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Introduction

The goal of these lectures is to give a construction of the (¢, I')-modules associated to
irreducible mod p Galois representations, and then to explain how (¢, I')-modules can be
used to construct representations of By(Q,), the Borel subgroup of GL2(Q,). Some of
these representations extend to GL3(Q,) which then gives rise to the mod p version of

the p-adic Langlands correspondence.

1. Mod p representations of the local Galois group

In this chapter, we consider E-linear representations of Gq, = Gal(ﬁp /Q,) where E is
a finite extension of F),. We first recall the construction of Serre’s fundamental characters
after [Ser72], and then prove that every irreducible representation of Gq, is a twist of

an induction of these characters.

1.1. Serre’s fundamental characters. — Using ramification theory, we can
break down the extension Q,/Q, into Q, D> Q™ > Q¥ > Q,. The group
Iq, = Gal(Q,/Qu™) is the inertia subgroup of Gq, and Gq,/Zq, = Gal(QY™/Q,) is
topologically cyclic generated by the frobenius o, the group [, = Gal(Q;*™°/Q)™) is
isomorphic to [],.,Z¢(1) (where the “(1)” means that if 7 € Gal(Q,™°/Q,™) and
¢ € Gal(Qi™/Q,) maps to o then 676! = 77) and I, = Gal(Q,/Q'™) is a pro-
p-group, the pro-p-Sylow subgroup of Zq,. We say that a character n : G, — E* is
unramified if it is trivial on Zq,. It is then determined by n(c) and if A € E*, we denote
by py the unique unramified character py : o — A7%

For each n > 1, choose m, € Q, such that m?"~' = —p. We then have Q™ =
Un>1Qp™ (). Furthermore, if g € Gq, then g(m,)/m, is a (p" — 1)-th root of unity, so
that there exists a character w, : Gq,. — F,. such that g(m,) = [w,(g)] - 7, and this
character does not depend on the choice of 7,. In exercise 1, you will show that w; is the
mod p cyclotomic character which we also denote by w. Note that w,, is trivial on I, and
it is therefore a character of I;. If d | n then wq(qpn_l)/(pd_l) = wy. If n is given and h € Z,
we say that h is primitive if it is not divisible by (p" — 1)/(p? — 1) for any d < n. Every
mod p character of I; is then of the form w for some well-defined n and some primitive

h; such a character is said to be of level n.

1.2. Irreducible mod p representations. — If g € Gq,, then 7 — w!(grg™") is a

character of Gq,, which is of the form wfbjh and if A is primitive, then the characters
h 1h

n?

mdggp wﬁ is irreducible. The determinant of this representation is w” on ngn and hence
pn

wh WPt WP are pairwise distinct so that by Mackey’s criterion, the representation
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we can twist it by an unramified character so that its determinant is w" on Gq,- The
resulting representation is denoted by ind(w”). We will see later on that ind(w”) is defined

on F, (see also exercise 2 for a proof).

Theorem 1.2.1. — If W is an absolutely irreducible E-linear representation of Gq, of
dimension n, then there exists \ € F; such that \" € E* and 1 < h < p" — 2 primitive
such that W = ind(w?) @ py.

Proof. — Since a p-group acting on an F-vector space always has nontrivial fixed points,
W' = {0} and since W is irreducible, W = W' . The restriction of W to Zq, is therefore
a representation of I; and I; is an abelian group of pro-order prime to p, so that W|;, is a
direct sum of characters after possibly extending scalars. If y is one of those characters,

then it is of level m for some m and it then extends to ngm so that W|gQ _ contains
P

x and by Frobenius reciprocity W contains indgz” X. Since W is irreducible, we have
pm

m =n and Y = w" times some unramified character. One concludes by exercise 3. Note
that det(W) = whuyn so that \* € E*. O

Using exercise 2, we then see that ind(w/) is the only n-dimensional representation of

. . . . . n—1
Gq, whose determinant is w" and whose restriction to Zq, is w! @ WP @ -+ G Wl "

1.3. Exercises
1. Using Wilson’s theorem, show that (¢, — 1)?~!/p = —1 mod ({, — 1) and hence that w; is
the mod p cyclotomic character.
2. Choose \ € F; such that A" € F)¢, and let Wy = {o € F, such that aP” = \""a}
(a) Prove that Gal(Qp™ (7,,)/Qp) ~ Fpu x 7
(b) Prove that the map F,. x 7 — Endg,(W)) given by (z,0) — m! (where m, is
the multiplication by = map) and by (1,1) — (a — aP) gives an n-dimensional F-
linear representation of Gq, which is isomorphic to (indgg” wh) @y after extending
pn

scalars and whose determinant is wh//ﬁfl TN

(c) Prove that ind(w?!) is defined over F,,.

