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Value, introduced by Lloyd Shapley in 1953, is a central concept in game
theory and its applic'ations. The value of a game to a player is best viewed as an
a priori evaluation of his expected payoffs (in a similar way that the “utility” of
a “gamble” or “lottery” is a measure of the-prospective outcomes). The Shapley
value and its generalizations have been extensively studied, and continue to be
the focus of much research, both theoretically (leading to interesting and deep
mathematical problems), as well as in applications (in economics, political sci-
ences, etc.).

This paper surveys recent advances in the study of the various value concepts.
It covers mainly the last decade; the survey of Aumann (1978) is an excellent
reference up to that date. We will deal here mostly with theory, the applications
of value (which are becoming more and more abundant) being the subject of
another survey.

It should be immediately pointed out that this is in no way a comprehensive
survey (the allotted time will hardly suffice just to write down the references of
papers dealing with valuel!). It is rather a collection of some results which seem
most significant, either in opening up new paths, or in closing up (difficult) gaps
left from previous research. Moreover, the presentation will be as informal as
possible, the aim being only to focus on the main ideas; for precise and detailed
formulations one should of course refer to the original papers.

A two-way standard classification will be used: on one hand, finite versus
large games (the former referring to general games with finitely many players,
and the latter to asymptotic results—when the number of players increases—and
to games with infinitely many players); and on the other hand, transferable utility
(TU) versus nontransferable utility (NTU) garies (also known as “with/without
side payments’’).

-

1. FINITE GAMES WITH TRANSFERABLE UTILITY

The main solution concept here, from which the whole theory has deyeloped, .
is the Shapley value (Shapley, 1953). It may be surprising that after so many
years there are still new and interesting things to say about the Shapley value,
even in ﬁmte TU games!
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First, the standard notations!: A game (N, v) consists of a finite set N of
“players” together with a “characteristic function” v: 2V — K that associates to
every ‘‘coalition” S C'N its “worth” v(S); it is assumed that v () = 0. A
solution function ¢ assigns to each game (N, v) a “payoff vector” ¢ (N, v) =
($'(N, V))en € RY.

1.1 MARGINAL CONTRIBUTIONS

As it is well known, the standard axioms determining the Shapley value are:
Efficiency (which means that the values add up to v(&), the worth of the grand
coalition); symmetry or equal treatment (which means that identical players have
equal values); additivity (the value of the sum of two games is the sum of the
values of the two games?); and finally, null player (the value of a player who
pever contributes anything is zero).

In a recent paper, Young (1985) has shown that one may replace the last two
aXioms—T“additivity” and “null player”—with the following requirement: The
value of a player depends only on his marginal contributions, i.e., given two
games (N, v) and (N, w) (with the same set of players) and a player i € N,
if v(§) — v(S\i) = w(S) — w(S\i) for all coalitions S, then ¢'(V, v) =
d(N, w).? We will refer to this as the “marginal contributions’ axiom.

Young’s result is: A solution function satisfies ““efficiency”, “‘symmetry” and
“marginal contributions”, if and only if it is the Shapley value.*

It is easy to derive the “null player” axiom: the marginal contributions of a
null player are the same as in the “null game” w (defined by w(S) = 0 for all
S); “efficiency” and “‘symmetry” imply that the value of w is zero for all play-
ers. The surprising fact is that the “additivity” axiom is also implied by these
other three axioms.> The proof (by induction on the number of players) makes
use of “symmetry” in an essential way; it seems therefore interesting to drop
“symmetry” and characterize other solutions that satisfy the ‘‘marginal contri-
butions” axiom (e.g., the “weighted Shapley values’).

1.2 POTENTIAL

Paying players according to their marginal contributions is a principle of long
standing, in particular in economics. If it is applied in a straightforward manner

1/ denotes the real line, J is the empty set, and all set inclusions C are weak.

20One may use “‘average” instead of “sum”: if one of two equally probable games will be played,
then the “total” (a priori) value is the average of the values of the two games.

3\ denotes set subtraction; we will write S\ i instead of the correct but more cumbersome S\ {i}.

