,4)+ -
{ )t 3

W | =

(it generates (2/9)(1o + 12 + 14) + (1/9)(A; + 13 + 15) = (2/3)UE2 + (1/3)US).
Next,let A=7and K =4 (som = 1 and r = 3); Case 1 gives

o 0022 s 1132
S —[2200 and 57 =13310]

therefore an optimal strategy in B(7, 7; 4) is

(1,1,2,3)+ 5 (0,1,3,3)

N =
N =

(it generates (1/8)(1o + 12) + (3/8)(11 + 13) = (1/4)UE1 + (3/4)U§).
Finally, when A = 7 and K = 5, Case 2.2 gives

02202 12202

20013 30013
- 2 _
$=102220 and 57 =11950500 "

20031 30031

and an optimal strategy in B(7, 7; 5) is thus'®

(0,1,2,2,2)+ = (0,0,1,3,3)

| =
N =

(it generates (3/10)(1g + 12) + (2/10)(1; + 13) = (3/5)UE1 + (2/5)U§).

18 Another optimal strategy, (1/2) (0,0,2,2,3) 4+ (1/2) (0,1,1,2,3), is obtained by adding 1 to all
entries in the second column of S!.
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The next three results deal with nonsymmetric Colonel Blotto games.

Proposition 8 Lerm < A/K, B/K < m + 1 where m is an integer. The value of the
Colonel Blotto game B(A, B; K) is

A—B

valB(A,B; K) = ———,
K(m-+1)

and optimal strategies for Player A and Player B are those of Proposition 6 (iii) that
correspond to

A A
(m—{-l—E) Ué"—l—(E—m) urt and

B B
(m+l—?)U,§”+(?—m)U(')"+l,

Proof Recall Theorem 3. O

respectively.

In the following two cases we obtain bounds on the values of Colonel Blotto games.

Proposition 9 Let A > B.If A/K is an integer and A and K have the same parity,
then the value of the Colonel Blotto game B(A, B; K) satisfies

A—-B
valB(A, B; K) > .

Proof Leta := A/K and b := B/K. Proposition 6 (i) and Theorem 2 imply that
U§, the optimal strategy in I'(a, b), is feasible for Player A in B(A, B; K), so
valB(A, B; K) > valT'(a,b) = (a —b)/b = (A — B)/B. O

Proposition 10 Let B/K <m < A/K < m + 1 where m is an integer. If B is even
and B/m is an integer, then the value of the Colonel Blotto game B(A, B; K) satisfies

al B(A,B; K) <1—(1 ) B B
% ; —-(l—-a)— —a————
T - mK (m+ 1K’

where  :== A/K — m.

Proof Puta := A/JK =m +a, b:= B/K and K' := B/m; by assumption K’ is an
integer and B is even. Therefore the strategy U is (B, K')-feasible by Proposition 6
(ii). From each K’-partition of B one obtains a K-partition of B by adding to it K — K’
zeroes;'? thus the strategy (K —K')/K)1o+(K'/K)U!" = (1—b/m)1g+(b/m)UM,
which is optimal for Player B in I"(a, b) (by Theorem 2 when o = 0 and by Theorem
4 when o > 0), is (B, K)-feasible. Therefore val B(A, B; K) < valI'(a, b). O

19 K’ < K since B/K < m.
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5 Discussion

We have introduced the General Lotto games as a generalization and technical tool
for studying Colonel Blotto games. However, these games are clearly of interest in
their own right, as natural models of optimal resource allocation in competitive envi-
ronments.

For example, Continuous General Lotto games are used in various models of
political competition (Myerson 1993; Lizzeri 1999; Sahuguet and Persico 2006; Dekel
et al. 2004, and others). Requiring the allocations there to be integer-valued is only
natural: it corresponds to having a minimum unit of exchange.

An interesting connection has been made to “all-pay auctions” (see, e.g., Appendix
A in Sahuguet and Persico 2006). Auctions, particularly multi-object auctions, are
natural instances of allocation games—so, again, the games studied here should be
useful. Yet another connection is to tournaments (Groh et al. 2003).