3. Let F be a finite separable extension of a field F and suppose that W7 and Wy are two
absolutely irreducible E-linear representations of a group G such that FRQepWi ~ FQpWs.
Prove that Wy ~ Whs.

4. Let W be a continuous Fp—linear representation of a profinite group G. Prove that there
exists a finite extension E of F,, and an E-linear representation Wg of G such that W =

Fp QRp Wg.

2. Period rings in characteristic p

In this chapter, we define and prove some properties of the ring E used in [FWT79] and
in [Win83] by Fontaine and Wintenberger in the theory of the field of norms.
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2.1. The field E and its subrings. — The first ring which we define is E+t =
{(zo, 21, ...) where z; € Oc,/p and 2} | = x;}, addition and multiplication being com-
ponentwise. We denote by 6; the map = — z; so that 0;(z) = ;41 (z)?. If z € E*\ {0}
and if Z; denotes any lift of z; in O¢, then p'val,(z;) is eventually constant and we define
valg () to be that limit. The ring Etisa perfect ring of characteristic p, and the function
valg : ET\ {0} is a valuation for which it is complete (see exercise 1).

If we denote by lim ~  Og, the set of sequences (¢(*, 21, . .) such that (z0+1)? = 20
then there is a natural multiplicative map liLnIpr Oc, — E* which is a bijection (see
exercise 3 below). We use either description of E* in the sequel.

Let e = (1,(, G2, .. -) € E* and X = ¢ — 1 so that valg(X) = p/(p — 1). We define
E = E[1/X] so that E is a perfect field of characteristic p, which contains F,(X)). We
denote by ¢ the map z — 2 on E. Note that F, maps into E* by a — ([@"/?"]),>0 and

E#'=! = F s (see exercise 5).
Theorem 2.1.1. — The field E is algebraically closed.

Proof. — Our proof follows Coleman’s course notes [Col97]. Let P(T) € E*[T] be a
monic polynomial of degree d and let P,(T") denote 6,(P) € (Oc,/p)[T]. For each n,
choose some lift pn(T) € Oc,[T] of P, and denote its roots in Oc, by aiy,...,aq,. If
k > 1, define S, C Oc,/p to be {aff;% mod p}. We claim that if p* > d then S, ;. does
not depend on the choice of ]5n(T) Indeed if o € O, is such that Pn+k(a) € pOc, then
H?Zl(a — iptk) € pOc, so that there is some 4 such that val,(o — a;pqr) > 1/d and
therefore Valp(o/’k —ap 1; ) = min(p¥/d, 1) = 1. The claim follows from applying this to
a root a = «; ., of another lift P! (T) of Pyy(T) so that Sk C Spx and we have
equality by symmetry. Likewise, we have S), ;11 C S, and since Sf; k= Shp.k+1 this tells
us that the sets {S,x}n>0 form a compatible system of nonempty sets of cardinal < d
so that their projective limit is nonempty. Since Pn(aﬁ I;L ) = Pn+k(ai7n+k)pk in Oc,/p,
an element of that projective limit is a root of P(7") which proves that E is algebraically
closed. O]

Because E is algebraically closed, it contains F,(X))*2 and by a theorem of Ax (see
[Ax70] or exercise 6 below), the field E = F,(X))*P is a dense subfield of F,((X))*e.

Theorem 2.1.2. — The field E contains E as a dense subfield.

The usual way of proving this theorem uses the theory of the field of norms of Fontaine
and Wintenberger (see [FW79] and [Win83|) and we only give a sketch of the main
ideas. By Ax’s theorem, it is enough to prove that F,((X))*# is dense in E. IfKisa
finite extension of Q, let Ko, = K(pp~) and let I be the set of elements of valuation
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> 1/p. We set E}'{ = {z = (20, 21,...) where z, € Ok_/I and 2}, = z,}. Using
some ramification theory, we can prove that the map x +— aP from O_ /I — Ok /I
is surjective. We have Op (xypert C Eap and the map 0, : Op, (xyret — O(qQ,)n /] 18
easily seen to be surjective so that O (xyper is dense in Eap by an analogue of exercise
2. Furthermore, if L/K is a finite extension then so is E;/Ex where Ex = EL[1/X].
Finally, U K/QPEK is dense in E by exercise 2 and therefore F,(( X)) is dense in E.