4Young (1985) actually uses a stronger axiom, which clearly implies the, “marginal contributions”
axiom: given two games (N, v) and (N, w) and a player i € N, if v(S) — v(S\i) = w(S) — w(S\i)
for all S, then ¢i(N, v) = ¢/(N, w). ' ,

5Note that a linear operator that satisfies “marginal contributions’ and ““null player” must be a
linear combination of the marginal contributions, since it vanishes whenever they all vanish (this
remark is due to Dov Monderer); however, here the value is not assumed to be linear (which implies
“additivity™). '
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it leads, however, to infeasible or inefficient allocations (since, in general,
2ien [VIN) — v(N\ )] differs from v(N)).

The following approach has therefore been suggested by Hart and Mas-Colell
(1989): Associate to each game (N, v) just one real number P(N, v), called the
potential of the game, and compute marginal contributions according to these
numbers. It is now required that these marginal contributions satisfy ‘effi-
ciency,” that is¢

> [P(N, v) — P(N\i, W] = w(N).
ieEN

The main result is that there exists a unique’ real function on games—the
potential function—such that its marginal contributions are always efficient
(1.e., the equation above is satisfied); moreover, the resulting payoff vector is
precisely the Shapley value.

It is remarkable that just one requirement, namely the equation, suffices. Fur-
thermore, it turns out that, for any given game, one needs to apply this equation
only to this one game and its subgames in order to determine the potential-—and
thus, a fortiori, the Shapley value—uniquely (this is in contrast to the usual
axiomatizations, where large classes of games have to be considered together).

The potential function approach has led to a number of new results. In particu-
lar, a formulation of “internal consistency” for the Shapley value has been ob-
tained, which parallels similar developments for other solution concepts (core,
kernel, nucleolus, bargaining solutions, etc.). Finally, it should be pointed out
that the potential approach can be extended, for instance, to “weighted values”
and to NTU games.

2. FINITE GAMES WITH NONTRANSFERABLE UTILITY

A value for NTU games usually satisfies the following requirements (these are
minimal desiderata): For TU games, it coincides with the Shapley value; for two-
person games, it coincides with the Nash bargaining solution; and, finally, it is
“NTU invariant” (also referred to as ‘“‘scale covariant’; it means that rescaling
the payolls, independently among the players, leads to the same rescaling of the
values). The two most studied NTU values are due to Harsanyi (1963) and Shap-
ley (1969).

2.1 A DEBATE

The papers of Roth (1980) and Shafer (1980) have exhibited some examples
where the NTU values seem to behave somewhat unintuitively. The ensuing
$The (sub)gmne (N\i, v) is the restriction of the game (N, v) to N\i, and P(N\i, v) is its

potential.
"Up to an additive constant, which of course does not change the marginal contributions.
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debate (see Aumann, 1985b, 1986; Hart, 1985b; Roth, 1986) led to a renewed
interest in this subject. -

I will not get into this controversy here (the ‘“‘truth”—if there is such a
thing—lies, as usual, somewhere in between; see also the paragraph one before
Jast of Section 2.2). I will just point out that some of these papers deal with
fundamental issues and should be of interest to the large community of research-
ers in game theory and its applications (an extensive bibliography on the theory
and applications of the NTU value may be found in Aumann, 1985b).

2.2 AXIOMATIZATIONS

Partly, perhaps, as an outcome of the above debate, the NTU solutions have
been recently axiomatized (in the same way that the Shapley value and the Nash
bargaining solution have each been shown to be uniquely determined by appro-
priate sets of plausible axioms).

This approach has been pioneered by Aumann (1985a), who provided an ax-
jomatization for the Shapley NTU value (also known as the “A-transfer value”).
Let ¢ stand now for a set-valued function that associates to an NTU game
(N, V) a set of payoff vectors in K7. Fix the set of players N, and consider the
following axioms (required for all games in an appropriate class of games I'):

AxioM 1. Nonemptiness (i.e., p(V) # O);
AxioMm 2. Efficiency (i.e., (V) contains only Pareto-efficient vectors);

AxIoM 3. Scale covariance (i.e., d(\V) = \d(V) for all strictly positive
vectors A € KV);

AxioMm 4. Conditional additivity (i.e., (V + W) contains all elements of .
d(V) + &(W) that are Pareto-efficient for V + W);

AXIOM 5. Independence of irrelevant alternatives (i.e., if V C W, then ¢(V)
contains all elements of ¢(W) that are feasible in V);

AXIOM 6. Unanimity gahzes (i.e., if V corresponds to a TU unaniniity game
v, then ¢(V) consists of a unique element: the Shapley value of v).