We have not fully solved all Colonel Blotto games. However, it is clear that the
methods we have used may be extended to cover various additional cases. First, one
would need to extend the class of strategies that can be implemented by partitions,
beyond those of Proposition 6. Second, it would be useful to find the additional optimal
strategies of General Lotto games in those cases where we have not obtained complete
characterizations (i.e., there is no * in the corresponding row of Fig. 1); this will provide
additional candidates to be implemented by partitions in Colonel Blotto games.

A Appendix: Proof of Theorem 1

All random variables in this appendix will be assumed to be nonnegative. For every
such Z,

e¢]

E(Z) = / P(Z > 2)dz
0

(see, e.g., Billingsley 1986, (21.9)). From (1) we get
1-2P(Y >X)<HX,Y)<2P(X>Y)-—1. (10)

Proof of Theorem 1. For every Y with E(Y) = b,

i 2a ) 00
P(YzX*):—/P(sz)dxf—/P(sz)dx
2a 2a

0 0

b
2a’

1
S, EX) = (an
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hence H(X*,Y) > 1-2P(Y > X*) > 1—b/a. Similarly, forevery X withE(X) = a,

2a
P(X 2 1Y) = (1—E)P(Xzow(?)i/mxzy)dy
a a) 2a
0

<1-2 i Pt (12)
- a 2a? 2a’
hence H(X,Y*) <2P(X > Y*)—1 < 1—b/a. The value of A(a, b) isthus 1 —b/a,
and X* and Y* are optimal strategies.
Let X° be an optimal strategy of Player A, i.e., H(XO, Y) > 1 — b/a, hence
P(X° > Y) > 1 — b/(2a) (recall (10)), for all ¥ with E(Y) = b. When ¥ = Y* we
have equality, so (12) implies fzc;o P(X° > y)dy =0, or

P(X° > 24) = 0. (13)

We will now show that, for every ¢ € [0, 2a],
O t
PX'>1>1—-—. (14)
2a

Indeed, when ¢ € [b,2a], take Y = (1 — b/t)1g + (b/1)1;; then P(X? > V) =
(1 —b/t) + (b/t)P(X® > 1), and the inequality P(X? > Y) < 1 — b/(2a) yields
(14). When ¢ € [0, b), for any small ¢ > 0 take ¥ = Al, + (1 — X)1p,44, with
r=Qa+e—b)/QRa+e—1);then E(Y)=b,and | —b/(2a) > P(X* > V) =
AP(XO > 1) (recall (13)) yields (14). Now

2a 2a

a=E(X0)z/P(ont)dtz/(l—zt—a) dt = a,
0 0

so we must have equality in (14) for almost every ¢ € [0, 2a], and thus for every
t € [0, 2a] (take ¢’ arbitrarily close to ), so X0 = X*.

Next, let Y0 be an optimal strategy of Player B, i.e., H(X, Y9 <1-— b/a, hence
P(Y0 > X) > b/(2a) (recall (10)), for all X with E(X) = a. When X = X* we have
equality, so (11) implies

P(Y° > 2a) = 0. (15)

For every small ¢ > 0, let X = U (¢, 2a — ¢); then E(X) = a and
2a—¢

/ P(Y° > x)dx

&

(B0 —eP(r® = e)),

b 0
— <PY">X)=
2a 2a — 2¢

<
~ 2a —2¢
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which implies that

S

PY?>¢) <=, (16)
a
We will now show that, for every ¢ € (0, 2a],
b t
PY’>1n>= (1 — —) . (17)
a 2a

Indeed, when ¢ € (a,2a], take X = A1, + (1 — A)1; with A = (t —a)/(t — ¢);
then E(X) = a and b/(2a) < P(Y? > X) = A(b/a) + (1 — VPIY? > 1) (by
(16)); as ¢ — 0 we get (17). When ¢ € (0, a), take X = A1, + (1 — A)1r44, With
r=(a+¢e)/QRa+e—1);then E(X) =aand b/(2a) < P(Y" > X) = AP(Y° > 1)
(recall (15)), which yields (17) as ¢ — 0. To complete the proof we proceed similarly
to X” above: integrating (17) over ¢ and using E(Y") = b implies equality in (17) for
almost every ¢, thus for all 7, so YO0 = y*. O
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