2.2. The action of Gq, on E. — The group Gq, acts on O¢, by continuity and this
action extends to a continuous action on E. For example, g(f(X)) = f((1+X)Xeva(9) —1)
so that if Hq, = Gal(Q,/Q,(tp=)) = ker Xcyal then the action of Hg, on F,(X)) is trivial;
furthermore, if h € Hq, and if K is a separable extension of F,(X)) then h(K) is another
separable extension of F,((X)) so that we get a map Hq, — Gal(E/F,(X))).

Theorem 2.2.1. — The map Hq, — Gal(E/F,( X)) is an isomorphism.

Proof. — We first check that the map is injective. If h € Hq, acts trivially on E then by
continuity and theorem 2.1.2, h acts trivially on E and therefore on Oc, so that h = 1.
We now check that the map is surjective. If o is an automorphism of E then it extends
by continuity to an automorphism of E trivial on F, (X)) and the proof of theorem
2.1.2 shows that the finite extensions of F,((X))P*! are of the form Ex where K/ Q, is
finite and E & only depends on K, so that « is the image of some element h € Hq,. [

We now give a “characteristic p” construction of w,,. In order to do so, we work with E*
Cup Oc,. Let Y € E be an element such that ye -0/ = X Ifg e 9q,,
then f,(X) = [w(g)]X/g(X) depends only on the image of g in I' = Gal(Q,(¢p=)/Qp)
and since mod p we have f,(X) € 1+ XF,[X], the formula f7(X) makes sense if s € Z,.

viewed as lim
«——x

p—1

Proposition 2.2.2. — If g € Gq,. then g(Y) = Ywﬁ(g)fg_pniil(X)-

Proof. — Recall that X € Et = lim Oc, is equal to € — 1 where € = (();0 and where
(Gpi)j=0 is a compatible sequence. If j > 1, pick 7, ; € O¢, such that

p—1

Wn’jj_l =(p — L.

If g € Gq,., then g(G — 1) = [w(9)](Cw — 1) f; (¢ — 1) and so there exists wy, ;(g) € Fpu
such that
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where [-] is the Teichmiiller lift from F. to Q.. The map g +— w, j(g) is a character of

ngn which does not depend on the choice of 7, ;. In addition, we have

(Gt — 1P = (¢ — 1) - (1 +0("YP)) ifj=>1,
(& — 1Pt =—p- (1+O(p'7))

so that w? = wy; if 7 > 1 and wy,,1 = w,. This also tells us that we may choose the 7, ;

n,j+1
so that W£7j+1/7Tn,j €1+ p7O¢,. If we write Y = (yV) € lim Oc,, then we have yl) =

im0 ﬂf:i ,; since the m, ; are compatible in the sense that 7, .., /7 ; € 14 p"/?Oc,
so that if g € ngm then
9" _ i (£
y(l) = [u)n,l(g)] jE?@(fg (Cpl‘H - 1)) )
=1 ~
and therefore we have g(Y) =Yw2(g)fy *" ' (X) in E. O

2.3. Exercises

1. Prove that ET is a perfect ring of characteristic p and that the function valg : ET\ {0} is
a valuation for which it is complete.

2. What is the topology defined on Oc, /p by val,? Show that a subset P of E* is dense if
and only if 6, : P — Oc,/p is surjective for all n > 0.

3. If ¢ = (zg,21,...) € E*, let &; € Oc, denote an arbitrary lift of x;.

(a) Prove that the sequence {27, }i>0 converges in Og, and that if we call 20 its limit,

i+j "
then (a:(o),x(l), ...) is an element of lim Oc, which maps to x € ET.
——ax—aP p ( ')?
. . j
(b) If z,y € lim  Oc,, what is the formula for (z+y))7

4. How does one divide elements in E?

. Prove that E#'=1 = pr.

6. Let k be a perfect field of characteristic p and let K = k((X)). The valuation valx defined
on K extends uniquely to K*P and to K&,

(a) Let a € K*P be such that valx(a) > 0 and let n > 0. If 8 € K% is the p-th root
of @ in K28 and if (8, is a root of the polynomial 7P — X™T — a = 0, what can you
say about valx (8 — ()7

(b) Using the above, prove the following result which is a particular case of a theorem
of Ax (see [Ax70]) : the field K*°P is dense in K?8,

7. This is a project rather than an exercise. Prove proposition 2.2.2 by using the interpreta-
tion of wy, in class field theory and Laubie’s result from [Lau88] on the compatibility of
class field theories in the field of norms.

t

3. Fontaine’s (¢,I')-modules

In this chapter, we use the properties of E seen above to state and prove Fontaine’s
equivalence of categories from [Fon90] between Galois representations and (p,I)-

modules. After that, we compute some explicit examples.
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3.1. Fontaine’s equivalence of categories. — If W is an F,-linear representation
of Gq, then the F,((X))-vector space D(W) = (E ®g, W)™ inherits the frobenius ¢ of
E and the residual action of I' = Gg,/Hq, -

Definition 3.1.1. — A (p,I')-module over F,(X)) is a finite dimensional F,((X))-
vector space endowed with a semilinear frobenius ¢ such that Mat(p) € GL4(F, (X))

and a continuous and semilinear action of I' commuting with .