Aumann’s result can now be stated:

THEOREM 1. ¢ satisfies Axioms 1 to 6 on 1" if and only if ¢(V) is the set of
Shapley NTU values of the game V for every V € T'.

Following this, Hart (1985a) has provided an axiomatization for the Harsanyi
NTU value: ,
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THEOREM 2. ¢ satisfies Axioms I to 6 on 1" if and only if ¢p(V) is the set of
Harsanyi NTU solutions of the game V for every V € I

The two-theorems are indeed formally identical. There are two differences: A
minor one is that the set I' of games changes. A major one is that, in Theorem
1, one deals with payoff vectors, and in Theorem 2, with payoff configurations.
A “payoff configuration” x is a list of payoff vectors for all coalitions; i.e.,
X = (x5)sey With xg = (x§);es € K5 for all § C N. Thus, ¢(V) is a set of payoff
vectors (i.e., elements of KV) in Theorem 1, and it is a set of payoff configura-
tions in Theorem 2 (the axioms have to be interpreted accordingly in each case).

On one hand, it is quite remarkable that essentially identical requirements
characterize the two NTU values. On the other hand, the main difference be-
tween the two axiomatizations suggests that the grand coalition N plays a more
prominent role in the Shapley NTU value than in the Harsanyi one, where inter-
mediate coalitions are taken into account no less “seriously.” This further leads
to the conjecture that the Shapley NTU value may be better suited for large
games (see the discussion at the end of Section 5 in Hart, 1985a).

In a parallel development, Kalai and Samet (1985) have studied and axioma-
tized the class of egalitarian solutions. These solutions are not NTU invariant:
only when the players’ payoffs are equally (rather than independently) rescaled
they change accordingly. One may thus call these CU solutions (for ““comparable
utilities”’) since they apply when, for instance, the ratios between the individual
utility scales are given.

3. LARGE GAMES WITH TRANSFERABLE UTILITY

It is now assumed that the number of players is infinite, and some (if not all)
are individually insignificant; such a game is called a large game. For example,
the generalization of a weighted majority game is a scalar measure game
v = fou, where w is a probability measure (the “fraction of the vote) and f is
a rcal function defined on the closed interval [0, 1]. Let N denote the support of
w; a weighted majority game results if the set N is finite and f is the indicator
function of an interval [g, 1]; a large game corresponds to an infinite N.

There are two main approaches to the study of value in games with infinitely
many players: the asymptotic approach, where the given game is approximated
by sequences of finite games, and the value is defined as the limit of the corre-
sponding Shapley values, and the axiomatic approach, where the value is deter-
mined by a set of axioms, similar to those used for finite games.

3.1 THE ASYMPTOTIC APPROACH

A game v with infinitely many players has an asymptotic value if, for any
approximating sequence of finite games, the limit of their Shapley values exists
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TABLEI
Asymptotic Value of Scalar Measure Games fou

\ f
Support of u “Nice” General
Countable Artstein (1972) " " Berbee (1981)@
Nonatomic continuum Aumann and Shapley (1974); Neyman (1981)°
, Kannai (1966)
Finitely many atoms and Fogelman and Quinzii (1980) Neyman (1979)®
a nonatomic continuum
General ¢ —A Neyman (1988)

aBerbee does not actually prove the existence of the asymptotic value in this case; however,
his paper solves the main difficulty here (see Neyman, 1986).

5Neyman (1981) actually predates Neyman (1979).

<That is, countably many atoms and a nonatomic continuum.

4The result of Fogelman and Quinzii (1980) may be extended to this case as well as by
appropriate approximations, which is not so-in the general (“non-nice”) case (this remark is
due to Abraham Neyman). (

and is moreover independent of the particular sequence chosen. The study of the
asymptotic value of scalar measure games, in particular, has required very deep
mathematical advances (some of these problems were open for a long time),
mainly in probability theory (cf. the work of Neyman and of Berbee). The final
result of Neyman (1988) (that includes all previous ones) is that the game
v = fou has an asymptotic value for any function fin bv’ (the space of functions
of bounded variation that vanish at 0 and are continuous at 0 and 1) and any
probability measure . v —

Table I summarizes the development of these results. It is organized according
to the support of the measure w; moreover, the case where the function f is
“nice” (for instance, differentiable or absolutely continuous) is shown separately
(it corresponds to the spaces of games pNA, pFL, etc.).

3.2 THE AXIOMATIC APPROACH

We consider now nonatomic games, which are games with infinitely many
players that are individually insignificant. Aumann and Shapley (1974) define a
value ¢ as an operator on a space @ of nonatomic games that satisfies a number
of axioms. The value existence problem consists of finding spaces Q, as large as

-possible, on which a value exists.® , |

A most important contribution to this problem has been made by Mertens

(1988). The space Q he has obtained contains, in particular, all scalar measure

8The restriction of a value on a subspace is a value on the subspace as well.
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games v = fou, where w is a nonatomic probability measure and f € bv' (see
Section 3.1 above), all sums and products of such games, all games of the form
v = min{u,, . . ., w,} where the u,'s are nonatomic probability measures and
n is an arbitrary integer (these include the so-called ‘““n-glove markets’), and
others. ‘ v

To explain the key insight that led to this result, one must first recall the well
known “diagonal formula,” which says that the value of a player is the average
of his marginal contributions to coalitions that are perfect samples of the grand
coalition (these coalitions are referred to as ‘“‘diagonal coalitions”’). This for-
mula—which is just the “Law of Large Numbers” in this framework—works
well for “differentiable”” games, where the marginal contribution is the corre-
sponding (directional) derivative.

What happens however when the game is not “differentiable” along the ‘““di-
agonal”? The idea is then to average the marginal contributions as one moves in
a neighborhood of the diagonal (rather than on the diagonal itself). For this, an
appropriate probability measure P needs to be defined on coalitions (actually,
“ideal coalitions’’). A first approach, using normal distributions (by the “Central
Limit Theorem’”) may however be shown to fail to generate a value.

Mertens observed that the “symmetry” axiom of the value indicates that P
should be invariant under all automorphisms of the underlying space of players.
Therefore,.if S is a “random coalition,” chosen according to P, and w,, @, are
any two nonatomic probability measures, then wq(S) and u(S) have the same
distribution.® 1f, in addition, and @, are mutually singular, then we(S) and
w,(S) are independent; moreover, u(S) = (1 — a)uy(S) + ap,(S) are identi-
cally distributed for all 0 = « = 1 (since each u, is a nonatomic probability
measure). But this is just strict stability of index 1, which characterizes the Cau-
chy distribution. Mertens shows that the probability P is well defined (by these
Cauchy “marginals”), and moreover unique, and that a value is generated (it
should be noted that carrying out this program required very intricate and com-
plex arguments).

3.3 MEASURE-BASED VALUES

The symmetry axiom requires the value to be independent of the “names of
the players”; i.e., to be covariant with all “permutations” of the players. When
the number of players is infinite, the space of players is endowed with a o-field
(the ““coalitions’), and the “permutations” become ‘‘automorphisms’: one-to-
one mappings of the space onto itself that are measurable in both directions.

There are however many models where only an appropriate subgroup of auto-

*The space of players is assumed to be *‘standard,” i.e. isomorphic to the unit interval {0, 1] with
the Borel o-field. This implies (see Aumann and Shapley, 1974, Lemma 6.2) that for any two
nonatomic p{ébability measures there exists an automorphism that maps one to the other.