For example, F, (X)) itself is a (¢, I')-module. We'll see that D(W) is a (¢, [')-module
over F,,(X)). If E is a finite extension of F,,, we endow it with the trivial ¢ and the
trivial action of I' so that we may talk about (¢, I')-modules over E(( X)) = E®p, F,(X))
and we then have the following result which is proved in §1.2 of [Fon90].

Theorem 3.1.2. — The functor W +— D(W) gives an equivalence of categories between

the category of E-representations of Gg, and the category of (¢,I')-modules over E((X)).

Proof. — Given the isomorphism Hq, ~ Gal(E/F,(X))) from theorem 2.2.1, Hilbert’s
theorem 90 tells us that H}

discrete

(Hq,, GL4(E)) = {1} (where we only consider cocycles
which are trivial on an open subgroup of Hgq, ) so that if W is an F-linear representation
of Hq, then E ®¢, W ~ Edm(W) as representations of Hq,- The F,(X))-vector space
D(W) = (E ®p, W)™ is therefore of dimension dim(W) (in particular, it is a (¢, T)-
module) and we can recover W from D(W) by the formula W = (E ®p,(x) D(W))?=".

If D is a (¢, I')-module of dimension d over F,, (X)), then let W (D) = (E®p, (x)D)*=".
If we choose a basis {d; }1<;<q of D and if Mat(¢) ™! = (¢ij)1<i j<a in that basis, then a small
computation shows that Zle Ai @ d;i € (E ®r,(x) D)#=! if and only if A} = Zle iy
for all 1 < k < d. The algebra A = E[X\,..., Xq]/(X} — >, qkiXi)1<j<a 18 an étale
E-algebra of rank p? and since E is separably closed, it is isomorphic to E?’, which gives
us p? elements in W so that W is an F,-vector space of dimension d (see exercise 2 for a
more concrete proof of this).

It is then easy to check that the functors W +— D(W) and D — W(D) are inverse
of each other. Finally, if £ # F, then one can consider an E-representation as an F-
representation with an E-linear structure and likewise for (i, I')-modules, so that the

equivalence carries over. O

3.2. Examples of (¢,I')-modules. — Every character of Gq, is of the form w”puy for
some 0 < h < p—2 and some A\ € EX. By exercise 4, the (¢, ')-module D(w" ) is a one
dimensional E((X ))-vector space with a basis e for which p(e) = X-e and y(e) = w"(7)-e.

The structure of the (¢,I')-modules associated to irreducible representations of Gq,

can be deduced from the theorem below.
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Theorem 3.2.1. — The (p,T')-module D(ind(w")) is defined on F (X)) and admits a
basis g, . .., en_1 in which y(e;) = f(X)PE=D/0" Ve if v € T and @(e;) = ejpq for
0<j<n—2and p(e,_1) = (—1)"LXP=Dey.

Proof. — Let W be the F,-representation of Gq, associated to the (y,I')-module de-
scribed in the statement of the theorem. If f = X" . ey A ... Ae,_ 1, then o(f) = f and
Y(f) = w(y)"f so that the determinant of W is indeed w" and therefore we only need
to show that the restriction of Fypn @p, W to Iq, is w! @ WP @ - @ wl" ", To clarify
things, let us write Ff,n for F,» when it occurs as a coefficient field, so that the frobenius
© is trivial on Fin.

If we write nyn ®r, E as [1}=; E via the map z ®y + (0*(2)y) where o is the absolute

frobenius on Ff,n, then given (zg,...,2,_1) € HZ;(l) E, we have
(2o, - Tn1)) = (P(Tn-1), 0(20), - - -, P(Tn-2))
9((zo, - - -, @a1)) = (9(@0), - .-, 9(®n-1)),
if g € Gq,. (but not if g € Gq,). Choose a € F,, such that o*"~! = (=1)""! and define
vo = (@¥Y",0,...,0) e+ (0,a”Y?" ... 0)-er+---(0,...,0,0” Y M) e,y
vy = (0,aY",...,0) - eq+ (0,0,aPYP" ... 0)-ey + - (ozpn_lan_lh, 0,...,0) e, 1

Vpo1 = (0,...,0,aY"™) - eg + (a?Y?",0,...,0) -e1 +---(0,. .. ,O,Ozp"*lYp"*lh’()) 1.