-~
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morphisms should be considered. For instance, when an underlying probability
measure w 1S given (the “population measure’ %), the value is required to be
covariant only with u-preserving automorphisms. This axiom is called w-
symmetry, and an operator satisfying the standard value axioms, with “symme-
try”” replaced by “u-symmetry,” is a p-value. Since any value is also a p-value,
the problem now is usually one of uniqueness: Given a space of games Q, on
which a unique value ¢ exists, is ¢ also the unique w-value there? !

Even on the simplest such space, pNA(w), which is generated by the scalar
measure games of the form v = fov, where fis “nice” (i.e., differentiable or
absolutely continuous) and v is a probability measure (absolutely continuous
with respect to w'?), the uniqueness of the u-value turns out to be a quite non-
~ trivial matter.'® This result has been recently proved by Monderer (1986).

3.4 EQUIVALENCE TO THE CORE

The well known ““Value Equivalence Principle” states that, in a perfectly
competitive economy, all value allocations are competitive (and, moreover, the
two sets coincide if there is sufficient differentiability); see Aumann (1978, Sec-
tion 6) for some discussion and references. In game theoretic terms, this means
that the values of large market games lie (approximately) in the core (since the
core is just the set of competitive allocations).

Recently, Wooders and Zame (1987a) have proved a new quite general result
of this type. They consider games satisfying only two conditions:

(1) superadditivity; and | &
(2) uniformly bounded individual marginal contributions (i.e., there exists a
constant M such that v(S) — v(S\i) = M for all S and ).

Their result is essentially the following: ** Given € > 0, if each player has enough
“substitutes,”” 1 then the value belongs to the (weak) e-core.!® :

°The interpretation being that w(S) is the fraction of the total population that is contained in the
coalition S.

'Two technical points: First, all the games in Q are absolutely continuous with respect to u; and
second, an additional requirement is needed to rule out the always existent ‘‘degenerate p-value,”
which assigns to each game v an appropriate multiple of u. ;

124 1s a fixed nonatomic probability measure. '

13As a general rule, value uniqueness results are much harder than existence ones; there are indeed
relatively few spaces on which the value has been shown to be unique. '

“For simplicity of exposition, the result is presented here in terms of games rather than “attri-
butes” and ‘““pregames’ as in the original paper.

5].e., players of the same type; actually, “near substitutes” suffice. Vi

$The “weak e-core” is the set of all efficient payoff vectors x satisfying

Ses X = w(S) — &S],

for all coalitions S, where |S| denotes the number of elements of S.
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It may seem surprising at first glance that such a result would hold without
assuming the essential property of market games, namely, “positive homoge-
neity of degree 1’ (which means, for instance, that v(T)) = kv(S) whenever T is
a “k-replica” of S, i.e., |T| = k|S| and for each player i in S there are exactly k
players identical to i in 7). However, the two basic assumptions (1) and (2) above
do imply a sort of homogeneity in the limit (note that the proof of Wooders and
Zame goes along different lines). Indeed, for a simple example, let f be a non-
negative function defined on the positive integers that satisfies, for all n, m:

(1) f(n) + fm) = f(n + m); and
(2) there exists M such that f(n + 1) — f(n) = M.

Then it can be easily shown that f(n)/n converges to a finite limit. Clearly, this
argument (that corresponds to the case where there is only one type of player) is
readily generalized to functions of several variables.

4. LARGE GAMES WITH NONTRANSFERABLE UTILITY

There has been little research done here. A possible reason may be that the
difficult problems in the TU case need to be settled first (the NTU values being
usually defined via some auxiliary TU games). Also, most of the results for large
NTU games are usually in applications, especially in economics (e.g., the
“Value Equivalence” theorems, etc.).

Two exceptions should be noted: First, the work of Wooders and Zame
(1987b), which extends their results in the TU case (see Section 3.4 above) to
the NTU case, using the Shapley NTU value.

Second, an approach to the *“Value Equivalence Principle” for the Harsanyi
NTU value, due to Imai (1983) (there is however a drawback, since the *““diago-
nal principle” is assumed rather than proved; without this, the problem appears
to be quite difficult). '

" ACKNOWLEDGMENTS

I would like to thank Robert J. Aumann, Jean-Frangois Mertens and Abraham Neyman for useful

discussions on some of these topics. Partial financial support by the National Science Foundation
(Grant SES—85-10123) and by the U.S.~Israel Binational Science Foundation (Grant 85-00342) is
gratefully acknowledged.

REFERENCES

Artstein, Z. (1972). Values of games with denumerably many players. Int. J. Game Theory 1,
27-37. B

Aumann, R, J. (1978). Recent developments in the theory of the Shapley value. Proc. Int. Congr.
Mathematicians, Helsinki, pp. 995-1003. ’



ADVANCES IN VALUE THEORY 175

Aumann, R. J. (1985a). An axiomatization of the non-transferable utility value. Econometrica 53,
599-612.

Aumann, R. J. (1985b). On the non- transferable utility value: A comment on the Roth—Shafer ex-
amples. Econometrica 53, 667-678.

Aumann, R. J. (1986). Rejoinder. Econometrica 54 985-989.

Aumann, R. J., and Shapley, L. S. (1974). “Values of Non-Atomic Games.” Princeton Univ. Press,
Princeton, New Jersey.

Berbee, H. (1981). On covering single points by randomly ordered intervals. Ann. Probab. 9,
520-528.

Fogelman, F., and Qumzn M. (1980) Asymptotlc value of mixed games. Math. Oper. Res. S,
86-93.

Harsanyi, J. C. (1963). A simplified bargaining model for the n-person cooperative game. Int. Econ.
Rev. 4, 194-220. : _

Hart, S. (1985a). An axiomatization of Harsanyi’s non-transferable utility solution. Econometrica
53, 1295—-1313.

Hart, S. (1985b). Non-transferable utility games and markets: Some examples and the Harsanyl
solution. Econometrica 53, 1445—1450. -

Hart, S., and Mas-Colell, A. (1989). Potential, value and consistency. Econometrica 57, 589—614.

Imai, H. (1983). On Harsanyi’s solution. Int. J. Game Theory 12, 161-179.

Kalai, E., and Samet, D. (1985). Monotonic solutions to general cooperative games. Econometrica
53, 307-327. :

Kannai, Y. (1966). Values of games with a continuum of players. Isr. J. Math. 4, 54-58.

Mertens, J.-F. (1988). The Shapley value in the non-differentiable case. Int. J. Game Theory 17,
1-65.

Monderer, D. (1986). Measure-based values of nonatomic games. Math. Oper Res. 11, 321-335.

Neyman, A. (1979). Asymptotlc values of mixed games. In “Game Theory and Related Topics”
(O. Moeschlin and D. Pallaschke, eds.), pp. 71—81. North-Holland Publ., Amsterdam.

Neyman, A. (1981). Singular games have asymptotic values. Math.. Oper. Res. 6, 205-212.

Neyman, A. (1988). Weighted majority games have asymptotic value. Math. Oper. Res. 13,
556-580.

Roth, A. E. (1980). Values for games without side-payments: Some difficulties with current con-
cepts. Econometrica 48, 457-465.

Roth, A. E. (1986). On the non-transferable utility value: A reply to Aumann. Econometrica 54,
981-984.

Shafer, W. (1980). On the existence and interpretation of value allocations. Econometrica 48,
467-476. ' -

Shapley, L. S. (1953). A value for n-person games. /n ““Contributions to the Theory of Games II”
(H. W. Kuhn and A. W. Tucker, eds.), Ann. Math. Stud Vol. 28, pp. 307-317. Princeton Univ.
Press, Princeton, New Jersey. v

Shapley, L. S. (1969). Utility comparison and the theory of games. In “La Décision,” pp. 251-263.
CNRS, Paris.

Wooders, M. H., and Zame, W. R. (1987a). Large games: Fair and stable outcomes. J. Econ Theory
42, 59-93.

Wooders, M. H., and Zame, W. R. (1987b). “NTU Values of Large Games ” TR 503, mimeo.
IMSSS, Stanford Univ., Stanford, California.

Young, H. P. (1985). Monotonic solutions of cooperative games. Int. J. Game Theory 14, 65-72.