We can check that the vectors vy, ..., v,_1 give a basis of Fin ®r, (E®F,x)D(W)). The

formulas for the action of ¢ imply that ¢(v;) = v; so that v; € Ff)n ®p, W. The formulas

hpt
n

the proof. O

for the action of I' and lemma 2.2.2 imply that g(v;) = ' v, if g € Tq, which finishes

3.3. Exercises

1. Check that W — D(WW) commutes with direct sums and tensor products.
2. Let K be some separably closed field of characteristic p > 0, let @ = (¢;;) € GL4(K) and
let A= K[Xl, PN ,Xd]/(le — Zz quXl)
(a) Using the fact that @ is invertible, show that the image of the map x +— aP generates
A over K and hence that if {b;};c; is a basis of A, then so is {b'}ie;.
(b) Prove that A is a product of field extensions of K.
(c¢) Prove that A ~ K"
3. Let D be a (¢,I')-module on F,((X)). Show that there exists a basis of D in which
Mat(p) € My(Fp[X]) and Mat(y) € GLy(F,[X]) if v € T
4. The goal of this exercise is to prove that if W = E - v where g(v) = (w®py)(g)v, then the
(¢,T')-module D(W) has a basis e for which p(e) = A - e and y(e) = w*(7) - e.
(a) Why is this true if A =17
(b) Assume now that £ =F,,, and let 7 € Fp be such that 7?7~ = X. If g € Hq,, prove
that g(m ® v) = 7 ® v and finish the proof of the statement in this case.
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(c) If E = Fyn, use the isomorphism Fy» ®p, E = HZ;(I) E of the proof of theorem 3.2.1
to prove the assertion as in (b).

5. What can you say about the representation attached to D if there exists a basis of D in
which Mat(y) € GLg¢(F,[X])?

4. Construction of representations of B»(Q,)

In this chapter, we study the operator ¥ on (p, I')-modules and give Colmez’ construc-

tion (see [Col07]) of a representation of By(Q,,) starting from the data of a (¢, I')-module.

4.1. The operator ¢ and Colmez’ functor. — The field F((X)) is a vector space over
E((X?)) which admits 1, X, ..., XP~! as a basis and hence also 1, (1+X),..., (1+X)P~1
If «(X) € E(X)), we can therefore write a(X) = 237;8(1 + X ) a;(XP?) in a unique way
and we define ¥(a(X)) = ap(X). If D is a (¢, I')-module and if y € D, then using the
above facts and exercise 2 we can write y = ?;(1)(1 + X)) p(y;) and we set ¥(y) = yo.

The operator ¢ thus defined commutes with the action of I' (see exercise 3) and satisfies

P(a(X)e(y) = P(a(X))y and ((XP)y) = a(X)d(y).
Lemma 4.1.1. — Every (¢,T")-module D admits a E[X]-lattice stable under 1.

Proof. — Let M denote a lattice of D and let ¢*(M) denote the E[X]-module generated
by @(M), which is still a lattice of D so that there exists > 0 with X"®=DM c ¢*(M).
This implies that X "M C ¢*(X~"M) and hence that N = X "M is the sought after
lattice. O

If Dis a (¢,I')-module, let N denote some E[X]-lattice stable under ¢ of D and let
Qiinw D)® denote the set of sequences y = (y,)n>0 such that ¥(y,41) = y, for all n > 0
and such that {y,}.>0 is bounded for the X-adic topology, meaning that there exists
some j (depending on y) such that y, € X /N for all n > 0. The set (@w D)? is stable
under ¢ which is bijective on it, it is stable under the action of I (if N is a ¢-stable
lattice, then so is y(N) if v € T') and if a(X) € E[X], then we define -y € (@¢ D)®
by (ay)n = ¢"(a)yn.

Let Df denote the set of y, for all y € (!an D)®; this is a E[X]-module stable under
v and I' and on which ¢ is surjective. Furthermore, if N is as above and if j > 0, then
Y(XIN) ¢ X~ lI/PIN so that D* ¢ X !N. The natural map @w Df — (@w D)’ is
therefore an isomorphism, and D* is the largest bounded sub-E[X]-module of D which
is stable under 1) and I' and on which v is surjective.

If D=D(w’uy) = E(X)) - e with p(e) = Ae and y(e) = w*(7)e, then by exercise 4 we
see that D = X 1 E[X] - e in this case.
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By exercise 5, Df is always a full lattice in D. We give below an explicit construc-
tion of D*(W) for W = ind(w?) ® w*uy. Theorem 3.2.1 above implies that the (p,T)-
module D(W) is defined on E((X)) and admits a basis e, ..., e,—1 in which y(e;) =
W (Y) £, (X)) =D/ Ve if 4 € T and p(e;) = Aejq for 0 < j < n— 2 and p(e, 1) =
(—=1)"IAXhP=Vey. Since wF DD — ) e can always modify h (and s accordingly)
in order to have 1 < h < (p" —1)/(p—1) — 1 so that h(p — 1) < p" — 2. Let 4,1 . .. 1110
be the expansion of h(p — 1) in base p and let hy = i, g + Pip_ps1 + -+ p" Lin 1 s0
that hg = 0 and h,, = h(p — 1).

Lemma 4.1.2. — If f; = X"ie; and if a(X) € E(X)), then we have

AP (a(X) X)) fim ifj=1,
A=) (a(X)X) fuer if =0

Proof. — If j > 1, then we can write a(X)f; = A 'a(X)X"p(e;_;) and since h; =

phj_1 + iy—j, we have

P(a(X)f;) = {

D(a(X)f;) = A XM (X)X )es
= A""Y(a(X) X" ) fi1.
If j =0, then a(X)fy = a(X)ey = a(X)(=1)" AL X Diy(e,_1) so that
(X)) = X (1) X (X)X e
AT =D (a(X)X)

which finishes the proof. m

Corollary 4.1.3. — The E[X]-module D*(W) = &I—) E[X] - f; is stable under ¢ and
the action of ' and the map v : D*(W) — D¥(W) is surjective.

Proof. — Lemma 4.1.2 implies that D*(W) is stable under . Furthermore, the formula
P(XPFT) = (=1)"X™ for 0 < r < p — 1 implies that the map a(X) — ¢(a(X)Xn)
is surjective for j > 1, as well as the map a(X) — (a(X)X%), which implies that
¥ : DYH(W) — D#(W) is surjective. O

A result of Colmez then implies that Df(W) is uniquely determined by the corollary
4.1.3 above.

4.2. Representations of By(Q,). — Every element of By(Q,) can be written as a
product of matrices of the form (§9) with z € Q, (o 12) with j € Z, (§ ) with a € Z
and (§7) with z € Z,,. If W is a representation of Gq,, if D(W) is the associated (¢,I')-

module and if x : Q) — E* is a smooth character, we endow @w D*(W) with an action
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of By(Q,) as follows :

(5 9)) =x @
((é > ):yi—j:@w(yi);

((O a) -y)l = Ya-1(y;), where 7,1 € ' is such that Xeya(74-1) =a ' € 7

We then define Q(W) = (linw D#(W))* so that Q(W) is a smooth representation (see
exercise 6 for a proof of this) of Bo(Q,) whose central character is x~*

Assume now that W = w®u,. We start by observing that contrary to the situation
in exercise 9, the representation (W) is not irreducible. Indeed, if D(W) = E(X)) - e
as above so that D¥(W) = X 'E[X] - e, then (see exercise 4) D¥(W) = E[X] - e is a
submodule of D#(X) which is stable under the action of 1 (which is surjective on it)
and T', so that Lir_nw D*(W) is a subrepresentation of liin¢ DYW). Ify = (yo,y1,...) €
lim D#*(W) with yo = fo(X)e , we denote by res(y) € E the residue of f;. Let w and
px denote the characters of Q) associated to w and gy by class field theory so that if
r = zop’ € Q) then w(x) =Ty and py(xr) = A”. If x; and o are two characters of Q,
let x1 ® x2 : B2(Q,) — E* be the character (¢5) — xi(a)x2(d).

Lemma 4.2.1. — The map res induces an exact sequence of representations of Ba(Q,)
0= x5! @ ay — QW) — (tim DA(W))* — 0
P
Proof. — By duality, we need to show that we have an exact sequence
0— @DH(W) — liLnDﬁ(W) — X W iy @ w TSy — 0.
P P
If we write y = (A"X 'e),>0, then y € h&ldl D#(W) and res(y) = 1 so that we only
need compute res(b - y) for b € Bo(Q,) and we find

res((§9)-y) = x"'(2),
res ((4) - y) =res(A" X 7Ne)uzo) = A7,
res ((§9) - y) = res((w™ (7, (A" + O(X) X "e)uz0) = a' ™,
res ((57)-y) =1,
which finishes the proof. O

In the next chapter, we will determine (W) when W is one dimensional.
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Exercises

Prove that if 0 < r < p — 1, then ¢(XP"+") = (—=1)"X™.
Prove that a (¢,I')-module D has a basis whose elements belong to ¢ (D).
Prove that ¢ commutes with the action of I.
Prove the following properties of the action of ¢ on E((X)).
(a) Y(XVIE[X]) c XTE[X]ifj > 1,
(b) Y(XITIE[X]) D XIE[X] if j >0,
() $(1/X) = 1/X,
and use them to deduce that the only E[X]-submodules of rank 1 of E((X)) which are
stable under v and on which 1 is surjective are E[X] and X 1 E[X].

. Let D be a (¢, I')-module and let M be a lattice of D stable under ¢ (see exercise 3 of §3).

Show that M c DE.

. (see §2.3 of [Ber08]) Let E be a finite field, G a topological group, X a profinite E-linear

representation of G and X™ its continuous dual.
(a) Prove that X* is a smooth representation of G.
(b) Prove that if X is topologically irreducible, then X* is irreducible.
Prove that if W is one dimensional, then (lim " DA(W))* is an irreducible representation

of BQ(QP)
Let W = ind(w”) ® wuy. Denote by 6y the linear form on D*(W) given by

0 : Ozo(X)fo + -+ an_l(X)fn_l — ap(0).

If (Y0, Y1, - - -), then we define § € Q(W) to be the linear form 6 : y — 6y(yo).

If (8 g) € GL2(Zy)Q, N B2(Qp), then compute (g 2) - 6.
Show that # is an eigenvector of

> (o) (0 7).

y =
(a)
(b)

. Let W = ind(w!) ® wuy with n > 2 and let M be a sub-E[X]-module of D(W) stable

under ¥ and I' and on which 1 is surjective.
(a) Prove that M = D¥(W).
(b) Prove that Q(W) is an irreducible representation of B2(Q,).

5. Parabolic inductions

In this chapter, we determine Q(W) when W = w®u, following the computations in
[Ber05].

5.1. Locally constant functions. — Let LC(Z,, F) denote the space of locally con-

stant functions. If n > 0, then the function ()n() =

X(X-1)-(X—n+1)
n!

1S a continuous

function Z, — Z, and hence its reduction modulo p belongs to LC(Z,, E). Further-

more, a classical result tells us that {(¥)},>0 is a basis of LC(Z,, E) (see exercise 1).

If v

: LC(Z,, F) — FE is a linear form, we also say that v is a measure on Z, and we

write fzp fdv instead of v(f). The Amice transform (cf. [Ami78]) A(v)(X) € E[X] of
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a measure v is defined by

A =3 v (z - (2)) X" = p(z o (14+ X)) = /Zp(1 + X)du(2).

n=0 "
Since the {(¥)}us0 form a basis of LC(Z,, E), the map A : LC(Z,, E)* — E[X] is an
isomorphism.
If v is a measure and if U is an open subset of Z, then Resy(v) is the measure defined
by fz fdResy (v fz 1y(z fU . In exercise 4 you will prove that

if v is a measure and if ¥(v) is the measure Whose Amlce transform is ¢ (A(v)), then

/f Y (v /fpz

Let LCy(Q,, E) denote the space of locally constant compactly supported E-valued func-
tions on Q. If y = (yo, 41, ...) is a sequence of elements of E[X] such that ¥ (yi+1) = s
and if v; is the measure such that A(v;) = y; so that we can define a measure v on Q,
attached to y by the formula :
fdvy = [ f(p~'z)dv;

QP Zp
if f € LCy(Qy, F) and if i > 0 is large enough so that f has support in p~*Z,. This gives
us an isomorphism LCy(Q,, E)* = liinw E[X].

5.2. Parabolic inductions. — If x; and x are two smooth characters of Q,, then
the parabolic induction Ind$ (y; ® x2) is by definition the set of locally constant functions
o : GLy(Q,) — E such that o(bg) = (x1 ® x2)(b)o(g) if b € B3(Q,) and g € GL2(Q,).
The space Ind (y; ® X2) is naturally a representation of GL»(Q,) whose action is given
by (g-0)(h) = o(hg) and we consider Ind§ (x; ® x2) as a representation of By(Q,).

If 0 € Ind§(x1 @ x2), then the map ¢ — o(Id) gives us a map from Ind$§ (y; ® x2) to
X1 ® x2 whose kernel we denote by Indg (x1 ® x2)o so that we have an exact sequence of

representations of By(Q,)
0 — Indg (x1 ® x2)o — Indg (x1 ® x2) — x1 ® x2 — 0.

If o € Ind$ (x1®x2)o, then we associate to o a function f, € LCy(Q,, E) by the formula

fo(z) =0 (( % 1)). The Bruhat decomposition GL3(Q,) = B2(Q,)UB2(Q,) (93) B2(Q,)
shows that the map ¢ — f, gives a bijection between Ind§(x; ® X2)o and LCy(Q,, F)
and that since (b-0)(g) = o(gb) if ¢ € IndS(x1 ® x2) and b € B and g € G, we have

(o) f(a ).U(I)ZU((—Ol )(82)):‘7((39(—01@)):X1(d)xz(a)fg (dw—b)

b
0d a

The main result connecting (W) and parabolic inductions is the theorem below.



14 LAURENT BERGER

Theorem 5.2.1. — If W = w®pu, then (@¢ DI(W))* = Indg (wipn ® xw ™ r—1)o-

Proof. — We will define a map liinw DY(W) — Ind$ (wipy ® xw*ur—1)s, and show that
it is a B2(Q,)-equivariant isomorphism.

Ify € llnzb D*(W), then y = (yi)i=0 and we have y; = f;(X)e with fi(X) € E[X].
We see that (A7 f;) = A"0"D f;_; and we define a measure vy; on Z, by requiring that
A(vy;) = A" fi so that we can define a measure v, on Q,, by asking that if f € LCy(Q,, F)
has support in p~Z,, then

/ Jdv, = f(p_iz)d’/yvi
Qp Zy

as in the previous paragraph. The map y +— v, is then a bijection which we can use to
identify (1) with the dual of the parabolic induction via the map o — f,. In order
to finish the proof of the theorem, we need to show that this map is B2(Q,)-equivariant.
The action of B2(Q,) on measures is given by its action on their Amice transforms and
we find

[ sy, =) [ s,
o f(Z)dV<(1) 0)y = AT o f(p~ 2)dv,
o f(Z)dl/([l) 0)y = d—* o f(d12)dy,

f(z)du(1 b)y = f(z+b)dy,.
Qp 01 Q

By comparing these formulas with (&), we do find that
ooy, = [ Lo,
Qp Qp
if g € B2(Qy), y € liinw DY(W) and o € Ind§ (w'uy @ xw > pa-1)o. O

Corollary 5.2.2. — We have an exact sequence

0 — xw' 1 @w ™ uy — QW) — Ind§ (wpy @ xw *px-1)o — 0.

5.3. Exercises

1. If f € LC(Z,, E) is some locally constant function, we set (Af)(z) = f(z +1) — f(x).

(a) Show that there exists some m > 1 such that f(x) only depends on z mod p™ and
that AP"(f) is then equal to 0;

(b) What is A((f))(? Compute the kernel of A¥;
(c) Prove that {(f) }n>0 is a basis of the E-vector space LC(Z,, E).

2. Using exercise 1, prove that every continuous function f : Z, — Q, can be written as

f(@) =350 0n () where a,, € Qp and a, — 0.
3. Prove that if v is a measure, then fzp f(2)dp(v) = fzp f(pz)dv.
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4. If v is a measure, prove that fz,, fR)dy(v) = fpz,, fp~12)dv.
5. If v is a measure, let zv be the measure defined by fzp fdzv = fzp 2f(2)dv(z).
(a) Prove that A(zv) = (1 + X)(d/dX)A(v);
(b) Prove that the map f(X) ~ (1 + X)(df/dX) is a bijection on E[X]¥=°.
6. If u, v are measures, define u x v by fzp fduxv = fzp fzp f(z +y)du(x)dv(y). Prove that
Al xv) = A(p) A(v).

7. Is the exact sequence from corollary 5.2.2 split?

6. The p-adic Langlands correspondence

The mod p version of the p-adic Langlands correspondence is a bijection (see [Bre03a]
and [Bre03b]) between the set of 2-dimensional E-linear representations of G, and cer-
tain smooth admissible representations of GL2(Q,) (first studied in [BL95] and [BL94)).
A more general version of the computations we have given above is used to realize this cor-
respondence using (¢, I')-modules, following an idea of Colmez (see [Col08] and [Col07]).
The details are worked out in [Ber05] and the computations are simplified and extended
to representations of Gq, of dimension > 2 in [Ber08]. In particular, if W is irreducible of
dimension > 2, then the representation Q(W) of §4 is completely determined in [Ber08|.
A detailed introduction to the p-adic Langlands correspondence, especially in character-

istic 0, is in Breuil’s “introduction générale” to Astérisque 319.
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